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Abstract: The aims of the paper are to obtain necessary and sufficient conditions of existence and smoothness for
non-polynomial spline spaces of order m, to establish the uniqueness of the Bφ-spline spaces in the class Cm−1

among mentioned spaces (under condition of fixed grid and fixed generating vector function φ), and to prove the
embedding of the Bφ-spline spaces corresponding to embedded grids.
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1 Introduction

Smoothness of splines is important for the recovery of
differentiable functions, for the smoothing of discrete
data and so on (see [1]- [2], [4], [8]- [9], [14], [17,
20–22]). It is well known (see, for example, [2]) that
maximal smoothness of polynomial splines of degree
m (of which support of their basic splines consists of
m + 1 grid interval) is m − 1. Maximal smoothness
of non-polynomial splines have been discussed in rare
cases. In particular, smooth non-polynomial splines
were considered in [8]- [9].

Another question is the embedding of the function
spaces. It is very important for construction wavelet
decomposition (see [3], [5]- [7], [10]- [17]).

There are many difficulties for investigations of
the embedding of non-polynomial spline spaces (see
[8], [9]). The conditions of embedding have been
investigated for some situations (see [14]). Specif-
ically, embedding of spaces of smooth polynomial
splines and the corresponding wavelet decomposi-
tions on infinite embedded grids were studied in many
works (cf., for example, [10]- [15] and the references
therein). For simplicity, it is important to investigate
the embedding of spline spaces in the case of embed-
ding of corresponding spline grids. Such grids can
be enlarged by removing grid points one at a time
(see [16]- [19]). Such considerations are based on ap-
proximate relations, owing to which it is possible to
obtain wavelet decompositions of spline spaces with
different smoothness and such that their approximate
properties are asymptotically optimal with respect to
the N-width of standard compact sets. The original
numerical flow is regarded as a sequence of coeffi-
cients of decomposition with respect to the coordinate

splines in the space constructed on the original (fine)
grid (see [19]- [24]). This space is projected onto the
embedded spline space (on an enlarged grid). As a
result, we get a grid obtained by splitting the orig-
inal numerical information flow into the basic flow
(formed by the coefficients of decomposition relative
to the coordinate splines of the embedded space) and
the wavelet numerical flow which can be used to re-
store the original numerical flow.

The aims of the paper are to obtain necessary and
sufficient conditions of existence and smoothness for
non-polynomial spline spaces of order m, to establish
the uniqueness of the Bφ-spline spaces in the class
Cm−1 among mentioned spaces (under condition of
fixed grid and fixed generating vector function φ), and
to prove the embedding of the Bφ-spline spaces cor-
responding to embedded grids. In this paper, the ap-
proximation relations with an initial grid and with a
complete chain of vectors are applied to obtain the
minimal spline spaces. Usage of locally orthogonal
chains of vectors gives the opportunity to construct
special approximation relations from which the ini-
tial space of Bφ-splines is constructed. Deletion of
a knot from the initial grid gives a new grid, and as
result, a new space of Bφ-splines is embedded in the
initial space mentioned above. Consequent deletion of
the knots (one by one) generates the sequence of the
embedded spaces of Bφ-splines. Obtained results are
successfully proved. They may be applied to spline-
wavelet decompositions of the numerical flows.
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2 Spaces (X,A, φ)-splines of the or-
der m

We discuss grid X
def
== {xj}j∈Z,

X : . . . < x−1 < x0 < x1 < . . . ;

α
def
== lim

j→−∞
xj , β

def
== lim

j→+∞
xj

in the interval (α, β) with finite or infinite values α β.
Let φ(t) be m + 1-component vector func-

tion (column vector) with components belonging to
C m[α, β] such that the Wronskian can not equal zero:

| det(φ,φ ′, φ ′′, . . . , φ (m))(t)| ≥ c > 0 (1)

∀t ∈ [α, β].

We discuss sequence A of vector columns ai ∈
Rm+1, A

def
== {. . . ,a−1,a0,a1, . . .}, and matrix

Aj
def
== (aj−m,aj−m+1, . . . ,aj), j ∈ Z. The se-

quence with property detAj ̸= 0∀j ∈ Z is called
complete chain.

Let A be the class {A | detAj ̸= 0 ∀j ∈ Z}.

By definition, put φj
def
== φ(xj), φ

(s)
j

def
==

φ(s)(xj), s = 1, 2, . . . ,m− 1,

hX
def
== sup

j∈Z
(xj+1 − xj), M

def
== ∪j∈Z(xj , xj+1),

Sj
def
== [xj , xj+m+1], Jk

def
== {k −m, . . . , k}.

If A ∈ A, then the approximation relations

i∑
j′=i−m

aj′ωj′(t) ≡ φ(t) (2)

∀t ∈ (xi, xi+1) ∀i ∈ Z, suppωj ⊂ Sj ∀j ∈ Z,

define the functions ωj(t), t ∈ M , j ∈ Z, uniquely.
Because of (1) the functions ωj , j ∈ Z, are a lin-

early independent system. Consider the linear space
Sm(X,A, φ) of minimal (X,A, φ)-splines of the or-
der m, defined by relation

Sm(X,A, φ)
def
== ClpL{ωj}j∈Z ;

here L is the linear hull, and Clp is closure in the point
topology.

3 Differentiability of the minimal
splines

Theorem 1. Suppose φ (s) ∈ C(α, β), where s is a
positive integer. It is a necessary and sufficient con-
dition for the functions ω

(s)
j (t) (∀j ∈ Z, t ∈ M) to

be prolonged to continuous functions on the interval
(α, β) is that the relations

det
(
aj−m,aj−m+1, . . . ,aj−1, φ

(s)
j

)
= 0 ∀j ∈ Z

be fulfilled.
Discuss a case of relations (2) selecting the vector

chain aj in a special way. By definition, put

dT
j x ≡ det

(
φj , φ

′
j , φ

′′
j , . . . , φ

(m−1)
j ,x

)
∀x ∈ Rm+1.

We introduce vectors a∗j with symbolic determi-
nant

a∗j
def
== det



φj+1 φ ′
j+1 . . . φ

(m−1)
j+1

dT
j+2φj+1 dT

j+2φ
′
j+1 . . . dT

j+2φ
(m−1)
j+1

dT
j+3φj+1 dT

j+3φ
′
j+1 . . . dT

j+3φ
(m−1)
j+1

. . . . . . . . . . . .

dT
j+mφj+1 dT

j+mφ ′
j+1 . . . dT

j+mφ
(m−1)
j+1


and by A∗ we denote {a∗j}j∈Z.

Theorem 2. If the condition is true, then a num-
ber δ = δφ > 0 exists such that under condition
hX < δ the relation A∗ ∈ A is fulfilled.

Suppose A∗ ∈ A; now by ω∗
j denote splines ob-

tained with (2), where aj = a∗j .
Theorem 3. The formulas ω∗

j ∈ Cm−1(α, β)
∀j ∈ Z are right.

Corollary 1. A linear space

S∗m(X,φ)
def
== Clp L{ω∗

j }j∈Z

belongs to C m−1(α, β).
The space S∗m(X,φ) is called the space of Bφ-

splines.
Let Sm(X,φ) be the set of spline spaces of the

order m, that is

Sm(X,φ)
def
== {Sm(X,A, φ) | ∀A ∈ A}.

Theorem 4. In the set Sm(X,φ) there exists the
unique space of the class C m−1(α, β); that is the
space S∗m(X,φ).

Theorem 5. Each function ω∗
j (t) is defined by

values of the vector function φ(t) on the set suppω∗
j .
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4 Calibration relations

Here we discuss an enlargement of the grid X by re-
moval of knot xk+1: we put

x̃j = xj for j ≤ k, x̃j = xj+1 for j ≥ k+1.

Thus X̃ def
== {x̃j}j∈Z,

X̃ : . . . < x̃−1 < x̃0 < x̃1 < . . . .

Let us denote

φ̃j
def
== φ(x̃j), φ̃

(s)
j

def
== φ(s)(x̃j),

d̃T
j x ≡ det

(
φ̃j , φ̃

′
j , φ̃

′′
j , . . . , φ̃

(m−1)
j ,x

)
∀x ∈ Rm+1.

Now we introduce the vectors with symbolic de-
terminant

ã∗j
def
== det



φ̃j+1 φ̃ ′
j+1 . . . φ̃

(m−1)
j+1

d̃T
j+2φ̃j+1 d̃T

j+2φ̃
′
j+1 . . . d̃T

j+2φ̃
(m−1)
j+1

d̃T
j+3φ̃j+1 d̃T

j+3φ̃
′
j+1 . . . d̃T

j+3φ̃
(m−1)
j+1

. . . . . . . . . . . .

d̃T
j+mφ̃j+1 d̃T

j+mφ̃ ′
j+1 . . . d̃T

j+mφ̃
(m−1)
j+1


.

Consider the approximation relations

i∑
j′=i−m

ã ∗
j′ ω̃

∗
j′(t) ≡ φ(t) ∀t ∈ (x̃i, x̃i+1) ∀i ∈ Z,

supp ω̃ ∗
j = [x̃j , x̃j+m+1] ∀j ∈ Z.

Discuss the space of Bφ-splines according to the new
grid

S∗m(X̃, φ)
def
== Clp L{ω̃∗

j }j∈Z.

Theorem 6. If the grid X̃ is so fine that the chain
Ã∗ def

== {ã∗j}j∈Z belongs to A, then the space of Bφ-
splines constructed for the grid X contains the space
of Bφ-splines for the grid X̃:

S∗m(X̃, φ) ⊂ S∗m(X,φ).

The calibration relations can be presented in the
next form

ã∗k−mω̃∗
k−m(t)+ã∗k−m+1ω̃

∗
k−m+1(t)+. . .+ã∗kω̃

∗
k(t) ≡

≡ a∗k−mω∗
k−m(t) + a∗k−m+1ω

∗
k−m+1(t) + . . .+

+a∗kω
∗
k(t) + a∗k+1ω

∗
k+1(t) ∀t ∈ (α, β).

Corollary 2. Under conditions of Theorem 2 for
arbitrary grid X ′ with properties X ′ ⊂ X , hX ′ ≤
δφ, the inclusion

S∗m(X ′, φ) ⊂ S∗m(X,φ)

is correct.
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