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Abstract: - This paper presents new fresh theoretical expressions development for four special cases. The first 

case concerns steady-state rotating disk made of functionally graded material (FGM) whilst its material 

properties and geometry are both varying exponentially. In addition, the disk is subjected to thermal loadings, 

which have also been considered during calculation. Fully generalized analytical expressions for the 

displacement and the stress-strain relationships dependent on the material and geometrical parameters as well 

as on the rotational/spinning velocity and temperature conditions (thermal stresses) subjected to mechanical 

loadings, have been developed analytically using MAPLE program for special case – extending the analytic 

study performed by Wen-feng Lin. The second case concern three solid bodies' cylinders that are rotating in 

triangle partially contact configuration, such as there motion is dependent on each other. The main rationalism 

is to derive analytic expressions for their stability estimation using simple kinematic relations and body-force 

diagram as dependent on their geometry and the angular velocity. Finally, the third case concern asymmetrical 

beam/shaft section analysis in the context of moment instability involved with broad connection to increase the 

stability interval in relative to the center of mass location. 

 

Key-Words: Disk; Cylinder; FGM; Angular velocity; Exponential variable properties; Thermal stress; Stability; 

Friction; Contact; Asymmetric beam; Connection joint width; Center of mass. 

 

1 Introduction 
The case of rotating hollow cylinder made of 

functionally graded materials (FGM) varying 

exponentially under thermal and mechanical 

loadings has been examined mainly numerically and 

semi-analytically as will elaborated here. 

 

The applications of such product are expressed in 

special components design and manufacturing, as 

cylindrical and annular components: mandrel, thick 

circular plates, special bearings, shafts (rotational 

beams), discs, brake disks, dampers & isolators, 

heat insulations and casings in the mechanical and 

aerospace industries. 

 

Many researchers have studied the numerical 

approach during the last two decades. Durodola and 

Attia [1] have developed numerical direct method 

code to solve FGM rotating hollow disk without the 

thermal effect and without varying its thickness, 

only its Young modulus parameter was varied 

exponentially. One decade later, Damircheli and 

Azadi [2] have developed finite element (FE) code 

that was compared to analytic solution for a rotating 

cylinder with thermal expansion and geometry 

varying according to power-law distribution bun not 

exponentially. In 2010, Asfar and Go [3] have 

developed numerical solution (by finite element 

method) to the problem of rotating circular disk with 

thermal effect and under mechanical loadings but 

with constant geometry.  

 

Thorough review on the power-law distribution 

of FGM hollow cylinder until 2012 has been 

presented by Ali et al. [4]. In 2015 thermoelastic 

analysis of variable thickness based on F.E. method 

has been performed by Thawait and Sondhi [5]. The 

material properties has been varied exponentially 

but geometry was distributed by the power law 

distribution. However, time-dependent generalized 

form of the differential equation appear in Zheng et 

al. [6, 7] even though they solved power-law 

problem using FEM. About three years later, Allam 

and Zenkour [8] have investigated numerically the 

exponential effect vs. the power-law form for two 

different rotating cylinder geometries while the 

FGM properties were varied according to power-law 

and thermal effect was also considered.  
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In 2019, Thawait et al. [9] has performed FEM 

for elastic exponential rotational FGM cylinder case 

without thermal effect while the annular disk 

geometry was based on power-law distribution. 

 

Many researchers including Baghani et al. [10] 

who developed generalized semi-analytical-

numerical solution without thermal effect for 

rotational annular disk have studied the semi-

analytical approach. Note that Behravan-Rad and 

Shariyat [11] have proposed a thorough 

electromagnetic-analysis on FGM circular plate-

disks without rotation and without thermal effect. In 

addition, Shariyat and Mohammadjani [12, 13] have 

solved semi-analytically the three-dimensional 

problem of circular hollow disk made of FGM with 

constant geometry thickness and without thermal 

effects. In 2021, Sarkar and Rahman [14] have 

proposed numerical scheme to solve the fully FGM 

disk problem with exponential material and 

geometrical varying properties subjected to thermal 

and mechanical loadings. 

 

A brief analytical approach review in the context 

of exponential variable distribution of FGM 

properties and annular geometry will be introduced. 

In 2002 Eraslan and Orcan [15] have developed 

analytic solution to a rotating solid disk of 

exponentially varying thickness with constant 

material properties and without thermal effect. 

A different cases of density alongside Young 

modulus material properties of rotating FGM 

uniform disk thickness varying exponentially 

subjected to uniform thermal loading were 

investigated semi-analytically by Zenkour [16-19]. 

Some extension was performed for the case of 

elastic-plastic deformation by Sahni and Sharma 

[20] whom investigated in 2016 an FGM rotating 

disk with exponential variable geometry thickness 

and density without thermal effect was examined 

analytically by Sahni & Sharma. 

 

 In 2006, Chen et al. [20] have performed three-

dimensional analytic solution to FGM rotating disc 

without thermal effect and with constant geometry 

but material propertied were varying exponentially. 

In 2011, thermoelastic analytic solution defined by 

finite element formulation was derived by Sharma et 

al. [21] for the case of rotating constant circular disk 

geometry with thermal and FG exponential material 

properties. In 2015, Jabbari et al. [22] have defined 

the generalized FGM non-liner differential equation 

considering the rotation, thermal and mechanical 

loadings for exponential varying properties 

(geometrical and material) and also compared it to 

the power law distribution. However, they solved 

the exponential case semi-analytically and have not 

presented the fully explicit solution as dependent on 

Whittaker’s functions or other explicit function 

representation. Later, this solution have become 

clearer in further investigations as will be elaborated 

here. 

One year later, Manthena et al. [23] have solved 

three-dimensional hollow elliptic-cylinder FGM 

obeying the exponential law, subjected to uniform 

temperature by solving uncoupled stress and 

temperature equations. Although current problem 

will involve solving coupled thermal and stress 

equilibrium. In the same year Dai [24] has 

developed semi-analytic solution to FGM disk with 

variable exponential properties with power-law 

variable thickness including thermal effect. In 2019, 

analytic exact solution of constant geometry 

thickness but with varying exponential properties 

under non-symmetric thermal and mechanical loads 

was derived by Akbari and Ghanbari [25] based on 

Whittaker’s functions. At the same time, Wen-feng 

Lin [26] has developed fully analytic solution based 

on Whittaker’s functions for the case of variable 

exponential thickness with exponential properties 

and under thermal and mechanical loads. Recent 

studies performed by Lin have examined particular 

cases of the generalized analytic solution including 

states with and without thermal effect [27 - 29]. 

Similar semi-analytic study without rotation and 

without thermal effect was performed by Paul and 

Sahni [30]. However, Lin [26-29] has not developed 

an important particular case, which will be 

developed analytically in the current essay and 

might represent important cases of rotating FGM 

cylinders or disks subjected to either mechanical 

and thermal loads with exponential geometry and 

material properties that fulfill an interested physical 

quality that the exponential power of the geometry 

equals to the exponential power of the Young 

modulus of elasticity magnitude. Analytically, we 

will show that the generalized non-linear differential 

equation has explicit solution and the dependency 

on the generalized Whittaker’s functions is vanished 

and instead become dependent on simple 

polynomial form. 

 

The second discussed topic concerning three 

cylinders that arranged in triangle configuration 

with partially contact between the upper cylinder 

and the two other below parallel cylinders. The 

contact rolling problem of cylinders has been 

discussed in many fundamentals text books [31]-

[33] and advanced studies [34-37]. Koczan and 

Ziomek [34] have discussed and developed similar 
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stability problem that concern with balls stability 

and known as 'Cobblestone model'. Ndiaye et al. 

[35] have investigated the rolling friction effect 

(dry and wet states for cohesion examination 

purposes) during particles contact by 

developing 2D numerical simulations. A 

generalized control balancing system was 

developed by Ott and Hyon [36] for generalized 

oscillating system. 

 
However, here, the second Newton's law 

kinematics (inertia angular momentum, acceleration 

– force momentum) of the rotational system with 

friction will be developed will be developed and 

discussed in the context of system stability. The 

relationships between the three cylinders will be 

based on forced movement of one cylinder that is in 

contact with the upper cylinder which is in contact 

with lower cylinder while the contact is based on 

rotational friction. This system might represent 

variety of mechanical engineering systems, like 

open yarn spinning [37], cylindrical painting 

systems, thread rolling, gears, conveyors, etc. 

 

The third and last topic will concern an 

asymmetrical beam that expressed in different mass 

distribution alongside different linear - saw section 

parts along the longitudinal axis while an expression 

of an improved broad connection joint that assisting 

to cope with the mass balance stability will be 

determined.  

 

To sum it up, the motivation to investigate those 

problems form simplicity view is important and 

enables to compare and examine complex 

engineering problems and solution from simple 

view and to have relatively simple initial evaluation. 

 

2 Problem Formulation – Rotating 

FGM hollow cylindrical disk with 

exponential variable properties 

We consider here a solid body FGM cylinder 

being rotated through its axi-symmetric axis while 

its geometry and material properties are varied 

according to the following relations [26-29]:   

ℎ(𝑟) = ℎ0𝑒𝑚1(𝑟−𝑎)/𝑏  (1) 

𝐸(𝑟) = 𝐸0𝑒𝑚2(𝑟−𝑎)/𝑏  (2) 

𝜌(𝑟) = 𝜌0𝑒𝑚3(𝑟−𝑎)/𝑏  (3) 

𝛼(𝑟) = 𝛼0𝑒𝑚4(𝑟−𝑎)/𝑏  (4) 

𝑘(𝑟) = 𝑘0𝑒𝑚5(𝑟−𝑎)/𝑏  (5) 

while a, b are the inner and outer disk or cylinder 

radii. ℎ0, 𝐸0, 𝜌0, 𝛼0, 𝑘0 are the initial values of the 

thickness (ℎ), Young's modulus of elasticity (𝐸), the 

density (𝜌), thermal expansion coefficient (𝛼) and 

thermal conduction coefficient (𝑘), respectively. All 

the properties can be summarized by the formula: 

 𝑃(𝑟) = 𝑃0𝑒𝑚𝑖(𝑟−𝑎)/𝑏  (6) 

where 𝑖 = 1,2,3,4,5. and 𝑃 represents the symbols  

ℎ, 𝐸, 𝜌, 𝛼, 𝑘.  

Assuming plane strain and axis symmetry 

assumptions where the stress components are not 

dependent on the tangential direction, we will have 

the following radial and tangential (circumferential) 

stress relations dependent the radial direction [26-

29]: 

𝜎𝑟 =
𝐸(𝑟)

(1+𝜐)(1−2𝜐)
[(1 − 𝜐)

𝑑𝑢

𝑑𝑟
+ 𝜐

𝑢

𝑟
− (1 +

𝜐)𝛼(𝑟)𝑇(𝑟)]  

(7) 

𝜎𝜃 =
𝐸(𝑟)

(1+𝜐)(1−2𝜐)
[(1 − 𝜐)

𝑢

𝑟
+ 𝜐

𝑑𝑢

𝑑𝑟
− (1 +

𝜐)𝛼(𝑟)𝑇(𝑟)]  

(8) 

while 𝑢 is the displacement function and 𝜐 is the 

Poisson's ratio and 𝑇(𝑟) is the temperature function 

dependent on the radial coordinate (r).  

In the case of three dimensional analysis, we will 

have the perpendicular component in the z - 

direction will be: 

𝜎𝑧 = 𝜐(𝜎𝑟 + 𝜎𝜃)   (9) 

The representative general steady-state balance non-

linear second order differential equation of motion 

in polar coordinates is [22, 24, 29]: 
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1

𝑟

𝜕

𝜕𝑟
(𝑟ℎ(𝑟)𝜎𝑟) −

ℎ(𝑟)𝜎𝜃

𝑟
+ 𝜌(𝑟)ℎ(𝑟)𝑓𝑟 =

−𝜌(𝑟)ℎ(𝑟)𝜔2𝑟  

(10) 

where 𝑓𝑟 is the body force per mass unit term. Next, 

substituting relations (7) – (8) into Eq. (10) and 

solving the obtained equation yields the appropriate 

solution for the displacement formula: 

𝑢(𝑟) = {2𝑏𝑞1𝑞4(𝜔2𝑟2 + 𝑟𝑓𝑟) +
2𝑏2𝑞1𝑞4

𝑞6
[(2𝑟 +

1)𝜔2 + 𝑓𝑟] +
4𝑏3𝜔2𝑞1𝑞4

𝑞3
}

𝑒
𝑞6(

𝑎−𝑟
𝑏

)

𝑟
+

𝑞1𝑞5𝑞3

𝑟
∫ 𝑟Δ𝑇(𝑟)𝑒

𝑚4(
𝑟−𝑎

𝑏
)
𝑑𝑟 + 𝐶1𝑟 +

𝐶2

𝑟
 (10) 

Where, 

𝑞1 =
1 + 𝜈

𝑞3ℎ0𝐸0(1 − 𝜈)
; 

𝑞2 = 𝑞5 − 2𝜐 + 1; 

𝑞3 = 𝑞6
2; 

𝑞4 = ℎ0𝜌0𝑏(𝜈 − 1/2) 

𝑞5 = ℎ0𝐸0𝛼0 

𝑞6 = 𝑚1 − 𝑚3 

(11) 

Whereas the corresponding stress-strain relations (7) 

– (8) will be obtained by substituting (10) into 

theses expressions as: 

𝜎𝜃 = 
 

 
(12) 

 
(13) 

 

 

Assuming that the exponential power of the 

geometry expression equals to the exponential 

power of the Young modulus of elasticity 

magnitude such as |𝑚1| ≈ |𝑚2| such as 𝑚1 = −𝑚2.  

Hence, there is no dependency on the well-known 

Whittaker function as appear in [26-29] since the 

opposite power sign cancel each other and allows 

the polynomial form to be generated. Particular case 

of (10) could be achieved by using the temperature 

terms that were obtained by [26-29] or any other 

obtained function as dependent on the temperature 

distribution and/or heat rates in the inner/outer 

surfaces. Additionally, body force coefficient could 

be assumed to behave as linear, exponential or 

polynomial radial function. 

3 Problem Formulation – Stability of 

Three rotating cylinders coupled 

rotation in triangular configuration 

Suppose we have three cylinders rotating in 

triangle configuration as appear in Fig. 1 while the 

two lower parallel cylinders (B, C) are in contact 

with the upper cylinder (A) but not with each other. 

The steady-state coupling rotation mechanism 

between the three cylinders is based on free 

rotational whereas only one cylinder rotation 

movement is forced (C) by engine moment (thrust) 

T and the motions of the other two cylinders (A and 

B) are obtained as a result of the motion of the 

forced cylinder motion. Free body diagram in 

Cartesian coordinates (X, Y) of each cylinder is 

presented in Fig. 2. Both lower cylinders are 

rotating counter-clockwise while the upper cylinder 

rotation is in the clockwise direction. 
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Each of the cylinders have constant acceleration 

velocity (𝛼𝐴, 𝛼𝐵, 𝛼𝐶). Accordingly, each cylinder 

fulfil in general form that its angular velocity is: 

𝜔𝑖 = 𝛼𝑖𝑡 + 𝜔0,𝑖   (14) 

since 𝛼𝑖 =
𝜕𝜔𝑖

𝜕𝑡
 , 𝜔0,𝑖 is the integration - initial 

rotation velocity value and i subscript symbol 

represents the cylinders notation A, B, C 

respectively. 

Now, since the velocities of the cylinders edge 

supply the following equalities: 

 𝑣𝐴 = 𝜔𝐴𝑟𝐴 = 𝑣𝐵 = 𝜔𝐵𝑟𝐵 = 𝑣𝐶 = 𝜔𝐶𝑟𝐶, (15) 

Then by differentiation of Eq. (15) along the time 

axis, we have the following angular acceleration 

forms which will be used continually to evaluate the 

friction coefficients allowing the relative motion 

between the cylinders: 

𝛼𝐵 =
𝛼𝐴𝑟𝐴

𝑟𝐵
, 𝛼𝐶 =

𝛼𝐴𝑟𝐴

𝑟𝐶
,   (16) 

The stability of cylinder A in relative to cylinders B 

and C motion will be determined and define in 

accordance with the following physical parameters 

perspective: 

 Geometry: 𝛿𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙  critical opening angle 

which dictates the appropriate height H and 

distance d  (Fig. 1) that enable stability. we 

would like to define continually the critical 

opening angle 𝛿𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 (𝛿 = 1800 − 𝛽 − 𝛾), 

while the distance and height are dependent 

on the opening angle.  

 Forces: allowance normal forces value.  

 Obtained angular velocity: critical value. 

Observing the created cantered shaped triangular 

geometry in Fig. 1, in case the circular centres of 

cylinders B and C are not collinear, will be treated 

the same way. 

 

Figure 1: Three rotated cylinders diagram 

Figure 2: Three rotated cylinders free body force 

diagram 

The equations of motion of the upper cylinder 

resulting from its own rotation together with the 

contact based on Newton's second and third laws, 

respectively, between the two lower cylinders are as 

following: 

𝑋: − 𝐹𝑘,𝐴𝐶 sin(𝛾) + 𝐹𝑘,𝐴𝐵 sin(𝛽) − 𝑁𝐴𝐶cos(𝛾)

+ 𝑁𝐴𝐵cos(𝛽) = 𝑚𝐴𝑎𝐴 = 𝑚𝐴𝛼𝐴𝑟𝐴 

(17) 

Using the geometrical identities cos(90 − 𝛿) =

sin (𝛿) and similarly cos(90 − 𝛽) = sin (𝛽). 
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𝑌: 𝑁𝐴𝐶sin(𝛾) + 𝑁𝐴𝐵 sin(𝛽) − 𝐹𝑘,𝐴𝐶 cos(𝛾) −

𝐹𝑘,𝐴𝐵 cos(𝛽) = 𝑚𝐴𝑔             

 (18) 

whereas  𝐹𝑘,𝐴𝐶 = −𝐹𝑘,𝐶𝐴, 𝐹𝑘,𝐵𝐶 = −𝐹𝑘,𝐶𝐵. Also, the 

appropriate moments inertia equations of each lower 

cylinder is:  

 𝑇 − 𝐹𝑘,𝐶𝐴𝑟𝐶 = 𝛼𝐶𝐼𝐶                (19) 

𝐹𝑘,𝐵𝐴𝑟𝐵 = 𝛼𝐵𝐼𝐵         (20) 

(−𝐹𝑘,𝐴𝐶 + 𝐹𝑘,𝐴𝐵)𝑟𝐴 = −𝛼𝐴𝐼𝐴  (21) 

while the upper cylinder body linear acceleration 

motion fulfils 𝑎𝐴 = 𝛼𝐴𝑟𝐴. Note that the contact 

between the two lower cylinders (𝐹𝑘,𝐵𝐶 =

−𝐹𝑘,𝐶𝐵, 𝑁𝐵𝐶 = −𝑁𝐶𝐵 ) is not important here since it 

has no impact on the upper cylinder stability and in 

case the two lower cylinders are fixed it even has no 

effect overall system. Remark that in order to have 

counter-clockwise motion 𝐹𝑘,𝐴𝐵𝑟𝐴 < 𝐹𝑘,𝐴𝐶𝑟𝐶 and 

similarly 𝑇 > 𝐹𝐶𝐴𝑟𝐶. 

In addition, the friction roll forces relation with 

the normal forces will supply: 

𝐹𝑘,𝐶𝐴 = 𝜇𝐶𝐴𝑁𝐶𝐴  (22) 

𝐹𝑘,𝐵𝐴 = 𝜇𝐵𝐴𝑁𝐵𝐴  (23) 

where 𝜇𝐶𝐴, 𝜇𝐵𝐴 are the kinetic roll friction 

coefficients.  Accordingly, the normal and friction 

forces will be evaluated by solving the five 

algebraic equilibrium expressions (17) – (21) 

against the five unknowns 

(𝐹𝑘,𝐴𝐶 , 𝐹𝑘,𝐴𝐵, 𝑁𝐴𝐵 , 𝑁𝐴𝐶 , 𝑎𝐴 ) using relations (22)-

(23), such as Eq. (17) becomes: 

𝐹1𝛽𝛼𝐵 + 𝐹1𝛾𝛼𝐶 + 𝐺1𝛾𝑇 = 𝑟𝐴𝛼𝐴         (24) 

where, 𝐹1𝛽 = −
𝐼𝐵

𝑟𝐵𝑚𝐴
[sin(𝛽) +

cos(𝛽)

𝜇𝐵𝐴
], 𝐹1𝛾 =

−
𝐼𝐶

𝑟𝐶𝑚𝐴
[sin(𝛾) +

cos(𝛾)

𝜇𝐶𝐴
] and 𝐺1𝛾 =

1

𝑟𝐶
(sin(𝛾) +

cos(𝛾)

𝜇𝐶𝐴
). 

In similar way, Eq. (18) becomes: 

𝐹2𝛽𝛼𝐵 + 𝐹2𝛾𝛼𝐶 + 𝐺2𝛾𝑇 = 𝑔   (25) 

where,  𝐹2𝛽 =
𝐼𝐵

𝑟𝐵𝑚𝐴
[cos(𝛽) −

sin(𝛽)

𝜇𝐵𝐴
], 𝐹2𝛾 =

𝐼𝐶

𝑟𝐶𝑚𝐴
[

sin(𝛾)

𝜇𝐶𝐴
− cos(𝛾)] and 𝐺2𝛾 =

1

𝑟𝐶
(cos(𝛾) −

sin(𝛾)

𝜇𝐶𝐴
). 

Note that in case where 𝜇𝐵𝐴 = 𝑡𝑔(𝛽) or 𝜇𝐶𝐴 =

𝑡𝑔(𝛾) the friction forces become zero which is well-

known result. In this stage to enable frictional 

motion, we will require that 𝜇𝐵𝐴 ≥ 𝑡𝑔(𝛽) or 𝜇𝐶𝐴 ≥

𝑡𝑔(𝛾). 

Also, reformulating (21) using the above relations, 

yields: 

𝐽𝐵𝛼𝐵 + 𝐽𝐶𝛼𝐶 + 𝑇𝐽𝑇 = 𝐽𝐴𝛼𝐴        (26) 

whereas 𝐽𝐴 = −
𝐼𝐴

𝑟𝐴
, 𝐽𝐵 = −

𝐼𝐵

𝑟𝐵
, 𝐽𝐶 = −

𝐼𝐶

𝑟𝐶
, 𝐽𝑇 =

1

𝑟𝐶
. 

Solving the linear Eqs. (24) – (26) yields: 

 
 (27) 

 
 (28) 

 
(29) 

𝑁𝐶𝐴 =
𝛼𝐶𝐼𝐶

𝜇𝐶𝐴𝑟𝐶
  (30) 

𝑁𝐵𝐴 =
𝛼𝐵𝐼𝐵

𝜇𝐵𝐴𝑟𝐵
  (31) 

Now, in order to enable relative dependent frictional 

motion between the cylinders (A & B, A & C) we 

will determine the frictional coefficients by 

assuming (16) to obtain the following linear 

equations: 

Jacob Nagler
International Journal of Theoretical and Applied Mechanics 

http://www.iaras.org/iaras/journals/ijtam

ISSN: 2367-8992 6 Volume 7, 2022



 (24) 

 
(25) 

In order to simplify or to use for other 

applications, we might require that each coefficient 

of 𝑔 and 𝑇 become zero in order to have analytic 

solution for the friction coefficients. Alternatively, 

one might examine the case 𝑇 = 0. Otherwise, 

numerical solution will be required to solve the 

coupling system of Eqs. (24) - (25). 

Note that the analysis is valid for hollow and full 

cylinders and in some 2D cases even for spheres. 

However, the only difference is expressed in the 

moment of inertia. We will assume that in order to 

have instability situation that expressed in 

mechanical detachment is fulfil when one of the 

normal forces becomes zero by one of the following 

conditions: 

𝑁𝐴𝐵 =
𝐹𝑘,𝐴𝐵

𝜇𝐵𝐴
= 0  𝑎𝑛𝑑/𝑜𝑟  𝑁𝐴𝐶 =

𝐹𝑘,𝐴𝐶

𝜇𝐶𝐴
= 0    (26) 

while 𝜇𝐵𝐴, 𝜇𝐶𝐴 ≠ 0. In other words, we might say 

(based on (19) – (20)) that: 

𝛼𝐵 = 0  𝑎𝑛𝑑/𝑜𝑟  𝛼𝐶 = 𝑇/𝐼𝐶     (27) 

Substituting (27) into equations (27) – (28) lead to 

the similar relations as resulted in (24) – (25) that 

require the same numerical analysis as described 

above. Assuming that the denominators does not 

become zero. 

Accordingly, one can deduce the angular velocity 

value, the friction coefficients and other cylinders 

geometrical parameters (cylinders diameter) in order 

to accommodate and ensure the system stability. In 

addition, in order to have better stability, 

exceptional the geometry importance, we might also 

recommend having better/improved contact by 

using flexible tighten belt.  

4 Problem Formulation – 

Asymmetrical beam moment of 

stability margin by using broad/wide 

junction/connection 

Suppose we have asymmetrical beam (or shaft) 

with asymmetrical mass distribution alongside 

different linear – saw section parts in the 

longitudinal direction leaning on broad joint 

connection as shown in Fig. 3. 

Figure 3: Asymmetrical beam illustration. 

 

Figure 4: Sectioned asymmetrical beam illustration. 

The system (the mass and the connector) is 

characterized by asymmetrical beam composed of 

two rigid connected mass - bodies 𝑚1 and 𝑚2 with 

appropriate length 𝑑 and 𝑙, respectively. In 

addition, the total length of body-mass 𝑚2 

fulfills 𝑙 = 𝑙1 + 𝑙2, whereas 𝑙1 – represents the 

length from the right side of body-mass 

𝑚2 to the center of total mass and 𝑙2 - 

represents the distance from the total center of 

mass to the left side of body-mass 𝑚2. The 

beam is laid on broad joint connection that 

might be flexible adjusted to the optimal width 

in relative to the total mass center of gravity. 

Those bodies could be cylindrical or rectangular 
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section shaft parts.  Here, Cartesian coordinates 

system is being use alongside the longitudinal 

direction, while its origin is located. We also 

assume here for simplicity that y direction is 

symmetrical. Although the problem could be 

solved also with asymmetrical y direction 

considering that the center of gravity should be 

composed from x, y components.  

It is well – known and can be easily proved by 

moment calculation that the center of gravity in 

case of joint – point is obtained by: 

𝐿𝐶.𝐺 =
𝑚1(

𝑑

2
+𝑙)+𝑚2𝑙

𝑚1+𝑚2
   (28) 

where 𝑑/2 represents the distance from the 

body-mass 𝑚1 center to its right end. In more 

generalized way, equation (28) could be written by 

its components in x , y direction as: 

𝐿𝐶.𝐺𝑥 =
𝑚1(

𝑑𝑥
2

+𝑙𝑥)+𝑚2𝑙𝑥

𝑚1+𝑚2
   (29) 

𝐿𝐶.𝐺𝑦 =
𝑚1(

𝑑𝑦

2
+𝑙𝑦)+𝑚2𝑙𝑦

𝑚1+𝑚2
   (30) 

Now, suppose that the current beam laid up on 

width joint connection instead of point 

connection joint. Therefore one would like to 

estimate the required width length (∆) in order 

to keep on stabilized system. 

In the first step, we will depart the domain into 

three sections as appear in Fig. 4. 

The moment equilibrium along the x-axis will be 

describes as: 

The moment equilibrium in the left side connection 

corner will be calculated by: 

𝑚1𝑔 (
𝑑

2
+ 𝑙3) +

𝑚2𝑔

𝑙
𝑙3

𝑙3

2
=

𝑚2𝑔

𝑙
𝑙1 (

𝑙1

2
+ ∆) +

𝑚2𝑔

𝑙
∆

∆

2
                             

(31) 

The moment equilibrium in the right side 

connection corner will be calculated by: 

𝑙1
2

2

𝑚2𝑔

𝑙
= 𝑚1𝑔 (

𝑑

2
+ 𝑙3 + ∆) +

𝑚2𝑔

𝑙
∆

∆

2
+

𝑚2𝑔

𝑙
𝑙3 (

𝑙3

2
+ ∆)    (32) 

whereas 𝑙3 = 𝑙 − ∆ − 𝑙1. 

Solving Eqs. (31) – (32) yields: 

                      (33) 

(34) 

4 Conclusion 

In this study, we present a general 

framework for calculating displacement 

alongside stress-strain relationships of rotating 

FGM cylinder with exponential varying 

thickness and material properties subjected to 

mechanical and thermal loadings.  

Also, body - force expressions dependent on 

geometry, gravity acceleration and friction 

coefficient to ensure stability of three cylinders 

rotating transmission system in triangle 

configuration with moment/torque friction were 

derived. The derived system can only be solved 

by numerical means. 

Finally, asymmetrical beam (or shaft) with 

asymmetrical mass distribution alongside 

different linear – saw section parts in the 

longitudinal direction leaning on broad joint 

connection was examined by finding the total 

center of mass and determining the connection 

optimal width to ensure the asymmetrical beam 

stability. 

In future, better mechanism approximations 

should be further study in the context of 

presented model in the following topics: 
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1. To develop improved and simplified stress-

strain relations of cylindrical or conical bodies 

FGM material dependent of the displacement. 

This might be implemented by approximating 

Whittaker’s functions using Wen-feng 

mentioned studies. Also, considering more 

phenomenon, like magnetic, electrical and to 

have more generalized solutions. 

Understanding the solutions range of validation 

and comparing them to real experiments. 

2. Finding approximations for the above 

obtained expressions concerning the triangular 

transmission cylindrical system. Comparing 

them to real experiments. One might also use 

energy method for solution and comparison. 

Another extension might be applied using the 

study performed by Ott and Hyon [36] to 

generate oscillating balancing controlled 

system (robotic system). 

3. Finding solutions for the above obtained 

expressions concerning the asymmetrical beam 

in case of three dimensional asymmetrical 

geometry. 
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