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Abstract: This paper investigates function projective synchronization (FPS) for complex dynamical network with
mixed time-varying and hybrid coupling delays, which is composed of state coupling, time-varying delay coupling
and distributed time-varying delay coupling. In contrast to previous results, the coupling configuration matrix need
not be symmetric or irreducible. The designed controller ensures that the FPS of delayed complex dynamical net-
work are proposed via hybrid error adaptive control, which contains error term, time-varying delay error term and
distributed time-varying delay error term. Based on the construction of improved Lyapunov-Krasovskii functional
is combined with Leibniz-Newton formula and the technique of dealing with some integral terms, we prove the
stability of the closed-loop system and the convergence of the error system. Numerical example is included to
show the effectiveness of the proposed hybrid adaptive control scheme.
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1 Introduction

Complex dynamical network, as an interesting sub-
ject, has been thoroughly investigated for decades.
These networks show very complicated behavior and
can be used to model and explain many complex
systems in nature such as computer networks [5],
the world wide web [6], food webs [7], cellular and
metabolic networks [8], social networks [17], electri-
cal power grids [10] etc.

The concept of chaos synchronization is making
two or more chaotic systems oscillate in a synchro-

not necessary for the coupling matrix to satisfy sym-
metric or nonnegative criteria. FPS is investigated via
adaptive feedback control and pinning control with
adaptive coupling strength.

In the last decade, the synchronization of com-
plex dynamic networks has attracted much attention
of researchers in this field [18, 22, 23, 27, 34]. Be-
cause the synchronization of complex dynamical net-
works can well explain many natural phenomena ob-
served and is one of the important dynamical mech-
anisms for creating order in complex dynamical net-

nized manner. There are several schemes which canworks, the synchronization of coupled dynamical net-
be used to achieve chaos synchronization of chaos works has come be a focal point in the study of non-

complex network, for example time-delay feedback
control [28], intermittent control [28], adaptive con-
trol [29, 30], active control [18], nonlinear feedback
control [31-33], sampled-data control [33]. The tradi-
tional method to synchronize a complex network is to
add a controller to each of the network nodes to tame
the dynamics to approach a desired synchronization
trajectory. Authors in [34], investigated adaptive con-
trol strategy for complex delayed dynamical networks
with time-varying coupling strength and time-varying
delayed. Shi et al. [27], introduced FPS for complex
dynamical networks with state coupling, which it is
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linear science. Wang and Chen introduced a uniform
dynamical network model and also investigated its
synchronization [37, 38]. They have shown that the
synchronizability of a scale-free dynamical network
is robust against random removal of nodes, and yet
is fragile to specific removal of the most highly con-
nected nodes [38]. Authors in [35, 36] investigated
synchronization of general complex dynamical net-
work models with coupling delays. Wang [39] intro-
duced several synchronization criteria for both delay-
independent and delay-dependent asymptotical stabil-
ity. Li [40] investigated synchronization of complex
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networks with time-varying couplings, the stability
criteria were obtained by using Lyapunov-Krasovskii
function method and subspace projection method.

Function projective synchronization (FPS), which
is the generalization of projective synchronization
(PS), is one of the important synchronization meth-
ods that have been widely investigated to obtain faster
communication with its proportional feature. FPS
of general complex networks was investigated which
means that the nodes of complex networks could be
synchronize up to an equilibrium point or periodic
orbit with a desired scaling function. FPS has at-
tracted the interest of many researchers in various
fields [15, 18, 20, 21, 23, 25]. Very recently, FPS has
been investigated in a two-cell quantum-CNN chaotic
oscillator, [25, 26]. In [21], the authors just consid-
ered the FPS in drive-response dynamical networks
(DRDNSs) with coupled patrtially linear chaotic sys-
tems by assuming that the node dynamics are iden-
tical and using a simple control law. Furthermore,
In [15], investigated the problem of FPS in DRDNs
with nonidentical nodes by the adaptive open-plus-
closed-loop method. Ref. [22], investigated FPS in
DRDNSs with uncertain parameters and disturbances.
In [23], a hybrid feedback control method was pro-
posed for achieving FPS in CDNs with constant time
delay and time-varying coupling delay. In [18], the
authors studied projective synchronization by using
active control approach. These synchronization meth-
ods or ideas can be applied to the synchronization of
complex network.

This paper, inspired by the above discussions, we
shall investigate function projective synchronization
(FPS) for complex dynamical network with mixed
time-varying and hybrid coupling delays, which is
composed of state coupling, time-varying delay cou-
pling and distributed time-varying delay coupling. In
contrast to previous results, the coupling configuration
matrix need not be symmetric or irreducible. The de-
signed controller ensures that the FPS of delayed com-
plex dynamical network are proposed via hybrid er-
ror adaptive control, which contains error term, time-
varying delay error term and distributed time-varying
delay error term. Based on the construction of im-
proved Lyapunov-Krasovskii functional is combined
with Leibniz-Newton formula and the technique of
dealing with some integral terms, we prove the sta-
bility of the closed-loop system and the convergence
of the error system. Numerical example is included to
show the effectiveness of the proposed hybrid adap-
tive control scheme.

Notation R"™ is the n-dimensional Euclidean
space; R™*™ denotes the set ofn x n real ma-
trices; I,, represents the-dimensional identity ma-
trix; A(A) denotes the set of all eigenvalues 4f
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Amax(A4) = max{ReX; A € A\(4)}; C([0,¢],R™) de-
notes the set of alkR™-valued continuous functions on
[0,t]; L2([0,¢],R™) denotes the set of all th&™-
valued square integrable functions nt]; The no-
tation X > 0 (respectively, X > 0 ) means that
X is positive semidefinite (respectively, positive def-
inite); diag(---) denotes a b lock diagonal matrix;

X

stands for Matrix dimen-

Y

Z YT z

sions, if not explicitly stated, are assumed to be com-
patible for algebraic operations.

2 Problem statements and prelimi-
naries

Consider a complex dynamical network consisting of
N identical coupled nodes, with each node being an
n-dimensional nonlinear dynamical system

t

ii(1) f@%@%xdt—h@ﬂ,/‘ 24(s) ds)

t—k(t)

N
+c1 Z ailexj (t)

=1

N
“+co Z bingmj(t — h(t))

j=1

N t
+C3ZCUG3/ wj(s) ds +Z/[i(t),
j=1 t—k(t)

£>0, i=1,2,.. N,
¢i(t)at € [_Tmaxa 0]77-max = max{h, k}»

(1)

wz(t)

wherez;(t) = (z;1(t), z(t), ...,z ()T € R™ is
the state vector ofth node;l/;(t) € R™ are the con-
trol input of the nodei; the constanty, co,c3 > 0
are the coupling strengthGz1 = (g1ij)nxn, G2
(92ij)nxns Gz = (g3ij)nxn € R"™™ are a con-
stant inner-coupling matrixA = (a;;)nxn, B =
(bij)nxns C = (cij)nxn € RV*N are the outer-
coupling matrix of the network, in which;;, b;; are
defined as follows: if there are a connection between
nodei and nodej (j # i), thena;; > 0, b;; > 0,

Cij > 0; otherwise,a,-j = aj; = 0, bij = bjz' =0,

cij = ¢;i = 0 (j # 1), and the diagonal elements of
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matrix A, B andC' are defined by

N N
Qi = — Z Ajj = — Z Qjis
J=Li#j j=17i7fj
N
bz’z’ = - Z = Z bgu (2)
J=11#] Jj= 1Z#J
N
Cii = — Z Cij = — Z cji,t=1,2,...,N.
J=Li#j J=Li#j

Definition 1. The network (1) with time delay is said
to achieve function projective synchronization if there
exists a continuously differentiable scaling function
matrix «(t) such that

Jim les(6)] = lim () —a(t)s()] i = 1,2, N

where ||.|| stands for the Euclidean vector norm
and s(t) € R"™ can be an equilibrium point, or
a (quasi-)periodic orbit, or an orbit of a chaotic
attractor, which satisfiess(t) = f(s(t),s(t —

£)s Sy o) 5(0) 46).

To investigate the stability of the synchronized
states (1), we set the synchronization eregt) in
the forme;(t) = z;(t) — a(t)s(t), i = 1,..., N,
where a(t) is a n-order real diagonal matrix, i.e.
a(t) =diag(a(t)1, a(t)s,...,n) anda;(t) is a con-
tinuously bounded differentiable function. Then, sub-
stituting it into complex dynamical network (1), it is
easy to get the following:

éi(t) = @i(t) —a(t)s(t) — at)s(t)

= flt), milt - h(t)), / o 9)4)

—alt) f(s(t), s(t — h()), / PROLD

N
+c1 Z a;jGre;(t) 3)
j=1
N
+c2 Z bijGae;(t — h(t))
j—l
+c ¢iG / ei(s)ds
32 1G5 e i(s)

—a() ()—H/IZ( ), i=1,...,N.

The initial condition functiony;(¢) denotes a contin-
uous vector-valued initial function @f € [—7ax, 0],
Tmax = max {h, k}.

In the rest of this paper, we need the following
assumption and some lemmas:
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Assumption 2. The time-varying delay functiorgt)
is differential function and:(¢) with satisfy the condi-
tion0 < h(t) < h, 0 < k(t) < kand0 < h(t) <
h < 1.

Lemma 3. [1] (Cauchy inequality) For any symmet-
ric positive definite matrixv € M™*" andz,y € R™
we have

+22Ty < 2T Nz + yT N~y

Lemma 4. [1] For any constant symmetric matrix
M € R™™, M = M" > 0,~ > 0, vector function
w : [0,7] — R™ such that the integrations concerned
are well defined, then

</0“/ wT(s)ds>TM(/0ww(s)ds>
.
< 'y/o wl'(s)Mw(s)ds.

Lemma 5. [2]. Letc € Rand A, B, C, D, be
matrices with appropriate dimensions. Then

(i) c¢(A®B)=(cA)®B=A® (cB),
(1) (Ao B)T = AT @ BT,
(i) (A® B)(C @ D) = (AC) ® (BD),
(iv) A®B®C=(A®B)eC=A®(BxC0C).

3 Main results

In this section, we will give some sufficient condi-
tion for function projective synchronization of com-
plex dynamical network with discrete and distributed
time-varying delays and mixed- coupling delays (1)
via hybrid adaptive control In order to stabilize the
origin of delayed complex dynamical network (1) by
means of the hybrid adaptive conttél(t) such as

Ui(t) :uil(t) —Hm(t),z‘ =1,2,..., N, (4)
where
walt) = a(b)s(),
uig(t) = —Cldil(t)Glei (t) — ngig (t)Ggei(t — h(t))

t
—c3d;3(t)G3 / e;(0) do,
t—k(t)

and the updating laws are

din (t) giel (t)Grei(t),

dio(t) = qiel (t)Gaei(t — h(t)), (5)

dis(t) = el (t)Gs| / ei(0) do],
t—Fk(t)
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whereg;1, gio andg;3 are positive constants andt)
is a solution of an isolated node, satisfyia@) =

F(s(8),s(t = h(t)), f,_ . 5(0) d6). The controller in
(4), ui1 (t) is the nonlinear feedback control ang(t)

is the hybrid adaptive linear feedback control. Then,

substituting it into complex dynamical network (6), it
is easy to get the following:

&i(t) = @i(t) — alt)s(t) — alt)s(t)
— .- ho). [ )8
—a®f 0.5t~ hv), [ s(0)ds)
t—k(t)
N
+c1 Z al-leej (t)
j=1
N
+62 ZbijGZEj(t — h(t))
jfl
c ci;G ej(s)ds
et [ ato
—Cldzl( ) Z(t) — ngiz(t)ei(t — h(t))
—C3di3(t)/t " 62(9) d@,z’ = 1, e ,N, (6)
da(t) = quel (t)Gre(t),i=1,...,N
Czig(t =  ({i2€; (t)Ggez(t — h(t)),i = 1, ce ,N
dis(t) = qise] (t)Gs] /t_k(t) ei(0)dd],i=1,...,N.
Let us set
1. J(@t) = f'(s(t),s(t — h(t ftkt)
e R”X” is the Jacobian off(x(t), (t -
ft Kt s) ats(t )with the derivative
off( (t),x )y fL k(r) ©(s) ds) respect to
x(t),

ZJh(t)_f(() ftk
e R”X” is the Jacoblan off (z ()

D ik @

derlvatlve off ( (t), z(
respect tor(t — h(t)),

3. Ty (t) = F(s(t),s(t = h(1)), [ 5(€) d€)
E R”X” is the Jacobian off( (t),z(t —
ft k(e £(5) ds) atft kt) s(€) d¢ with the

derlvatlve off( (t), z( ,ftfk 0 £(s)
x(s)ds

(t -
s)ds) at s(t — h(t)) with the

£)s Ji_pqp ©(s) ds)

respect tof,’_ k)
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and
) ! (21 4 c2e2 + cadies)
= C C
o (I @ Ga) 1+ 282 + codyes),
1
= 2cads:
T 2)\min(IN®G3) (€2+03€4+ C3 366),
1 _
= — (NI Q J(t
g )\mm(IN®G1)( (v @ J(1))

C2

2(1-7)
2
+%5\(IN ® G3) + %E\(IN ® Jn(t)JL (1))

+e MANGy) + My ® Ga)

+2—)\(IN © Jx(t) I (t)
€2

+2—X(BBT)X(G2G§ ) + %X(CCT)X(Ggag)
4

c3d§ 3 G T

ds
622 2\(Iy ® GoGT) +
€5

Theorem 6. For some given synchronization scaling
function «(t), the complex dynamical networks (1)
with time-varying delay satisfying Assumption 2. and
target system can realize function projective synchro-
nization by the adaptive control law as shown in (4)

if there exist positive constants, i = 1,2,...,5 and
by taking appropriatel], d; anddj; such that
&—L > 0, )
1
* 1 &
dy — —(— +e2 = Anin(INn ® G2)) > 0, (8)
€5 C2
* 1 €2
dy — —(— +es = Anin(IN®G3)) > 0. (9)
€6 C3

Then the controlled complex dynamical networks (1)
is function projective synchronization.

Proof. Since f(.) is continuous differentiable, it is
easy to know that the origin of the nonlinear system
(6) is an asymptotically stable equilibrium point ifitis
an asymptotically stable equilibrium point of the fol-
lowing linear time-varying delays systems

ety = J(es(t) + Jat)es(t — h(t))

(10)

+co Z bijGaej(t — h(t))

=1

N t
+63 Z Cing /
j=1 !

—k(t)

ej(s)ds
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—Cldil (t)ei(t) — CQdiQ(t)Ei(t — h(t))
—C dz eiOdQ,izl,...,N,
satt) [ i

ginel ()Grei(t),i=1,...,N

qi2€; (t)G2ez(t_ ( )) ;i =1,...,N
t

qz’3€iT(t)G3[/ ei(0)dd],i=1,...,N.
t—k(2)

Construct the the following Lyapunov-Krasovskii
functional candidate:

N
V) = 330 + 5> ) - di)?
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Q

2N el (t — h(t))Gaei(t — h(t))

2
i=1
N

—cods Y el (t)Gaei(t — h(t))
i=1

N
—crd; Y el (t)Grei(t)
=1

N
63k2 T
5 €

> el (BGaei(t

i=1

sk o [
_372/ el (5)Gsei(s) ds
=1tk

t
—cad €; / ei(s)ds (12)
’ 32 s t—k(t) (s)

2(1-7) i—1 Jt—h(t) Let e(t) = (ei(t),...en(t)) € RN e(t —
1N ¢, " ht)) = (61(t — h(t )), sen(t — hit ))) € RN,
+§;T2(dz2(t) —ds) ft k(1) € s)ds = ft k(t) (e1(s),ea(s),...,en(s)) ds
LN 0 R"XN we have
#%Z / ) /t (0)G3e;(0) dfds V() < L)y ® J(t))e(t)
L " (1)(Iy ® Ju(0))e(t — h(t))
1@ . +erel (1) (A ® Gy)e(t)
+ (dis(t) — d3) (11) !
QZ;B 3 o (1) (B © Ga)elt — h(t))
—cld’{eT(t)(IN ® G1)e(t)
By taking the derivative of/ (¢) along the trajectories t
of system (6), we have the following: +eze” (1)(C @ G3)/t oo e(s)ds
‘ N —cadieT (t)(Iy @ Ga)e(t — h(t))
V(t) < ;ef(t)J(t)ez(t) —63d§eT(t)(IN ® Gg)/ o 6(8) ds
N C
#3 T (O TOet — hit) tagog)© O @ el
N t =27 (¢~ b)) Iy © Ga)elt — h(t)
el (t)J(t ei(s)ds c
* ZZ_; )i )/t—k(t) ) +3TI{:26T(t)([N ® G3)e(t)
N N t
+c Z Z el (t)a;;jGre;(t) el () (In @ Ji(t)) / e(s)ds
i=1 j=1 t—k(t)
N N csk (1
ey Z Z T (£)bi; Goe; (t — h(t) —37 - eT(S)(IN ® G3)e(s) ds. (13)
i? j;l t Applying Lemma 3., Lemma 4. and Lemma5. gives
+cs Z Z el (t)cij G /_h(t) e;(s)ds T () Iy @ Jn(t))e(t — h(t))
B < 5 OIx © HOI ()t
C2
tog gy 2o WG +SE—h)et b)), (19)
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el (t)(I Ji(t t e(s)ds
Oy @ RO) [ el

T In © Ji(t) T (1)e(t)

t T t
/t k(z (/t k(z

)(B @ Ga)e(t - h(t))
(t

2 T (#)(BBT ® GoGT)e(t)
263

+?6T(7g — h(t))e(t — h(t)),

1
—¢€
262

5
(@

Ccoe

IN

IN

cwﬂm0®G@[kUa@w

5 (D(OCT © G5GYe(t)

IN

C3€4

Tt) Iy @ Go)e(t —

29 7 () (Iy @ GG )e(t)
255

@iﬁe% — h(t))e(t = h(1)),

—cadse

h(t))

IN

_l’_
t
—cadiel (t)(In @ G3) / e(s)ds
=k (D)

%eT(t)(IN ® G3GTe(t)
256

IN

C3d3€6

Hence, according to(13) -(14) we have
eT(t) (IN ® J(t) + Cl(A & Gl)
—cdi(In ® G1)) +

V(t) <

2(1 - 5)

+ L (Iy ® T I (1)
€2

+2(BBT ® G»GT)
263

+—3(CCT ® G3GT)

ng ([N X GQGT)
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(15)

(16)

(17)

—l—T < /t_k(i) el (s) dS>T</t—k(i) el (s) ds)

(18)

(19)

2* (/t—k(i) el'(s) ds)T(/t_k(i) el'(s) ds).

(In ® G3)

410
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+6(In ® Ga))e(t — h(t))

IN
3
|
¢}
—_
Q.
— %
\_/
Q
S
—~
=
’»:
=

It is obviously that there exists sufficiently large posi-
tive constantl}, d5 andd; such that

Ui

- = > 0,21
C1
* 1 €1
ds — —(— +e2 — Amin(IN ® G2)) > 0,22)
€5 C2
* 1 e
dy — —(= +e1 — dmin(In ® G3)) > 0.(23)

€6 C3

We can choosé, d5 d; satisfying (21), (22) and (23),
respectively. Sincér;, G and Gz are positive def-
inite diagonal matrix, we know thdt'(t) < 0 and
V(t) = 0if and only if £(t) = 0. Hence, the set
W = {f(t) = 0, dli = df, dQZ' = d;, dgi = dg} is
the invariant set contained W, = {£{(t) = 0

V(t) = 0} for system (6). According to LaSalle
invariance principle [3] and Lyapunov stability the-
ory, for any initial condition, every solution of system
(6) approache3®V ast — oo, which indicates that
llei(t)]] — 0, @ = 1,2,... N, this means that the
function projective synchronization between the de-
layed complex dynamical networks (1) and the refer-
ence node(t) is achieved under hybrid adaptive con-
trol (4). The proof is this completed. O

4 Numerical Example

In this section, we present example to illustrate the
effectiveness and the reduced conservatism of our re-
sult.

Example 4.1We first consider the perturbed Chua’s
circuit system with mixed time-varying delays is used
as uncoupled node in the network (1) to show the ef-
fectiveness of the proposed control scheme. The per-
turbed Chua’s circuit system with mixed time-varying
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delays is given by [12]

Bi(t) = p(xg(t—h(t))—
Ba(t) = w1(t) — swa(t) + xs(t — h(t))

i3(t) =

qra(t) + T/t x%(s) ds

—k1 (t)

(24)

where p, ¢, r and s are real positive constants.
It is well known that the system (24) exhibits
chaotic behavior with the parameteps ¢, » and

s are chosen ay = 7, ¢ = 10, =
0.07 and s = 1.5, the initial condition function
#(t) = [0.65cost,0.3cost,—0.2cost]?, the time-
varying delay functionsi(¢) = 0.1 + 0.1sin?¢ and
k(t) = 0.1cos?t is shown in Figure 1. It is stable
at the equilibrium points(t) = 0, s(t — h(t)) = 0,
f;kl(t) s(0) do = 0 and Jacobian matrices are

7
0
0

S = O

03

0.2

0.1

-0.1

X0, 0,05,

-0.2

-0.3

-0.4

%0, 0,05, 05
e 10, a,0s,0

Figure 1. Chaotic behavior of the perturbed Chua’s
circuit system with mixed time-varying delays (24)

The parameters are selected as follows: the
coupling strengthc; = 04, ¢ = 0.3,

cs = 0.5, the time-varying scaling function matrix
a(t)  =diag0.6sin(3f),0.7sin(35), 0.75sin(3F)),
the inner-coupling matrix are

3
Gi=1]0
0

o w o

0 2 00
0], Ga=1]0 2 0,
3 0 0 2
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100
Gs=101 0],
00 1

and The coupling configuration matrices are given re-
spectively as follows:

-5 1 1 0 1 0 1 1

1 -3 0 1 0 0 1 0

1 0 -4 0 1 1 0 1

A_] 0 1 0 21 0 0 0
o 0 1 0 -2 0 0 1|’

o 1 0 0 1 -3 0 1

1 1 0 1 0 1 -4 0
1 0 1 0 0 1 0 -3]
-4 0 1 0 1 0 1 1]

1 -3 0 0 1 0 0 1

0O 1 -4 0 1 1 1 0

s_| 1 0 0 30 1 0 1
o 0 1 0 -2 0 1 0 |’

o 1 0 1 0 -3 1 0

1 0 1 0 1 0 -3 0
0o 1 0 0 0 1 0 -2]
-1 0 0 0 0 1 0 0]

0O -3 0 1 0 1 0 1

O 0 -1 0 0 0 1 0

c_] 0 1 0 =30 1 0 1

o 0 1 0 -2 0 0 1

1 0 0 1 0 -3 1 0

o 1 0 0 0 0 -2 1
1 0o 0o 0 0 0 0 -1

Solution: From the conditions (7)-(9) of Theorem 6
and there exist positive constants = 0.86, o =
0.75, e3 = 0.90, ¢4 = 1.20, e5 = 1.10, g = 0.70,
one can check that the last three conditions in Theo-
rem 6. are satisfied. From the conditions of Theorem
6, we can obtainl] > 15.5354, d5 > 2.7727 and
dsz > 2.9643

The numerical simulations are carried out using
the explicit Runge-Kutta-like method (dde45), inter-
polation and extrapolation by spline of the third order.
Figure 2. shows the function projective synchroniza-
tion errors between the states of isolate nadgs(t)
and nodez;(t), wheree;;(t) = x;;(t) — a;(t)s;(t)
fori = 1,...,8,7 = 1,2,3 without hybrid adap-
tive control. Figure 3. shows the function projec-
tive synchronization errors between the states of iso-
late node«(t)s(t) and nodex;(t), wheree;;(t) =
:Cl-j(t)—aj(t)sj(t) fori =1,..., 8,7=1,2,3 with hy-
brid adaptive control. We see that the synchronization
errors converge to zero under the above conditions.
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tion errors between the states of isolate nadgs(t)
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i=1,...,8,7 = 1,2, 3 with adaptive controller
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5 Conclusion

This paper investigated function projective synchro-
nization (FPS) for complex dynamical network with
mixed time-varying and hybrid coupling delays,
which is composed of state coupling, time-varying de-
lay coupling and distributed time-varying delay cou-
pling. In contrast to previous results, the coupling
configuration matrix need not be symmetric or irre-
ducible. The designed controller ensures that the FPS
of delayed complex dynamical network are proposed
via hybrid error adaptive control, which contains er-
ror term, time-varying delay error term and distributed
time-varying delay error term. By using new methods
to deal with asymmetric coupling matrix and a new
class of Lyapunov-Krasovskii functional, improved
PFS criteria are obtained. Simulation results have
been given to illustrate the effectiveness of the pro-
posed method.
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