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Abstract: The Conjugate Gradient (CG) method is a powerful iterative approach for solving large-scale min-
imization problems, characterized by its simplicity, low computation cost and good convergence. In this pa-
per, a new hybrid conjugate gradient HLB method (HLB: Hadji-Laskri-Benzine) is proposed and analysed for

unconstrained optimization. We compute the parameter ,fl LB a5 a convex combination of the Polak-Ribiere-

Polyak (B,f RP ) [1] and the Mohd Rivaie-Mustafa Mamatand Abdelrhaman Abashar ( ,fM I L+> ie ﬁ,f LB —

(1—06g) Blf RP 19, BEM IL+ By comparing numerically CGHLB with PRP and RMIL+ and by using the Dolan
and More CPU performance, we deduce that CGHLB is more efficient.

Key—Words: Unconstrained optimization, hybrid conjugate gradient method, line search, descent property, global
convergence.

1 Introduction which is computed by carrying out a line search, and
dy, is the search direction defined by
Consider the nonlinear unconstrained optimization

problem d _ — gk sik=1 13
o { —Gkt1 + Brdy sik > 2 (13
min f (z) (D
zeR" where [}, is a scalar and ¢ (x) denotes V f (x). If

Where f : R* — R is a continuously differen- f is a strictly convex quadratic function, namely,

tiable function, bounded from below. The gradient of

f is denoted by g (z) . To solve this problem, we start flx) = %xTH z+blz, (1.3bis)
from an initial point x5 € R". Nonlinear conjugate
gradient methods generate sequences {x} of the fol- where H is a positive definite matrix and if « is
lowing form: the exact one-dimensional minimizer along the direc-
tion dg, i.€.,
Tht1 Zl‘k-f—Oékdh k=20,1,2,....,
(1.2) ap = argmin { f(x + ady} (1.3tris)
where xj, is the current iterate point and a > 0 >0
is the step size which is obtained by line search. then (1.2), (1.3), (1.3bis), (1.3tris) is called
the linear conjugate gradient method. Otherwise,
The iterative formula of the conjugate gradient (1.2), (1.3) is called the nonlinear conjugate gradient
method is given by (1.2), where oy is a steplength method.
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The line search in the non linear conjugate gra-
dient methods is often based on the standard Wolfe
conditions:

fzp +apdg) — f(xg) < pakg};dk (1.4)

gb1dy, > Sgtdy (1.5)

where 0 < p < < 1.

Conjugate gradient methods differ in their way
of defining the scalar parameter 5. In the litera-
ture, there have been proposed several choices for
Br which give rise to distinct conjugate gradient
methods. The most well known conjugate gradient
methods are the Hestenes—Stiefel (HS) method [14],
the Fletcher—Reeves (FR) method [10], the Polak-
Ribiere-Polyak (PR) method [16 ], the Conjugate De-
scent method(CD) [10], the Liu-Storey (LS) method
[15], the Dai-Yuan (DY) method [08], [09] and Hager
and Zhang (HZ) method [13]. The update parameters
of these methodsT are respectively specified as follows:
Irr1Yk

HS _ FR _ llora1l®> pPRP _
k T dly, 0 TR T lgwl® T TR N
T
919 D lgesal?
lgell® > Tk digr
T
BLS G4 Yk 5DY _ llgesall® 5
k - dTgk ) k - dTyk )
—9d H%H) Ik+1
< kaTy, dl i

Some of these methods, such as Fletcher and
Reeves (FR) [10], Dai and Yuan (DY) [8] and Con-
jugate Descent (CD) [10] have strong convergence
properties, but they may have modest practical per-
formance due to jamming. On the other hand, the
methods of Polak and Ribiére and Polyak (PRP) [16],
Hestenes and Stiefel (HS) [14] or Liu and Story (LS)
[15] may not generally be convergent, but they often
have better computational performance.

In the process of obtaining more robust and ef-
ficient conjugate gradient methods, some researchers
suggested the hybrid conjugate gradient algorithm
which combined the good features of the methods in-
volve in the hybridization.

The first hybrid conjugate gradient method was
given by Touati-Ahmed and Storey (1990) [20] to
avoid jamming phenomenon.

The researchers were motived by the works of
Andrei [3], [5]; Dai and Yuan [9]; Zhang and Zhou
[21]. Their parameter (3;' is computed as a convex
combination of (3 ,f R and (3, other algorithms, i.e

By = (1—0k) Bt

The Wolfe line search was employed to determine
the step length a; > 0 and the new method proved

R 0,.6;
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to be more robust numerical wise as compared to FR
and other methods. The global convergence was es-
tablised under some suitable conditions.

In ([5]) Andrei has proposed a new hybrid con-
jugate gradient algorithm where the parameter B,f
is computed as a convex combination of the Polak-
Ribiere- Polyak and the Dai- Yuan conjugate gradient
algorithms i.e

5?:(1—9@ PRP+9 BDY

and 0y, is presented to satisfy the conjugacy con-
dition

(vhgrs1) (hsk) — (Yhge+1) (9hgk)

Hk _ ekC:'COMB _ i S
(vigr+1) (whsk) = Nkl gkl

where s, = xx11 — k. To satisfy Newton direc-
tion he takes

0, GNDOMB (yltegkﬂ - 329k+1) H9k||2 - (y};gkﬂ) (y};b’k:)

lgrr1l” lgll® = (vhaw+1) (visk)

but in the combination of HS and DY from New-
ton direction, he puts

—529k+1
QZQkH
On the other hand, from Newton direction with

modified secant condition (Hybrid M-Andrei), Andrei
has proposed another method

O =

BEYBRIDM _ (1 _ g,) IS 4+ 6,8PY

where
Sni 1) t Yk gkt
—_— 8 _
(stk kIk+1 Yl sk O
O = t gh gry1 5
k
GrIkt1 + =g, = Ok

J is parameter. In [17], [18] Salah Gazi Shareef
and Hussein Ageel Khatab have introduced a new hy-
brid CG method

B = (1= ) BT + 0,57

where 3P4 is selected in [5].

In this paper, we present another hybrid CG al-
gorithm noted CGHLB (HLB is an abbreviation to
Hadji; Laskri and Benzine), witch is a convex com-
bination of the PRP ([16]) and RMIL+ ([17]) conju-
gate gradient algorithms.We are interested to combine
these two methods in a hybrid CG algorithm because
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PRP has good computational properties and RMIL+
has strong convergence properties. In section 2, we
introduce our hybrid CG method and prove that it gen-
erates descent directions. In Section 3 we present and
prove global convergence results. Numerical results
and a conclusion are presented in section 4. By com-
paring numerically CGHLB with PRP and RMIL+
and by using the Dolan and More CPU performance,
we deduce that CGHLB is more efficient.

2 Definitions of Function Spaces and
Notation

3 A new hybrid conjugate gradient
method

The iterates xq, 1, ........ of our algorithm are com-
puted by means of the recurrence (1.2) where the step
size ay, > 0 is determined according to the wolfe line
search conditions (1.4), (1.5). The directions dj, are
generated by the rule:

_ —3go ifk=0
I = { Cge+ BB, itk>1 @D
where

B = (1= 0) BIET + 0p BT

i.e

t t
9r 1Yk Jer1 (Grr1 — gr — di)
IfLB — (1 - Hk) k+1 & Hk k+1 5
gkl lld||
(2.2)

HLB is an abbreviation to Hadji; Laskri and Benzine;
0y is a scalar parameter which will be determined in
a specific way to be described in the folloing section.
Observe that if §;, = 0 then ﬁ,fLB = B,fRP and if
0, = 1, then B}ELB = ﬁ,fMILJF. On the other hand if
0 < 0, < 1, then ﬁf LB is a convex combination of
ﬂ,f RPand ﬁ,}jM IL+  The parameter 6y, is selected in
such away that at every iteration the conjugacy condi-
tion is satisfied . It can be noted that,
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t
9rai1Yk
MR Ay

0=—gh1yk+(1—0k) 5
gkl
(2,4)

After a simple calculation we get

2 2 2
9h 19k 19l Ndell® = (g7 q k) (diye) lldi

O =

(2.5)

So, to ensure the convergence of this method

when the parameter 6, goes out of interval |0, 1]; i.e.

when 6, < 0 or 6, > 1, we prefer to take ,B,fLB as
following:

(1 — 0) BERP 4+ 0, BEMILT 3£ 0 < 0 < 1

IBI?LB — /B]fRP if ek < 0
ML+ if 6, >1
(2.5(bis))

We are now able to present our new algorithm,
the Conjugate Gradient CGHLB Algorithm: CGHLB
Algorithm

Stepl: set, k& = 0, select the initial point x, €
R".select the parameters 0 < p < § < 1, and € >
0

compute f (zg), and go = V f(xp). consider
do = —go

Step2: Test for continuation of iterations:

If || gx|| < e then stop else set . d, = —gi, Step3:
Line search:

Compute o, > 0 satisfying the Wolfe line search
condition (1,4) and (1,5) and update the variables,
Tp+1 = T+ opdy; compute f (Txi1), gr+1 and s =
Tht1 — Tk Yk = Jk+1 — gk- Step4: 0, Parameter
computation:

If (9]24_1:% - g/€;+1dk) ||9k”2
(g% 1yw) (diyw) ldel> = 0; then set 6 = 0,
otherwise, compute 6y, as in (2.5).

Step5: 6}? LB conjugate gradient parameter
computation:

If 0 < ), < 1, then compute 37L5 as in (2.2).

If 6, > 1, then set 5,5”3 = 65‘M1L+

If 5, < Othen set B}?LB = ,fRP

Step6:Direction computation:

compute dj 11 = —gr41 + BBy,

Set k=k+1 and go to step 3.

The following theorem shows that our method as-

Giey1 (Gr+1 — gr — shigpes the descent condition, when 0 < 6, < 1

) Gl 1Yk

di.+0;,
gk l®

diy1 = —Gry1+(1 — O Tk

2.3)

so multiply both sides of above equation

by yr and by using the conjugacy condition
(df 11 yx = 0) we have:

ISSN: 2367-895X

Theorem 1 In the algorithm (1.2),(1.3) and (2.5)
assume that dy, is a descent direction (g};dk < 0), and
oy, is determined by the Wolfe line search (1.4) ; (1.5).
If0 < 0y, < 1 then the direction dj1given by (2.3) is
a descent direction.
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Proof 2 Multiply both sides of (2,3) by gr+1 we
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is Lipschitz continuous, namely, there exists a constant

have: I > 0 such that:
¢
9r+1Yk — < _
grodies = —llgenl® + (1= 6) ﬁdiﬂkﬂ lg () —g W <lllz—yll foranyz,ye N
k
Lo — g —dy) Under these assumptions on f, there exists a con-
+0y k1 ng H29k F k1 stant p such that ||g (x)|| < u, for all z € Q.
d;
Lemma 3 [23] Suppose Assumption 1 holds, and con-
. sider any conjugate gradient method (1.2) and (1.3);
T 2 Ir+1Ywhere dy, is a descent direction and oy, is obtained by
d = —(1—-06p+86 1—0y) —/="
Ih+10k+1 ( b+ 0k) llgreall” + ( k) ||ng2t é“gfr?}}zg Wolfe line search. If
¢
I+ (Ghtr1 — gr — di) t oo
+0y, diGk+1 1
I |? D = o0 G.1)
i il
. ) 91€;+1yk , then
Ger1de+1 = | — (1 = 0k) llgr+1ll” + (1 — Ok) 5 dpgk+1 liminf ||gx|| = 0 (3.2)
g%l k—o00
¢ —qp — hat| the function f is uniformly convex func-
2 rt1 (Grt1 — gr —Aggume t Y
+ | = Ok) gk lI” + Ok ||dkH2 tion ﬁ;@,ﬂﬂi re exists a constant I' > 0 such that,
forallz,y e Q: (Vf(x) =V () (@—y)>T|z—y|
. (3.3)
91{+1dk+1 = (1—6) | = llgesr H2 + gkﬂyj t Ot . and the steplength «y, is given by the strong Wolfe
lgx |l line search.

Gir1 (G4

— gk — di)

+ (0r) [— gkl +
il |*

since 0 < 0, < 1 then

i 1Yk
2
| 9|

di Gt |+

Gh1dpr1 < !— I grsl” +

(2.6)
If the step length «y is chosen by an exact line
search. Then g,a_ldk =0.
If the step length oy, is chosen by an inexact line
search (ng+1dk #* O) then we have:

Gip1drsr <0

because the algorithms of (PRP) and
(RM IL+) satisfied the descent property.
The proof is completed.

4 Global convergence properties

The following assumptions are often needed to prove
the convergence of the nonlinear CG

Assumption 1

(i) The level set Q@ = {x € R"/f (z) < f(xo)}is
bounded, where x is the starting point.

(ii) In some neighborhood N of (1, the objective
function is continuously differentiable and its gradient

ISSN: 2367-895X
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t
kg]]ﬁ_(lij + Cvkdk) — f (xk) < alakgidk (3.4)

|91tg+1dk£ < —0oagldy (3.5)

; g d
- ||gk+1|12po¥£ﬁ%§%’%hﬁ€éﬂwéfafpgm which satisfy the

above assuufﬁﬂﬁons, we can proye that the norm of
di+1 given by (2.3) is bounded above.

Using the above lemma, we obtain the following
theorem.

Theorem 4 Suppose that Assumption I holds. Con-
sider the algorithm (1.2);(2.3)and (2.5) ,where 0 <
0, < 1 and «y, is obtained by the strong Wolfe line
search.(3.4) and (3.5) .

If dy. tends to zero and there exists non negative
constants 11 and 12 such that;

lgrll = m llskll* and |lgeall® < 2 llsell - (3.6)
and f is uniformly convex function, then
lim g, =0 (3.7)
k—o00

Proof 5 From (3, 3) it follows that

yisk > T |se]?
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since 0 < 0, < 1, from uniform convexity and

(3.6) we have

WHLB‘ < gltc+1yk gltc-i-l (Gkt+1 — 9 — di)
k = 2 2
9wl ||l
< ‘glts+1yk‘ ‘gi:—&-lyk‘ ‘gltc+1dk‘
= 2 2 2
gl ||l ||l
< lgraallllyell | Ngraallllyll | llgnealllldx]
= 2 2 2
gl ||l |l
from Lipschitz condition
lyll < Tlskll
BHB < lgrill vkl Ngrell lyell | lgesall
T skl [EAR Il
alllsell  plllsellad | pay
= om[Isk)? [ sk]? skl

l lo? a
__ K +M ko j27e”
mllsell skl skl

Hence

LB
ldi+1ll < Nlgeall + |82 i

pl skl pdllsellod po skl
mo |Isell o ||skll ag [sk|

l
=24+ ployg, + e
mog
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5 Numerical results and discussions

In this section we report some numerical results ob-
tained with a MATLAB implementation of conjugate
gradient algorithms and their new variants. All codes
are written in Matlab on a Workstation Intel Pen-
tium 4 with 1.8 GHz. We selected a number of 75
large-scale unconstrained optimization test functions
in generalized or extended form [6] (some from CUTE
library [8]). For each test function we have considered
ten numerical experiments with the number of vari-
ables n = 1000, 2000, ..., 10000. In the following we
present the numerical performance of CG codes cor-
responding to different formula for /3, computation.
All algorithms implement the Wolfe line search con-
ditions with p = 0.0001 and ¢ = 0.9, and the same
stopping criterion ||gx||, < 107C, where ||| is the
maximum absolute component of a vector.

The comparisons of algorithms are given in the
following context. Let flALG1 and flALG2 be the
optimal value found by ALG1 and ALG2, for
problem ¢ = 1,...,750, respectively. We say
that, in the particular problem i, the performance of
ALG1 was better than the performance of ALG?2 if:
| fALGT — fALG2| < 1076, and the number of itera-
tions, or the number of function-gradient evaluations,
or the CPU time of ALG1 was less than the number
of iterations, or the number of function-gradient eval-
uations, or the CPU time corresponding to ALG2, re-
spectively.

For each algorithm, we plot the fraction of prob-
lems for which the algorithm is within a factor s of
the best cpu time. Relative to performance profiles,
the top curve corresponds to the method that solved
the most problems in a time that was within a factor 7
of the best time. By comparing numerically CGHLB
with PRP and RMIL+ (see Fig. 1 and fig2) and by us-
ing the Dolan and More CPU performance, we deduce
that CGHLB is more efficient.

which implies that (3.1) is true.Therefore, by
lemma 1 we have (3.2), which for uniformly convex
functions is equivalent to (3.7) .
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Performance Profile based on the iteration number
: .

Performance Profile based on the CPU time 1

Figure 2: Performance profile based on the iteration

Figure 1: Performance profile based on the CPU time
number
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