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Abstract: - In this paper, we develop mathematical models for 3-D, 2-D and one-dimensional hyperbolic heat
equations (wave equation or telegraph equation) with inner source power, and construct their analytical
solutions for the determination of the initial heat flux for cylindrical sample. In some cases, we give expression
of wave energy. Some solutions of time inverse problems are obtained in the form of the first kind Fredholm
integral equation, but others have been obtained in closed analytical form as series. We considered both direct

and inverse problems at the time.
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1 Introduction

Contrary to traditional method, the intensive
quenching process uses environmentally friendly
highly agitated water or low concentration of
water/mineral salt solutions [1]-[3]. Traditionally,
classical heat conduction equation is used for the
mathematical description of the intensive quenching
process. We have proposed to use hyperbolic heat
equation [5]-[21] for more realistic description of
the intensive quenching (1Q) process (especially for
the initial stage of the process). Models of
systematic  hyperbolic heat equation, their
mathematical research and solutions are discussed in
monograph [22].

The idea of the usage of hyperbolic heat equation
can be easily transferred to completely different
sector of application - to the generation of electricity
in sea or ocean by usage of wave energy [4] and
[24]. It is important to note, that Ekergard and his
co-authors [23] examine the development of the
system in time, describing the equipment with
ordinary differential equation. Here we describe the
equipment in development of both - in time as well
as in spatial arrangement of equipment using the
multi-dimensional hyperbolic heat equation. Wave
power plant has to work for long time period in
moving environment — waves, see [24].

Therefore, it is important to examine not only the
development of equipment in time, but also the
movement of its different components [19]-[21].
Wave energy generator models can be viewed in
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both Cartesian coordinate and cylindrical co-
ordinates. We investigate the rectangular models in
papers [6]-[9], [14]-[21]. Generators of cylindrical
form have been investigated in our papers [5], [12].
For three, two and one-dimensional cylinder we
dedicate this paper.

We have constructed various one and two-
dimensional analytical exact and approximate
solutions for 1Q processes in our previous papers
[6]-[21], [25], [26].

We consider three-dimensional, two-dimensional
and  one-dimensional statements for non-
homogeneous equation with non-homogeneous
boundary conditions. Such statements allow
constructing mathematical models for wave power
plants in connection with other equipment, for
example, with wind power. Boundary conditions
could be of different types; thus, they allow us to
use Green function method.

In recent years, we have been able to generalize the
Green's function method to areas, which consist of
several canonical connected sub-areas, and thus we
have obtained the exact solutions for the L-, T- and
II-type areas [5]-[21], [25],[26]. We have
investigated domains consisting of two cylinders
[12] and two-layer sphere [13]. For the cylinder
with fin, the solution was obtained for stationary
case and hyperbolic heat transfer equation.

2 Mathematical Formulation of 3-D
Problem for IQP or Wave Power
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We noted already in the introduction that Professor
M. Leijon, see [23], examined the development of
system in time. Here, we offer to consider the
description of system in time and space. For this
purpose, instead of the ordinary differential
equation, we consider the following partial
differential equation:

o°U 218(6Uj 10U oU
= | —— | |+t —— |~
ot ror\ or r-op~ oz
—CU+F(r,gp,Z,t),re[0, R],gpe[O,Zﬁ], Q)
, a , k
Ze[O,I],te[O,T],CZO,aT:—,a =—,
T, cp
Here, ¢ is specific heat capacity, k- heat

conductivity coefficient, p - density, z, - relaxation

time. The source term F(r,¢,z,t) can be from

different parts of the same device or outer source, for
example, wind source.

In the case of wave energy, we can assume different
non-homogeneous boundary conditions. Important is
to formulate boundary conditions (3), (4) and (5) in
the heat energy transfer form [12], [13]:

r%_frzo _o, @
R%—l:+kluer :Rgl(go,z,t),k1=RThS- ®3)
%_L;_kzujz_ozgz(r,(p,t),ki=%i=2,3, @
%—LZJJrngjZ:I =0,(r,o1). (5)

Here, hi is heat exchange coefficient. We have heat

exchange with environment on all the other sides of
device. In fact, it is possible to look at other types of
boundary conditions: first (Dirichlet) and second
(Neumann) type. The initial conditions for the

function U (r,¢,z,t) are assumed in the following

form:

Ul =Us(r0.2), 6)
ouU

— =U,(r,p,2). (7
ol

In the steel quenching, the condition (7) can be
unrealistic from the practical point of view. The
initial heat flux must be determined theoretically. As
additional condition, we assume that either the
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temperature  distribution or the heat fluxes

distribution at the end of process is known:

Ul =Us (r.0,2), ®)
ou 1

—| =U;(r,p,2). 9
ot |, 1(r,e,2) )

The formulation of the three-dimensional mathe-
matical model is important for wave energy
generator [4]. It is good see from the above point on
the fig. 1:

Fig. 1. The look from the above point of cylindrical
piezoelectric generator from patent [4].

For 3-D mathematical model is important that
solution in ¢—direction is continuous and

smooth. These 2 conditions are important for the
reduction of 3-D model to 2-D model by
conservative averaging method [25], [26], [31]
and [32] (see later in the section 5):

U |¢:o =U |¢:2;r ! (10)
|l o ”
8@ ¢=0 a¢ p=27

3 Solution of 3-D Problem
First, we assume that we have non-homogeneous

Klein-Gordon equation-with source term: C >0.

The solution in three-dimensional problem is in the
following form:

u(r,ez,t)=H (r,gp,z,t)+T§d§ngx

0 0

| 2z
JUiEno6(rpz.énetdn+ [dex  (12)

R |

0
[¢d¢[Us(¢.n.)—-B(r.p.2.6.m.5,0dn.
0 0
Here are source term and boundary conditions:

t 2z
H(r.pzt)= afszdTJ dgx
0 0
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| t
J.gl(n,g,r)G(r,go,z, R,n,g,t—r)dn—af-[drx
0 0

Idgjfgz(§,§,T)G(r,(ﬂ,ny,O,g,t—r)d§+af

2z

dr

)

X

ds[£9:(¢,6,7)G(r,0,2,¢ 1,6,t-7)d&

+|dz | dgx (13)

!
zf

Ot—~ O

[ede[F(&m.c.7)G(r0.2,€,m6,t-7)dn.

The Green function [27] - [29] for initial-boundary
problem for Klein-Gordon equation is known ([29]):

G(r@,z’f,ﬂ,é’,t) :iiiix

n=0 m=1 s=1

At (#n") 3y (#m)
(42,R? +KZR? =n?)[ 3, (#4R) ]
cos[ n(p—n)]h (2)h, (£)sin(A,t)

] 2o |
Here, J,(&)—is Bessel’s function and
Dus =22 (112, + B2) 4 C,

_[Lifn=0,
“12,ifn>0;

X (14)

h,(z) = cos(ﬂsz)+%sin(ﬂsz),

k(B2 +K2 2

-] e (1),
2p2(B2+K5) 280 200 A

The eigenvalues g, 5, are positive roots of the

transcendental equations:

' _ tg(ﬂl)_ k2+k3
u1d, (uR)+kJ, (uR)=0, TR T

There is an interesting situation if both additional
conditions (8), (9) are known. In this case, we
introduce new time argument by formula:

t=T-t (15)
The formulation for new function V(r,go,z,f) with

time variable f is the following:
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oV zla(avj 10V oV
vl Rt el e sy Sl
ot ror\ or r-op° oz
—CV +F(r,p,z,T -1),
oV (16)
V|f:0 :UT (rl¢1 Z)l_~ = _U1]—- (r,¢, Z),
o e
Rﬂ+klvj =Ry, (.2, T 1),
or r=R
oV -
——kV =0,(r,o,T-1),
PV jZI gz( ® )
oV -
—+kV =0,(r,p,T-1).
az 3 jzo gs( o )

Solution of the inverse problem looks similar to (12):

V(xy z,f)=H(x y,z,f)—Tédgfdgx
JUiEno6ezéneidn+ [dex (a7)

gfdeg!UT (éln.g)%G(w, z,&,1,6,8)dn.

There is no problem to transform the expression
for H(x, y,2,f) in the following form:

T 27
H(x,y,z,f)zaij dr_[dgx
Tt 0

;
J'gl(n,g,r)G(r,(p,z, R,n,¢,T —T)df]—arz j~dr

0 T-t

2 R
[defg,(¢.6,7)G(x,y,2,£,0,6 T -1)dé +a°x
0 0

°

o[ defa,(6.cr)C v,z £b T~ +

Tt 0 0
T

I drzfdgx
T 0

[de[F(&mc.7)G(r 0, 2,E,m,6,T —2)dn.

We have the expression for the heat flux in time
from (17):

0 .. 0 -
—~V r, ,Z,t :—,_,H r, ,Z,t +
FV ez =— (r.p,2,f)
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lﬁdﬁg dglVl(f,n,g)gG(r,co,Z,ﬁ,n,g,f)dm

2z R | 2
[ dgfédffVo(é,ﬂ,g)%G(r,(p, z,§,m,6,8)dn.

From last expression at £ =T and equality (17), we
have solution for the time inverse problem:

T z)=—§H(r,(p,z,t~) - (18)
jfdfffdgfv(fnd—G(r .7, fngt) d77—
fdgjédfjv (Em6) =5 e G zEme t) dn.

Very mterestlng is wave energy [24] as you can see
in [30]:

= 2 2 sin® (4.t

4 Solution of 3-D problem with

constant initial conditions

In the previous section, we have constructed some
three-dimensional solutions for direct and time
inverse problems for hyperbolic heat equation. Initial
conditions enough often are constant functions [17],
[20]. In this case, it is possible to solve the solutions
in the form of series. For simplicity, we look the
homogeneous boundary conditions:

U(r,e,z,t) =U1'F|£§d.§2fdgx

| 2r
Gr”””td U d
£(¢Z§U§)U+ o_([ % )

defng(h(p, 2,56, t)dn =

=U,G, +U,G,.
We use the Green function (14) in a bit different
form:

G0, 2,Em &) = x

T
© © o Awﬂr?m\Jn(ﬂnm )\] (ﬂnmé)
22 l(/unmR2+k R?—n’ )[J ﬂnmR)]

[cos(n(p) cos(nn) +sin(ne) sm(nn)]
I

2
n=0 m=1

t/z
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h, (z)h,(<)sin (ﬂnmst).
A

nms

(20)

After integration, the function G, can be obtained in
the following form:

100 0 ©

Go=—22.2

7T h=0 m=1 s=1 (,umez + klsz -n

A]lllffm\]n(ﬂnmr)cos(ﬂnmst) %
)3, (mR)]

[cos(ng)sin(nl) +sin(ng)(1-cos(nz))] h, (2)x

[,
sin(27f3,) +ﬁ(1—cos(2ﬂﬂs)) R
ﬂsﬁ [ €3, (&) de

Similarly, we can transform the function G;:
1 o N A\uurfm‘]n /unm sm(ﬂ“nmst)
6=ty Al -
0t 51 (2 R2+KER? =) 3, (4R) |

[costog)sinol) ssintnp)a—cos(un)],
nfh,[ S

sin(278,) +ﬁ(1—cos(2nﬂs)) N
£ [ €3, (thn)de.
ﬂs 0

In this paper, we can show that time reverse problem
with two final time conditions is not ill-posed
problem and can be solved similarly as time direct
problem. It was shown in our paper [15] that time
reverse problem for rectangular sample can be
solved without some numerical problem. It is well
known that for inverse problem it is not easy to
calculate the solution [25].

5 Solution of Two-dimensional
Problem

Two-dimensional problem can be obtained in two
ways. First way is standard: we use monograph [29]
for the two-dimensional solution and Green
function. The mathematical model is in the form:

CAT Fg(ra_Uj oy

}—CU + F(r,z,1),

= +
o> “lror or 0z°
re[O,R],Ze[O,I],te[O,T],C20,
ouU ouU
—| =0, +kU = 1),
o o (ar jr:R 6 (21)
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ou
[E—ijzo =0,(r.t), (21)
ou
] s
oU
U|t:0:U0(r’Z)aE :Ul(r,Z).
t=0

Of course, the temperature distribution and the heat
fluxes distribution at the end of process is given:

oU
U|_ =U.(r, Z)'E =Ui(r,2).

t=T
The solution of the two-dimensional problem is in
following form:

u(r,z,t)=H (r,z,t)+_T§d§><

[uiEm)6(r,z.¢,n.tdn+ (22)

[EH uo(e:,n)gcs(r,z,z:,n,t)dn.

The known boundary conditions and source term are
in the functionH (r,z,t):

H (r,z,t):—afjdr.?gz(f,r)G(r,z,f,O,t—r)df

t |

af.[drjgl(n,r)G(r,z, R,p,t—7)dn+

0 0

(23)
+61,2Jt‘drji g, (f,r)G(r, z,E L t—7)d&+

jd’ideF(mf)G(nz.é,n,t—r)dn.

The Green function for two-dimensional problem is

in the form [29]:
. ,UﬁJo lunr ‘]0 :unf
1 R R
7Z_R2 ZZ ( x

(Dm(Z (0m(77) [ 2,2 zﬂs} }
exp|—| a; A, +—="~ |t |,
[on ]\ 2
gom(z):cos(/lmz)+z—25|n(/1mz), (24)
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k(22+K) Kk, 1(, K2
222(22 +K2) ’ 2/125 +§[1+;TEJ'

are positive roots of the

lenll” =

The eigenvalues g, , A

m

transcendental equations:
tg(Al) Kk, +k,

J k,RJ =0 .
H 1(#)"‘ 1 0(/1) 1 lz—kzks

We will obtain the solution for two-dimensional
problem as it was done in our papers [25], [26] and
[31] by method of conservative averaging:

2
V(r,zt) :%.[U(r,(p,z,t)dgo.
0

We integrate the main differential equation (1) in the
direction ¢ [0, 27]:

oV '1@[ avj
=a’| =—|r— |+
 ror\ or
p=2r

ot’ i
—CV + f(r,z,1),

@=0

N

oV

+
oz°

1
27r? 0

2
f(r,z,t):%j F(r.g,z,t)de.
0

The equality (11) gives two-dimensional equation:

o, 16( av} oV
=ar | —— | FT— |+ -
ot r or or

oz’
CV + f(r,z,1).
Formulas (21) are initial and boundary conditions for
this equation.

(25)

6 Solution of One Dimensional
Problem

We will start with a formulation of the mathematical
model of the steel cylinder which is relatively thin in
z directions: |<<R. In accordance with the
conservative averaging method [25], [26], we
introduce the following integral averaged value (one
space-dimensional function) for the two-dimensional
formulation:

u(r,t) = (|)‘lju (r,z,t)dz,
0 (26)

f(r,t) =(|)1j f(r,z,t)dz.

We integrate equation (27) in the direction z:
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o'u  ,|10( éu
—2=ar ——| r— ||+
ot ror\ or
z=|
1y —Cu+ f(r,t).
| oz |,_,
The boundary conditions (23) for new function

u(r,t) are as follows:

10U
-—— =kU(r,0,t t),——
| oz |,, ° (r0.t)+ 8, (rt) | oz

—kU (r,1,t)+g,(r.t).

We look for thin cylinder, it means that we have:

U (r,0,t)=U(r,1I,t)=u(r,t).

Finally, we transform the equation (29) to Klein-
Gordon equation form:

2
U _ g li(ra—“j —cu+f(r.b),
ot ror\ or

c=C+k, +k;, (28)
f(rt)y=T(r,t)-g,(r,t)+g,(rt).

The main differential equation together with

boundary conditions and initial conditions from (25)
are in following form:

(Z—l:+ klu) =0, (1),

r=R

g, (1)=(1)" ,(2.0¢k,

(27)

10U

z=l

ul,, = Uo(r)%u =u,(r), (29)

t=0

Uy (t) = (I)_ljuo(z,t)dz,

u, (t)=(1)" Ijul(z,t)olz.

Solution of this problem is expressed by Green
function, see [35]:

() = [U(O) = 6(r, £, 04 +

O =73 T

u, (&)G(r, & dé+

a;

0,(7)G(r,R,t—7)dz +

O —

drjif(f,r)G(r,é‘,t—r)df. (30)

0

[ S———
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Green function from [29] is in the form:

2 Myl
:un‘]O( : j
R
2p2 2 2 X
KR+ 47)35 () (31)

J (unfjsi”(tﬂ ), e
0 R \/Z 1M Rz

The eigenvalues g, are positive roots of the

transcendental equation:

13, (1) = kRI, (1) =0.

Another situation is for cylinder with small diameter:
R << |. From (25), we define a new function V(Z,t) :

G(r,é,t>=§i(

+C.

R
v(z,t) =%er(r,z,t)dr,
0

R
fz.1) =%jrf (r.z,)dr.
0

We integrate the modified differential equation (25)
in rdirection:

2 2
oV :a{ 0 (rﬁvj+ﬂ}—CrV+rf (r,z,1).

oz loror ) o
This gives:
2 2 r=R
a—\;:afa—\zl NI s f(z,1).
ot 0z o
The boundary condition in the r direction gives:
ra—U =-k,RU(R,t)+Rg,(z,1),
ar r=R
ra—U =0.
or r=0

Finally, we have a one-dimensional Klein-Gordon
partial differential equation:

a—2\/=a26—2\/—dv+g(z t)

&5 L) (32)
d=C+kR,g(zt)=f(z,t)+Rg,(z.1).

The boundary conditions and initial conditions from
(23) can be rewritten in the following form:

(%—kzvj _4,(1),

(%+ k3v) =0, (1),

s (33)
v, =vo(z)% ~(2).

t=0
Here, the new averaged functions are:
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1% 1%
V,(2) :?_([ruo(r, z)drv,(z) :?lrul(r, z)dr,

1 8 1 8
gz(t):?!:rgz(r,t)dr, 9, (t) =?£rg3(r,t)dr.
We have solution in the following form:

|

0
u(z,t)=|v —G(z,n,t)dn+
(z.1) lo(n)at (zn,t)dn

[vi(m)G(z.n.0dn -

0
a,I (T)G(Z,O,t—r)dr+ (34)
a’[g,(7)G(z1,t-7)dr +
0
t |
.[dr.[g(n,z')G(z,n,t—r)dn.
Green function in this case is ([29], [30]):
= Ya(2) Y, (s )sin(t\/azﬁf+d)
G(znt)=), — ,
=) Iy.IF Jaiat+d
yn(z):cos(}tnz)+%sin(/1nz), (35)

2 2 2

”yn”: k22 lnz +k22 + k22 +I_(l+k_22].
22; A +ky 24, 2 A

The eigenvalues A, are positive roots of the
transcendental equations:
tg (A1) _ k,+k,

A AR—kk,
We have two final conditions for both one-

dimensional problems. Additional conditions for the
problem (30), (31) are:

ou 1
ul._, =u; (r)’EH =u (r).

In its turn, additional conditions for the problem
(32), (33) are:

(36)

ov
V=@, — =v(). (37)
Ot |_r
7 Time Inverse One Dimensional
Problem
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We would like to continue the one-dimensional
problem with time inverse formulation (17)

for T (r,f):

o 51 1 8 6u _
7=ar _— —CU +
ot rar 6r

re (0, R),f €(0,T],

f(r,T-1),

(38)

_ ou
UL;OZUT(")vE =—Ur (r),
=0
ou _
—+kU = -1),
L) LT
_ ou
u|f:T:u0(r),g =—u,(r).
=T

Solution is similar with the formula (30):

a(r.6) = [uy ()= 6(r.,D)dé -

ur (§)G(r,&,f)d& +

O =y O

f
jg T t+r G(r Ri-7)dr+
0

jdfj (&T-E+7)G(r,&,f-7)de.

The solutlon can be rewritten in the following form:

(r,6) = [y ()= 6(r. . D)d5 -

ur (&)G(r, &, f)de+

O ey O

£
a’[9,(T—#,)G(r,R,7,)dz, +
0

Idrlj (E,T —1,)G(r,&,7,)déE.
For the heat flux, we have an expression:

o o2 ~
Eu(x,t) =£UT (f)FG(X'%C't)df

(39)

_J'ui(g)gG(x,g,f)d§+
2’ %l (T —%)G(r,R,7,)dz, +

dr, [ F(&T—7)G(r.&,7,)dE.
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From here, a nice explicit representation of the
necessary initial heat flux immediately follows:

00 =~ ()= 6(x &0, dé+

JUT (5)%G(x,§,f)|f_T dé+g,(0)G(r,R,T)+

+[ £(£,0)6(r,&,T)de. (40)

8 Solution of 1-D problem with

constant initial conditions

We would like to finish the one-dimensional
solution with a simplification for constant initial
conditions in the formulation (34)-(35):

v|,_, =V, (z) =V, =const,
ov

(41)
=V,(z) =V, = const.
t=0
The solution of the time direct problem is the
following if we assume

9(z.t)=0,(t)=0;(t)=0
u(z,t)=voj'§G(z,§,t)d§+

° (42)
vlj.G(z,g,t)dgzvolo+vlll.
Int(:ensive steel quenching process with initial

conditions (43) is very natural [10]-[14]. We have
the homogeneous equation (34) and the
homogeneous boundary conditions. Next, we

integrate Green functions in the formula (44):
|

=I%G(z,§,t)d§ =

0

¥, (2)Y, (I)cos(t«/af/ln2 +d )

Yz

>

n=1

y, (1) = cos(ﬂnl)+z—isin(,1n|);

= [G(x.&tdé =
= Y2 (2)Y, (I)sin(t«/afﬂn2 +d )
2 2|V |

It means finally that we have expression for
temperature in the form of series:

(43)
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(),

u(x,t) =vgly (X,t)+ vl (x,1) iy“ z)

A,

[vo cos(t«/afﬂ,n2 +d )+ v, sin (twlafinz +d )} .(44)
Similarly, we can transform the derivative for heat
flux in the form of series:
au

=V
o

62
j ~G(z,n,t)dn +

vlgaG(z,n,t)dn =V,J, +V,J;.

i ¥, (2)Y, (I)sin(t\/af/in2 +d )

(Vaiz+d) 4 y:
= Yo (2)y, (1 )cos(t«/a A2+ d)
=2 - (45)
n=1 n yn
The solution with homogeneous boundary

condition and without source term is in the
following form:

u(r,t)= UO'T'%G(r,§,t)d§+u1TG(r,§,t)d§ =

UK, (1, 1) +u K (r,t).

Here:
© zﬂf‘]o(ﬂnr]
Ko(r,t) =" R cos( ﬂt)x
° SR (KR +42) "
2RJO(ﬂ“rj
R

9 Conclusion

We have constructed some solutions for direct and
time inverse problems for hyperbolic heat equation.
The solutions for determination of initial heat flux
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are obtained either in the form of Fredholm integral
equation of 1* kind with continuous kernel or in the
closed analytical form — in the form of series or
ordinary integrals.
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