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Abstract:   Properties of binary-mixture compressible boundary layers have been investigated by means of the 

self-similar boundary-layer equations. Mach=2 boundary-layer velocity, density, temperature and concentration 

profiles have been computed. It was established that action of heavy gas injection on the boundary-layer is sim-

ilar to the action of wall cooling and leads to an increase of boundary-layer stability and to the delay of the lam-

inar-turbulent transition (LTT). Influence of a foreign gas injection on skin friction and heat transfer coeffi-

cients has been investigated. It has been found that increase of foreign gas injection leads to the monotonous 

reduction of surface friction and heat transfer.  

Linear stability of Mach=2 boundary-layer has been investigated by means of the linear stability theory (LST). It 

has been established that injection of a heavy gas leads to the reduction of disturbance amplification rates. A prin-

cipal possibility to enlarge the transition Reynolds numbers in approximately two times has been found.  

 

Key-Words:  compressible boundary-layer, binary-mixture, laminar-turbulent transition, hydrodynamic stabil-

ity. 

 

1 Introduction 
Importance to study the binary-mixture boundary-

layers is determined by a number of various factors. 

One of the reasons was to find possibilities to con-

trol the skin friction and the wall heat flux in sta-

tionary conditions. For the first time a foreign gas 

injection into the two-dimensional (2D) flat-plate 

boundary-layer was investigated in [1-3]. It was 

shown there that in order to reduce the skin friction 

it is better to inject in the flow a gas lighter than an 

air. Solutions presented in the mentioned above pa-

pers have a lot of limitations. In [1] the skin friction 

was not calculated explicitly but its value can be 

deduced from the velocity profiles computed there. 

However the boundary-layer equations have been 

solved there with the boundary conditions suitable 

for the impermeable surface only. Also the foreign 

gas concentration at the wall was assumed to be 

large enough whereas the injection velocity was as-

sumed to be zero that is out of logic. In [2,3] the 

solutions have been obtained in the assumption of 

the zero heat transfer. In addition in [3] it was sup-

posed that the binary-mixture viscosity does not de-

pend on the foreign-gas concentration and varies 

linearly with the temperature, while the Schmidt 

number was taken equal to unity. 

The non-zero heat transfer has been considered 

for the first time in [4], where the influence of an 

injected gas properties on the skin friction and the 

wall heat flux variation has been investigated. The 

author has got a numerical solution to the problem 

using a simple model of solid spheres to describe 

the collisional processes, for the case when the in-

jection magnitude varies downstream inversely pro-

portional to the square root of the streamwise coor-

dinate. It has been shown in this paper that the light 

gas injection leads to the reduction of both – the 

skin friction and the wall heat transfer. Moreover, 

the injection of a large specific heat gas reduces the 

heat flux significantly, but affects the skin friction 

only weakly. The combination of a large molecular 

collision diameter and high specific heat of various 

polyatomic gases can be much more advantageous 

to reduce the skin friction and the heat transfer in 

comparison to the injection of such a light mona-

tomic gas as helium. Additional investigations of the 

laminar boundary layers of binary mixtures can be 

found in [5-7].  

Along with the problem of a thermal protection 

and drag reduction there is another important prob-

lem of the laminar-turbulent transition control. In 

the framework of our discussion of the binary gas 

mixture boundary layers this problem is in fact re-

duced to the investigation of hydrodynamic stability 

of such boundary layers. Influence of a foreign gas 

injection on the linear stability of laminar boundary 

layers has been studied for the first time in [8]. It 

was shown there that a heavy gas injection can prin-

cipally lead to a boundary layer stabilization. This 

possibility has been further investigated in [9], 

where they have performed a research on the influ-

ence of a foreign gas molecular mass on the bounda-
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ry layer stability. In particular, it has been shown 

that injection of a light gas leads to a certain reduc-

tion of the critical Reynolds number. However the 

results of [9] have been obtained for Mach number 

M 0  and it was not possible to solve the problem 

for the Mach M 1.3  because of the certain limita-

tions inherent to the asymptotic procedure used 

there.  

The complete enough equations of the binary-

mixture boundary-layer stability with respect to 2D 

disturbances in the parallel flow approximation have 

been obtained in [10]. However those equations have 

never been used: the author has not published the 

results of a numerical solution of his equations.  

After a while a research on the influence of a gas 

nonequilibrium dissociation on the boundary-layer 

stability has been published in [11,12]. After that 

there was no further systematic investigations of the 

effect of a foreign gas injection on a boundary-layer 

properties and its stability.  

Present paper fills up this gap in the knowledge 

of a binary-mixture boundary-layer stability. Some 

first results of ongoing investigations on possibili-

ties to control the flat-plate supersonic boundary-

layer and its linear stability by means of a foreign 

gas injection from the surface are presented here. 

 

2 Problem Formulation 
The time-dependent dynamics of a binary gas 

mixture is described by the system of partial differ-

ential equations [13-15]: 

*
* *div 0

d

dt
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* 2
div
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 .  

In the equations above we used the dimensional val-

ues for:  * * * *, ,U V WV  – velocity components in 

 , ,x y z  – directions respectively; *  – density; *P  

– pressure; 
*T  – temperature; *h  – specific enthalpy 

per unit mass; *  – dynamic viscosity; *
q  – total 

heat flux; *

1j  – foreign gas mass flux. 

Formulas for the binary-mixture heat flux and for 

the foreign gas mass flux are taken from [13]: 

  * * * * * *

1 2 1T h h    q j  ,  (2) 

    * * * *2 1
1 12 1 1 11 ln

m m
D c c c P

m


 
      

 
j  .(3) 

 

2.1 Boundary-layer equations  
2D stationary supersonic flat-plate boundary-layer 

of the binary gas mixture without chemical reactions 

is considered here. Foreign gas with molecular mass 

1m  is injected into the main flow of the primary gas 

with a molecular mass 
2m  through a permeable sur-

face. In this case the dimensional boundary layer 

equations can be presented as [14, 15]: 

   
0

U V

x y

  
 

 
 ,  

 
U U U

U V
x y y y

 
      

    
      

 ,  

2

h h q U
U V

x y y y
 
      

      
      

 ,  

1 1 1c c j
U V

x y y

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   
   

 ,  
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RT
P RT

m


   .  

Here x is the streamwise coordinate, y – is normal to 

the surface,  

 
 

1
1 2 1

2 1 2 1 2 1/ 1 /

T jT RT
q h h j

y m m m m m c





    
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, 

 1 11
1 12

1T c cc T
j D

y T y




   
   

  
, U  and V  are 

the velocity components of the mixture in the x - 

and y - directions;   is the density; h  – enthalpy 

per unit mass; P  – pressure; T – temperature; q – 

heat flux of the mixture, j – mass flux of the foreign 

gas in the y -direction; c – concentration of the for-

eign gas; R  – universal gas constant;  ,  , 
12D  – 

coefficients of dynamic viscosity, heat conductivity 

and binary diffusion; 
T  – thermal diffusion coeffi-

cient. 

Boundary layer equations are solved with the fol-

lowing boundary conditions at the wall: 

 

 
 

1 2

1 1

12

0, ,    0,  

1
1 .

T

w

w

w

dT
a T a

dy
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y


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 

   
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  

 

  (4) 

The last equality is obtained from the condition that 

the primary gas mass flux   2 11j V c   to the 

permeable wall is zero, [7]. Conditions at the 

boundary layer outer edge are: 

 eU U  ,  eT T  ,  
1 0c    at  y   .  (5) 

Boundary layer equations in self-similar varia-

bles and in the absence of thermal diffusion can fur-

ther be written as follows: 

0
d dU dU

F
dy dy dy


 
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 ,  
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2
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e
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e





, 

2e pC





 , 12

12
e

e

D
D




 .  

Boundary conditions take the following shape 

with new variables at the permeable wall  

wF f   ,  0U   ,  1 2 0
dT

bT b
dy

 
  

 
 ,  
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 1 11
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1
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f c D
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
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  
 ,  

Rew w wf V  ,  

while at the boundary layer outer edge:  

 , 1U T   ,  
1 0c    at  y   .  

To calculate the viscosity of a binary mixture the 

relations [16] have been used, which can be written 

non-dimensionally: 
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 .  

The formula for the thermal conductivity coefficient 

of binary mixtures is looking similar, non-

dimensionally: 

1 1 2 2

1 12 2 2 21 11.065 1.065
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 
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 . 

Viscosity and thermal conductivity coefficients of a 

monoatomic gas according to the kinetic theory can 

be expressed as: 
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The dimensionless coefficient of binary diffusion is  

 
1/2
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1 2 1 25

12 12 2 (1,1)*
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/ 2
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, 

where 
12D  is in cm

2
/s,  12 1 2 2d d    – in ang-

stroms, P  – in bars, T  – in 
○
K. Collision integrals 

(1,1)*  and 
(2,2)*  have been calculated using Leon-

ard-Jones potential, according to [13]. 

 

2.2 Stability equations 
To deduce equations of linear stability we use the 

relation:  
* **

* 1 2

p p

h hh
T c

C C


     , where pC  is the specific 

heat of a frozen mixture. Neglecting the Dufour ef-

fect we can also write: 
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. 

In the case of linear disturbances the dimensionless 

flow parameters can be written as *g g g  , 

where g  are solutions of stationary boundary-layer 

equations. Neglecting foreign gas thermal diffusion, 

for a parallel flow approximation and under simpli-

fications used in [17, 18] the linearization of the 

system (1-3) with respect to perturbations and using 
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We seek the solution to (7) as a harmonic in 

space and time perturbation: 
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ReC F    , 22 e e eF f U    – is the re-

duced frequency, while f  is the dimensional fre-

quency in Hertz. System (8) is solved with the fol-

lowing homogeneous boundary conditions: 
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The numerical integration of the eigenvalue problem 

(8-9) have been performed by means of method of 

orthonormalizations [15]. 

 

3 Results  
In this paper we present results of the boundary-

layer computations performed for the flow of air 

over the flat-plate at Mach numbers M=2 and 0.7. 

Various foreign gases (such as tetrachloromethane 

CCl4, Xenon Xe, Helium He) have been injected 

through a permeable surface of the plate. Calcula-

tions have also been performed to reveal particularly 

influence on the boundary layer properties of a ratio 

of molecular mass of a foreign gas to the main gas 
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at identical specific heat. The described below re-

sults are presented in the dimensionless form: all 

physical quantities are divided to their values at the 

boundary layer outer edge, while the normal coordi-

nate is referenced to the Blasius length scale 

e e ex U   . 

Fig.1 shows computed distribution of concentra-

tion of tetrachloromethane with 
1 154m  , that is 

five times heavier than air, across the boundary lay-

er, for various values of the injection factor 
wf . 

One can see that growth of the foreign gas injection 

leads to the concentration 
1c  increase at the wall. It 

is worth to note here that binary-mixture boundary-

layer velocity and temperature profiles are only 

weakly dependent on the injection factor variation at 

least in the range 0 0.2wf   .  

 
Fig.1:   Distribution of the mass concentration of CCl4 

across the boundary layer for two values of 
wf .  

Influence of an injection and a molecular mass of 

foreign gases on local drag is presented at Fig.2. 

The skin friction coefficient decreases with increas-

ing injection independently of the molecular mass of 

the injected gas. Since molecular masses of He, Air 

and Xe are 4, 29 and 131 correspondingly, we see 

that the skin friction decreases with decreasing mo-

lecular mass of a foreign gas. 

 
Fig.2:   Normalized skin friction coefficient RefC  

versus injection factor for the adiabatic wall; M 2 . 

In Fig.3 the dependence of the local skin friction 

on the wall temperature is shown. The local friction 

drag decreases monotonously with increasing Tw for 

all foreign gases. As before the friction drag in-

creases with increasing foreign gas molecular mass.  

 
Fig.3:   Normalized skin friction coefficient RefC  

versus wall temperature 
w eT T ; M 2 , 0.1wf  .  

The heat transfer data are not so uncomplicated 

as friction data. Fig.4 shows influence of the wall 

temperature on the ratio of Stanton number with 

injection factor 0.1wf   to its value with no injec-

tion. One can see that only at 0.36w eT T   the re-

sults for helium are in conformity with the skin fric-

tion results described above. That is the decrease of 

the foreign gas molecular mass leads to a reduction 

of the wall heat transfer. However in the range 

0.3w eT T   injection of helium gives higher heat 

flux in comparison with injection of air and xenon. 

So, decrease of the wall heat flux is achieved by the 

injection of He only for not very cold wall, while at 

lower values of 
wT  the opposite effect is observed.  

 
Fig.4:  Influence of the wall temperature on Stanton 

number at M=0.7. 

Stability of compressible boundary layers of bi-

nary gas mixtures depends on lots of parameters. 

The values of individual gases which are of im-

portance for calculation of binary mixture viscosity, 

thermal conductivity and diffusion coefficients on 
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the basis of kinetic theory in the framework of the 

Leonard-Jones potential are listed in table 1.  

Table 1 

 m1 d1, A ε/k1,°K Cp 

H2 2 2.915 38 14320 

He 4 2.576 10 5190 

Ne 20 2.789 36 1030 

Air 29 3.617 97 1004 

Kr 84 3.498 225 248 

Xe 131 4.055 229 160 

SF6 146 4.268 233 860 

CCl4 154 5.881 327 866 
 

 
Fig.5:   Spatial amplification rate 

i  versus injec-

tion factor 
wf  for variety of foreign gases; 

Re 720 , 6·10 35F  . 

 
Fig.6:   Density of the mixture at the wall 

w  versus 

injection factor 
wf .  

Fig.5 shows computed dependencies of the spa-

tial amplification rate 
i  on the injection factor 

wf  for a number of foreign gases. The primary gas 

was always air. These functions are generally mo-

notonous excepting dependences for hydrogen and 

helium. It is important to note that injection of such 

heavy gases as sulfur hexafluoride (SF6) or tetra-

chloromethane (CCl4) leads to a decrease of the spa-

tial amplification rates that is to the boundary layer 

stabilization. This result is in agreement with the 

known earlier stabilizing influence of heavy gas in-

jection. From table 1 we see that CCl4 and SF6 is 

heavier than air in 5.3 and 5.0 times. Greater effi-

ciency in the boundary-layer stabilization by the 

injection of CCl4 in comparison with SF6 is ex-

plained by higher molecular mass of the former gas.  

Destabilization of the boundary layer by the in-

jection of heavy noble gases (Kr, Xe) is explained 

by their low specific heat in comparison with that of 

for air (table 1). The importance of an injected for-

eign gas specific heat becomes obvious in compar-

ing amplification rate change at injection of krypton 

and air. Injection of heavy krypton gives faster the 

destabilization of the boundary layer than injection 

of air. This is because specific heat of krypton is 

four times smaller than that of for air.  

Influence of the foreign gas molecular mass on 

the boundary layer stability is easier to understand 

by analyzing the density of a gas mixture near the 

wall. Fig.6 demonstrates mixture density at the wall 

w  as a function of the injection factor 
wf  for the 

same gases like at Fig.5. Here we see a complete 

correlation of results presented in Figs.5 and 6. In-

crease of 
w  due to the injection of a heavy foreign 

gas causes reduction of perturbation growth rates 

and vice versa.  

 
Fig.7:   Transition Reynolds number Retr

 versus 

injection factor 
wf  for CCl4, as calculated by the 

Ne -method; M 2 . 

Linear stability theory gives a possibility to esti-

mate the position of the laminar- turbulent transition 

by means of the well known Ne -method. According 

to this method the transition happens at the stream-

wise location where the disturbance amplification 

factor reaches a certain threshold Ne , where the fac-

tor 
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amplitude and spectrum of external disturbances 

vary in different wind tunnels and in the flight, the 

transition appears at different values of N. There-

fore, in this paper the estimate of the transition 

Reynolds number Retr
 has been performed for dif-

ferent values of the N-factor. The results for the in-

jection of CCl4 are presented at Fig.7. One can see 

that variation of the injection factor from zero to the 

value 0.2wf   causes more than a double en-

largement of the transition Reynolds number Retr 

independently of a value of the N-factor. This corre-

sponds to a fourfold enlargement of the streamwise 

extent of a laminar region on a model. 

 

4 Conclusions 

System of equations of the compressible binary gas 

mixture boundary-layer in the approximation of a 

local self-similarity at foreign gas injection from a 

permeable model surface and its stability is devel-

oped.   

Parametric calculations of the flat-plate bounda-

ry-layer profiles have been performed. It has been 

found that heavy gas injection influences the bound-

ary-layer density profile similar to the influence of 

surface cooling. Both of them facilitate boundary-

layer stabilization and noticeable laminar-turbulent 

transition delay.  

It is obtained that increase of a foreign gas injec-

tion leads to a reduction of the skin friction and the 

wall heat flux. It is established that injection of a 

heavier gas leads to the reduction of perturbation 

growth rates. A possibility to enlarge in four times 

the length of a laminar region in Mach=2 boundary 

layer by means of a heavy gas injection is found.  

This paper has been supported by Russian Founda-

tion for Basic Research (project No.15-01-00866a). 
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