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Abstract: - The present paper deals with an analysis of pyramidal von Mises planar trusses with or without 
initial geometric imperfection. Models with real geometrical and material parameters were applied. The models 
had the cross section of a hot-rolled steel profile. The paper describes a dynamic relaxation method which 
monitors the potential energy of the von Mises planar truss loaded by displacement of top hinge. The 
transformed potential energy was depicted in flat and three-dimensional maps. Static eqilibrium paths and 
positions of chosen bifurcation points were found. 
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1 Introduction 
Stability is the capacity of a structural element or a 
system to resist to forces disturbing its equilibrium 
position [1]. The stability loss means a structure 
collapse, which can occur due to a very small 
displacement. The small displacement can be a 
random imperfection which is, in the structure 
element, due to production or assembly [2-4]. The 
stability and initial imperfections are key 
phenomena influencing the reliability of slender 
thin-walled plate girders [5-8] and bar structures [9], 
[10]. 

There exist numerous studies examining the 
influence of imperfections on the stability of bar 
structures loaded by static loading, see, e.g., [11], 
[12]. Many of safety critical objects are assessed by 
applying the methods of reliability theory or 
probabilistic risk assessment [13-16]. The in-
stability of static equilibrium of the structure in 
relation to initial imperfections is generally a 
negative phenomenon which can be studied by the 
sensitivity analysis [17-20]. The majority of 
reliability studies of common building structures are 
aimed at limit states, and form an important subset 
of decision-making problems based on multiple 
criteria [21-23].  

Optimization problems of real slender structures 
are usually solved on behalf of geometrically and 
material nonlinear solutions by the finite element 
method [24-26]. Theoretical possibilities of modern 
geometrically nonlinear algorithms are, however, 

much larger than those generally applied to 
engineering approaches. The application of usual 
geometrically nonlinear methods to analyse the 
deformations of real structures gives the 
deformations which are relatively small in 
comparison with lengths of bars of frame systems. 
The challenge of basic research became the stability 
problems of elastic pyramidal von Mises planar 
trusses with large displacements [27]. A large range 
of stability problems can be studied on behalf of 
algorithms of modern nonlinear mechanics [28]. 

The von Mises planar truss is a bar structure 
consisting of two bars connected with one another in 
the top hinge [29], [30]. The study of von Mises 
planar truss is important for understanding the 
stability problems of these bar structures. The aim 
of the presented study, which follows work 
published in [32], is an analysis of stability loss of 
high von Mises planar trusses with initial 
imperfections. The stability analysis is solved, 
applying the geometrically nonlinear solution. The 
conditions of static equilibrium of the nonlinear 
system are calculated by means of the so-called 
dynamic method which searches for the 
deformations of von Mises planar truss in 
dependence on forced displacement of top hinge in 
the coordinate grid. The monitoring of potential 
energy of the top hinge makes it possible to find the 
stable static eqilibrium state, the unstable static 
eqilibrium state and their mutual transition between 
each other (bifurcation point) of the von Mises 
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planar truss. The maps of transformed potential 
energies were applied to clearly illustrate the values 
of potential energies. 
 
 

2 Model and method used 
Fig.1 presents the model of the von Mises planar 
truss divided in hinges and assembled of segments 
transferring the normal stiffness of translational 
spring, and the bending stiffness of rotational 
spring, see [32]. 
 

 
 

Fig.1 Von Mises planar truss 
 

The internal force Fl in the translation spring, 
and the internal moment Mφ in the rotational spring 
will be calculated as: 

 ,,  dkMdkF lll    (1) 

where kl is the stiffness of translational spring, 
dl is the elongation of translational spring, kφ is the 
stiffness of rotational spring, and dφ is the angular 
displacement of rotational spring. The potential 
energy U, accumulated between the translational 
and the rotational springs, will be, for the von Mises 
planar truss, subsequently written as: 
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where nl is the number of translational springs, 
and nφ is the number of rotational springs. The 
deformation state of the described von Mises planar 
truss is accurately given by the position of each 
hinge. This position of hinge is determined by the 
coordinate (xi, yi), where i denotes the hinge index. 
The following equation will be used to calculate the 
elongation of translational spring: 
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where l is original length of the segment, li is the 
length of the segment after displacement. To 
calculate the angular displacement of rotational 
springs, the equation will be specified: 
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where φi is the angular displacement of segment 
i (the segment between hinges i and i+1). The 
curvature of the left bar represents the initial 
geometrical imperfection (bow imperfection). This 
geometrical imperfection was considered here in 
form of one half wave of the function sinus. 
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where a is the amplitude of one half-wave of 
function sinus, L is the bar length. Including this 
imperfection into the lengths of segments, and of 
angles of rotational springs, the bar will be modified 
(bent) still in the initial state, so that the final shape 
of von Mises planar truss will have zero stress. 

The model is formulated as a nonlinear dynamic 
system. Static eqilibrium paths of the model are 
found by dynamical relaxation thanks to the linear 
viscous damping force acting on the hinges. The 
mass of the bar is concentrated in hinges. Due to 
this assumption, the dynamic equations can be 
derived, applying the Newton principle, in the 
following equation: 
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where c is the damping coefficient, m is the mass 
of the hinges, vxi and vyi are the velocity vector 
components of the hinges, and Rxi and Ryi are the 
vector components of the resultant force Ri by which 
the springs act on the hinge. This system is solved 
by the Symplectic Euler method [31], which was 
generated by rearrangement of the explicite Euler 
method. 
 
 

3 Mapping of potential energy 
The model of the von Mises planar truss is loaded 
by the controlled displacement in point xn/2, yn/2 
(further on, only top hinge) [32]. At each 
displacement of top hinge, the von Mises planar 
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truss relaxes for a certain time. After this time, the 
potential energy of the top hinge is recorded. 

The controlled displacement takes place from 
coordinate x from the value of half of span s/2 in 
horizontal direction along the coordinate x, until the 
coordinate x of top hinge reaches the value of the 
bar length. Vertical displacement of the hinge is 
mapped within the <s/2; L>. In the step when x=L, 
the vertical displacement of top hinge takes place 
opposite to the direction of coordinate y, and the top 
hinge starts displacing back to the original 
coordinate x, recorded within the interval <L; s/2>. 
In the step, when x = s/2, the vertical displacement 
of the top hinge takes place again opposite to the 
direction of coordinate y, and the top hinge starts 
displacing in the same direction as it was in the 
initial step. The displacement of the top hinge in the 
direction y can be written as the interval <h; 0>. The 
whole course of the mapping is so repeated until the 
top hinge reaches the last step. This occurs, as soon 
as the coordinate y = 0 and, at the same time, the 
coordinate x = L. In Fig.2, there is presented the 
displacement of the top hinge. The step of 
controlled displacement is denoted p. 

 
Fig.2 Description of shifting of top hinge 

 
The potential energy of top hinge is recorded in 

such a way. To be possible to find when the von 
Mises planar truss is in the stable static eqilibrium 
state or in the unstable static eqilibrium state, it is 
suitable to draw the values of transformed potential 
energy U  in a clear illustration. The value of 
transformed potential energy is obtained from the 
relation of potential energy of the top hinge U to the 
value of potential energy of the top hinge being on 
the coordinate x in the half span of the von Mises 
planar truss 

2/nxU , for the appropriate coordinate y. 

For any coordinate y, this equation can be written in 
the following way: 

2/nxU

U
U     (7) 

4 Analysis of von Mises planar trusses 
The profile of bars was hot-rolled IPE400, with 
cross-section area A = 8446 mm2, second moment of 
area about minor axis is I = 231.3·10-6 m4, and 
Young’s modulus is E = 210 GPa. The relaxation 
time trel = 10 s. Models were generated both with 
and without initial geometrical imperfection. The 
initial geometrical imperfection was introduced on 
the left bar in form of a half wave of the function 
sinus with a = 0.1 m. The pyramidality changed 
according to angle α, see Fig.1. The following von 
Mises planar trusses: α = 45°, α = 55° and α = 60° 
were studied, on the basis of parameter α. In Fig.3 to 
Fig.8, there is presented the transformed potential 
energy (vertical axis) of these models. The 
transformed potential energy is written within the 
interval. The grafic presentation was regulated by 
the condition that, if there occurs the value higher 
than 1.2 in calculation of transformed potential 
energy, this value will be set as 1.2. The top hinge 
displaces in the step p = 0.02 m in coordinate 
raster 6~8;0x  and 5~4;0y . 

 

 
 

Fig.3 U  for von Mises truss with α = 45° without 
imperfection 

 

 
 

Fig.4 U  for von Mises truss with α = 45° with 
imperfection 
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Fig.5 U  for von Mises truss with α = 55° without 
imperfection 

 

 
 

Fig.6 U  for von Mises truss with α = 55° with 
imperfection 

 

 
 

Fig.7 U  for von Mises truss with α = 60° without 
imperfection 

 
 It can be seen in Fig.3 that the transformed 
potential energy of top hinge does not decrease at its 
displacement. The von Mises planar truss is 
becoming stable. Opposite to it, by introduction of 
imperfection or by increasing the pyramidality, the 
transformed potential energy decreases. 
 

 
 

Fig.8 U  for von Mises truss with α = 60° with 
imperfection 

 
Thanks to introduction of imperfection into the 
models, the diagrams of potential energy of the top 
hinge displacing within the rectangular raster x, y 
are not symmetrical, see Fig.8, Fig.6 and Fig.4. 
 Extremes of transformed potential energies, 
and/or courses of static eqilibrium paths can be 
found by a more throughout study. These extremes 
are divided into minimums of potential energy, 
stable static eqilibrium state, and maximums of 
potential energy, and into unstable static eqilibrium 
state. Bifurcation points can be found in models 
with imperfections. The points are concerned where 
the stable static equilibrium state is in contact with 
the unstable static equilibrium state. Coordinates 
and values of the transformed potential energy of 
bifurcation points are given in Table 1. 
 
 

Angle Symbol Coord. X Coord. Y U  

45° B1 2.98 m 2.39 m 0.9898 

55° 

B2 4.07 m 4.11 m 1.011 

B3 5.37 m 2.13 m 1.0236 

B4 2.46 m 1.86 m 0.9938 

60° 
B5 3.50 m 4.71 m 1.0092 

B6 2.16 m 1.57 m 0.9975 

Table 1 Coordinates and values of transformed 
potential energies U of bifurcation points 
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5 Conclusion 
The present paper studies stability problems by 
transformed potential energy of pyramidal von 
Mises planar trusses. The mathematical procedure 
of the applied method of dynamic relaxation which 
monitored the transformed potential energy of top 
hinge was demonstrated. The process of generation 
of flat and three-dimensional maps of transformed 
potential energy was presented. The map has shown 
that, for the von Mises planar truss with lower 
pyramidality, the transformed potential energy does 
not decrease. Further on, the maps have shown that 
introduction of imperfection or increase of 
pyramidality influences the stability of the von 
Mises planar truss. Static eqilibrium paths were 
determined and positions of bifurcation points were 
identified, based on these facts. 
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