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Abstract: This paper deals with the mathematical study of the small oscillations of a system formed by a a cylindri-
cal liquid column bounded by two parallel circular disks and an internal spherical bubble constitued by a barotropic
gas, under zero gravity. From the equations of motion, the authors deduce a variational equation. Then the study
of the small oscillations depends on the coerciveness of a hermitian form that appears in this equation. It is proved
that this last problem is reduced to an auxiliary eigenvalue problem. A careful discussion shows that our problem

is a classical vibration problem.
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1 Introduction

The problem of the small oscillatons of an incom-
pressible inviscid liquid under zero gravity, in which
the surface tension determine the character of the mo-
tion, is very important in the experiments in space lab-
oratories.

This problem has been sudied by numerous re-
searchers [1, 2, 14, 15, 22, 16, 11, 17]. The au-
thors have made their contributions in a few papers
[3,4,5,6,7,8,9,21].

In this paper, they study the small motions of a
system formed by a cilindrical liquid column bounded
by two parallel circular disks, the liquid being an-
chored at the rim of the disk, and an internal spher-
ical bubble constitued by a barotropic gas under zero
gravity.

From the equations of motion in linear theory,
they deduce a variational formulation of the problem.

The study of the spectrum depends on the coer-
civeness of a hermitian sesquilinear form that appears
in the variational equation. The authors prove that
the last problem is reduced to an auxiliary eigenvalue
problem. From a careful discussion, the authors show
that the problem is of the small oscillations of the sys-
tem is a classical vibration problem.

In this paper the researches started in [9] are fin-
ished.
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2 Position of the problem

In the absence of gravity, in the equilibrium position,
with respect to orthogonal axes Oxyz, the system is
formed by:

1) an incompressible inviscid liquid occupying

the domain ) defined by 2% +y? < b2, 22 +y?+22 >
a2, ~h<z<h(a<b).
This domain is bounded by two rigid disks C' and
C'(C:z=h2?+y? < C':z2=—h,2?+y> <
b?), the boundaries of which are denoted by c and
¢, the cilindrical surface S defined by 22 + 32 =
b2, —h < z < z and the spherical surface Sy defined
by 22 + y% + 22 = a*;

2) a barotropic gas which occupies the domain
Qo : 22+ 9% + 22 < a2

We denote by nn and ng the unit vectors normal to
S and Sy directed to the exterior of S and Sy.

We introduce the cilindrical coordinates (
and the spherical coordinates (R,0,v)(0 <
2m; 0 < ¢ < m).

At the instant ¢, .S (resp. Sp) occupies the position
Sy (resp. Sot) defined by equation r = b + ((6, z,t)
(resp. R = a+ (o(0,1,t)). ¢ and ¢y and their deriva-
tives will be considered as quantities of the first order
with respect to amplitude of the oscillations.

We denote by « (resp.3) the surface tension on Sy
(resp. ).

We suppose that the liquid is anchored at the rims
c and ¢ of the disks C' ans C’, so that we have

r,0,2)
0 <
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(=0 onc and ¢.

3 Equations of motion

We study the problem in the framework of the linear
theory: for all details see [9].

3.1 The liquid

If p is its constant density, P the pressure, w the dis-
placement of a particle with respect to its position at
the equilibrium, we have in €2

82

p @ = —grad P (Euler’s equation) (& = 52 —),

D

div 4 = 0 (incompressibility).

From the last equations, we deduce by integrating
between the dates of the equilibrium and ¢

divu = 01in Q.

The kinematic conditions are:
o u, =0forz=xh,r <b,
def
o Unls = u - nls =,

o u-mols, = Co-
The dynamic condition on S; is given by the
Laplace law
)
R2

where p, is the constant atmospheric pressure and
R1, Ry are the principal radii of curvature of S;.

The formula that gives the mean curvature of a
surface that differs from a circular cylinder is well
known [10] and we have

P—p :—5[

1 0?
Ps, —py = —p[— + + ¢

b b%((@e +C) + (22l (oo =

3.2 The gas

If p* is the denmg P* the pressure, ug the displace-
ment we have in

P* =P(p*) (equation of state),
where P is an increasing function of p*,

ptiip = —grad P* (Euler 's equation)
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*

dp
ot

+ div(p*ag) = 0 (continuity equation).
The kinematic condition is
ug - Mols, = u - nols, = Co-
The Laplace law gives, using the formula giving

the mean curvature of a surface that differs little form
a sphere [13]

2 2
PS*Ot_PSOt_ [a_aCQO_
1 1 1
o [sin2 d)(oee + —— o 9y (SlHMow)”

We are to linearize the equations of motion of the gas.
We set
pr=pot+p+.. , PP=P+p+.. ,

where p and pg are of the first order and the dots rep-
resent terms of more large order.
The continuity equation gives, after integration

p = —po div uo
and the equations of state

po = cp = —cgpo div wo, g =P (po).

The Euler’s equation becomes
rhog g = —grad py = Cg grad(div up) in Q. (2)
If we suppose that the conditions of Lagrange’s theo-

rem are satisfied, ug is a gradient. As the volume of
the liquid is constant, we have

/S(dS—/SO Co dSp = 0.

Finally introducing the dynamic pressures pg and p we
obtain easily:

pls = D), ®
pols, — Plso
« 1 1 0 .
) €0+112¢C099+Sim/)6¢[(S1n1/)C0¢):|. 4)
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3.3 Remark

It is easy to see that the right-hand side
of (4) is equal to zero if we replace (y by
cos,siny cosf,sinysinf. If these functions
are solutions of the problem, we must discard them
because we are no longer in the framework of the
linearization.

4 Variational formulation of the
problem
4.1 Formulation of the problem

We define the space of the kinematically admissive
displacements @ and wg. The functions are suffi-
ciently smooth and verify:

dive =0 in Q; 4, on z==+h,r < b;
we write Up|s = ¢ with ( = 0 for z = =£h;
UonglSy = Ungls, and Gon,|s, Cp; moreover

/. CdS—/S & dSo.

This will started more precisely in what follows.
From the equation (1) and (2) and Green’s for-
mula. we obtain

/ p’il . ’l:l/ dQ) + po'il() . ’lzl,on() =
Q

Qo
— / Cg podiV up - div ’l:LO dQO
Qo
- / p|5'2:tn|s ds — / (p0|50p|50)ﬁn0|50 dSo,
S So
and using (3) and (4):

/pﬁ"l:l,dQ-F/ po’ilg'aodgo—l—
Q Qo

/Q & podiv up div-a dﬂo—b% / (Cop+CHC..)CdS—
0

ST

1 =
— | si dSy = 0.
vy () }c :
Integrating by parts the last two integrals, we ob-
tain the following:

C099+

Theorem 1 The formal variational equation of the
problem is:

/p’ll”l:tdQ—F/ poﬁo-aonO‘F
Q Qo
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6(2) p()/Q div ug - div 1:1/0 dQo +
0

5 = 2 = =

5 [ (Gl +12C = ) as +

52 / [ 24 (00(00 + CowC(hp - ZCOC()] dSp =0. (5

It is easy to see that the last two terms of (5) is the
virtual work of the surface tension forces.

4.2 Definitions of Function Spaces

Let us introduce the Hilbert spaces H{ (S) and

o H'(Sp) is a subspace of L%(Sp), which contains

CO? COT/M Slcgezp .

o H; is the set of the functions

S
Z_<C0

such that / ¢ds —/ CodSp = 0, equipped with
S So

the norm

2], =[], (63 +¥c.)ase

/SO (Sm12¢ (8o + Coyp — 2(3] dSO] 12

) € HY(S) ® H'(S))

o V is the set of the functions

U=<Z >,u=gradso, up = grad o,
0

such that ¢ € ﬁl(Q) div u = 0,uy|ls €
H&(S)7 u, = 0 for ih,g&o E Hl( ) div ug €
L2(QO)7U’0R0’SO = unO’SO € H (So), fsun‘SdS_

s, Uonols,dSo = 0 and H'(Q) is the set of the
functions ¢ € HY(Q) = 0, with [, pdQ2 = 0,
equipped with the norm defined by

2
vl = /Qp’u‘QdQ-l—Hun‘sH%Ié(S)-i-/Qop’u0|2d90

.2 2
+/Qo ‘dZ’U UO’ dSo + HUOTLo’SoHHl(SD)’

o H, the space completion of Vfor the norm associ-

ated to the scalar product

pup - uHdQ.

(U,U)H:/pu ud) +
Qo
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Denoting by M (Z, Z) the last two terms of (5),
we obtain the following

Theorem 2 The precise variational equation of the
problem is:

(U,0)g + pocg/Q div w - dpdQ + M(Z,Z) = 0
0

vUeV.

S Study of

M(Z,2)

This form is obviously hermitian and continuous on
Hi.

In order to study its coercivness, we use a method
that we can find in the book [16], so that we will

sesquilinear form

sketch the proof.
We set
_— i [s(G +bPC)as
~= i s (S + & s, 23S0

= fso(ﬁ (8o + CBy) dSo ]
5 [ C2dS + 5 [g, 2¢2dSo

We can prove that there exists Z € Hj such that \ is
the value of the ratio for ( = zeta and A > 0.

By defintion of A, we have
I3 « 1
02 S<C92 +b2¢2)dS + ) /So<81n2"¢ (oo + C3) dSo

A[B/CQdSJra/ 260dSo| = 0% Z € H.
b? Jg a? Js,

Setting Z = Z + £6Z,e € [—00,+x],0Z =

6¢
4o

sible for each ¢ € [—00, 4-00] only if the coefficient
of 2¢ is equal to zero
Js¢d¢ —

Vo¢ € HY(S), Vo, € H(So),
Introducing the multiplier x associated to the last
condition, we obtain

D1 Gy +¥2C.b¢. — AEs¢| + poc bas
s Lb

) € H,, we can see that the inequality is pos-

+/SO { - [ 70 C069C00 + CoupdCoy — 2/\g05<0}

—2/,65C0} dSy=0VdéC € 'Hé(S),V(SCO S 7:[1(80)
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Since D(S) C H{(S), we have

5 (o + 97 +28) —n=0mD(S)

and by virtue of a Schwartz theorem on the elliptic
equation [18], in the classical sense.

By virtue of known results concerning the
Laplace-Beltrami operator on the sphere [20], we ob-
tain the classical equation

1 1/] aw (sln ¢CO¢)+2)‘CO:| —&—2,u = 0.

Eliminating A\ and using the condition [¢(d( —
s, CodGo = 0, we obtain

« 1
a? |sinZ v P C099+

3 T .
p=o [@(&h) _E, —h)}de, with
0
at 263h
—or( 4+ 228
k 7r(a 2 )

5.1 Classical eigenvalues problem

Finally, we obtain in f by solving the classical eigen-
1
values problem P}, :

Cop + b%Cor + XC

N 2(0,h) — C.(0,—h)|db
5 [ [Gem-e-mla=o  ©
S G+ o) + 206
a?b3 n N
s [T eem-co-mlas—o. @
¢, (p2m — periodic in 0, ®)
¢(0,£h) =0 )
/gdS—/ CodSo = 0 (10)
S So

and ) is the smallest eigenvalue of the problem.

For solving the problem P, we use the method
of separation of the variables.

We seek the solution in the form

¢=000)x(2) ; ¢o=00(0)¥o(h).
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We carry out in (6) e (7) and the conditions (9), (10)
give

x(£h) =0, (11)
" o0)db - /h \(2)bdz =
0 h
27 T
Oo(#)db - / Wo(1p)a? sindip. (12)
0 0

The discussion is a little long, but not difficult, so
we sketch it.
We must distinguish four case.

5.1.1 Casel:

2w 2w
00)do =0; |  ©(0)do = 0.
0 0

1. At first, we have
O'x+0*X +Ax)=0
and consequently
O(0) = A, cosnb + By, sinnf

(A,, B, constants; n = 1,2, ...)
and the classical problem

" A — n2
We obtain easily for the problem P, the double eigen-
values

k2m2b?
2
A= n +7
2k — 1)27%p?
A o=y BT o),

that are strictly greater than 1.
2. We have the equation

4

@glllo—i—@o sinz/zdw

(sinypWp) + 22T sin 9| = 0

and consequently
O0(0) = Aon cosnb + By, sinnb, (n =1,2,...)

and setting £ = cos ¢

d 2\ | d¥o n? .
TdE [(1 - )] 75] + 1_7527#0 = 2\,

1 regular in £ = +1,
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or
LT = 2\,

where L, is the Legendre operator with index n [10].
The eigenfunctions are the Legendre functions
Pl (&)(m = n,n + 1,...) associated to the Legendre
polinomials P,,.
For the problem P, we have for n = 1,2, ... the
eigenfunctions

cosnf Py, (cosvp), sinndPy, (sine) ,p=0,1,2,...
with the double eigenvalues A = (ntp)(ntp+l)

We remark that, forn = 1,p =0, we have A =1
and the eigenfunctions

cos OP} (cos 1)) , sinOP} (sin)) ,

that we will obliged to discard by virtue of a provious
remark.
The other eigenvalues are strictly grater than 1.

5.1.2 Casell:
27 27

O0)dd £0; | ©0(0)do = .
0 0

We find easily

" A h
X +b7x=0sx(ih)=0;/_hx(2)dZ=0

and
© = constant.

For the problem P, we have the eigenvalues

K2

A 2

Ck=1,2...

The smallest eigenvalue is obtained for £ = 1; it is
”232 . Itis greater tha 1 if % < 7. Under this condition,
all the other eigenvalues are strictly grater than 1.

It is easy to see that the problem for ¥ and O is

the problem treated in the case I.

5.1.3 CaselIll:

2 2
0(0)do =0; ©(0)db # .0
0 0
For © and yx, we obtain the problem treated in the
case I.
We find easily ©g =constant and for ¥ the prob-

lem 1 4
= (sinyV, + 20y = 0;
sin dip (sin o) + 220 = 0;

Uy regular for ¢p = 0,9 = 7.
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Then, we have ¥y = P, (cosy)(m = 0,1,2,...),
where the P,,(&) are the Lagendre polinomials, the
eigenvalues being m(m + 1).

For the problem P,, the eigenfunctions are
P,,(cos 1)) and the eigenvalues A = w

For m = 0, we have Py(cosv) = 1, that we must
discar by virtue of a previuos remark.

The other eigenvalues are strictly greater than 1.

514 CaselV:

2 2
0(6)do 0 ; /0 O0(8)d8 + 0.

We obtain easily © =constant and Oy =constant.
These constants being arbitrary, the condition (12)
gives

0

h ™
[ x@)dz =01 [ wow)a? sinvdy = o,
- 0

so that, for ©, y we find the problem of the case II and
for O, ¥ the problem of the case III.

Finally, by virtue of the properties of eigenfunc-
tions that we have found, we have obtaind all the
eigenvalues of the problem Pj.

3) Then, if Z belong to the space Hy delle fun-
zioni Z € Hp such that [g CoPi(cosvp)dSy =
0; [5, Co P} (cos ) cos 0dSy = 0; and
s, CoPi(cost)sinfdSy = 0 and if % < m, all
the eingenvalues of the problem P, is strictly greater
then 1 and we have

5 J5(GG +v*¢2)ds
D [gCdS+ & S5, 263dSo

)\0 = an (

ZeHO

c% fSo(sin12¢ ng + ng/)) dSp ]
5 [5C2dS + % [5,2¢2dSo

Then, we can write, with0 < e < 1:

M(Z,7) > 8[52 /S (2 + b%C2)dS+

@ L 2 }
2 [ Gy ot Gu) ol +

(1= )2 — 1] [g[gg2ds+;[qo 2C§d50].

Choosing 0 < ¢ < \;', we see that M (-, ) is coer-
cive in H.
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6 Classical vibration problem
1. We introduce:

o Vp the space of the functions U = ( u ) €

Ug
V'such that
Py(cos)
Js, tonelse-{ Py (costp) cos f dSo = 0
P} (cos)sinf

equipped with the hilbertean norm defined by

2
o] :/Qp|u|2dQ+||un|5H§{é(5)+/Qp0]u0|2d90

+/ [divido 2dS + |[uono o3 )
Qo

o Hjy the completion of Vj for the norm associated
with the scalar product

(U,U)Hoz/pu-ﬂd9+/ pPoug - Uod .
Q Qo

Setting
a(U, U) = pocg / div 1 - div ugdQ + M(Z, Z),

we get the following:

Theorem 3 The final variational equation of the
problem is:

To find U(-) € Vp such that
(U,0) g, +a(U,U) =0 VU € V.

2. Using the method introduced by [17] we
can prove, by means of litttle long, but analogous
calculations, that we omit, that the problem is a
classical vibration problem:

Theorem 4 There is a countable set of eigenvalues
w2 such that

O<w!<w?<..<w?<.;

w2 — oo when n — oo,

and the eigenelements {U,, } form an orthogonal basis
in Ho.

Acknowledgement: In the case of the first author the
research was supported by GNFM of MIUR (Italy).

Volume 1, 2016



D. Vivona, P. Capodanno

References:
[1] H.F Bauer, Natural frequencies and sta-
bility of circular cylinderical immiscible,

Int.J.Microgravity. Res. Appl. 2, 1989, pp. 27-

44,

H.F. Bauer and W. Eidel, Linear liquid oscil-

lations in a cylindrical container under zero

gravity, Microgravity Sci. and Techn. 2, 1990,

pp.212-220.

P. Capodanno, Small oscillations of a liquid

in a container of revolution under zero gravity,

EurJourMech. B-Fluids- 11-3, 1992, pp. 291-

308.

P. Capodanno, On the small oscillations of a

caténoidal liquid bridge between two parallel

plates under zero gravity, Microgravity Science

and Tecnology 7-3, 1994, pp. 252-257.

P. Capodanno, Sur les petites oscillations d’une

gutte de liquid catenoidale entre deux plaques

paralleles au apesanteur, Zeitschrift fiir ange-

wandte Mathematik und Physik (Z.A.M.P.), 48,

1995, pp. 724-738.

P. Capodanno, Mathematical study of the small

oscillations of a liquid column in a symmetri-

cal cylindrical container under zero gravity, Jour.

Fluids and Struct., 9, 1995,pp. 773-786.

P. Capodanno and D. Vivona, Small oscillations

of an anviscid liqud in a rigid container un-

der zero gravity, when the conctat line is fixed,

Ricerche di Matematiche, 50-1, 2001, pp. 35-51.

P. Capodanno and D. Vivona, Mathematical

study of the small oscillations of an incompress-

ible and inviscid liquid under zero gravity in a

container of revolution with elastic bottom and

anchored edges, Ann.Un.Ferrara, 48-7, 2002,

pp- 25-47.

P. Capodanno and D. Vivona, On a variational

equation of the small oscillations of a bubble in

a cylindrical liquid column under gravity zero,

Proc. 12th Int.Congress on Fluid Mechanics and

Aerodynamics (FMA’14) Geneve, 2014.

R. Dautray and J-L. Lion, Analyse

mathématique et Calcul numérique, 5,

Masson—Paris, 1988.

[11] N.-D. Kopachevsky and S.-G. Krein,Operator
aproach to linear problems of hydrodynamics, 1,
Birkauser—Basel, 2001.

[12] H. Lamb, Hydrodynamics, Cambridge Univer-
sity Press, Cambridge, 1932.

[13] L. Landau and E. Lifschitz, Mécanique des Flu-
ides, Editions MIR, Moscou, 1971.

[14] D. Langbein, Stability of liquid bridge be-
tween parallel plates, Microgr. Sci.and Techn., 5,
1995,pp.2-11.

(3]

[6]

[10]

ISSN: 2367-895X

International Journal of Mathematical and Computational Methods

98

http://www.iaras.org/iaras/journals/ijmcm

[15] D. Langbein, F. Falk and R. Grossbach,
Oscillations of fluid column under microga-
rvity.Adv.Space.Res., 16-7, 1995, pp.23-26.

[16] N.-N. Moiseyev and V.-V. Rumjantsev, Dy-
namic stability of bodies containing fluid,
Springer —Verlag, Berlin, 1968.

[17] M.-J.-P. Morand and R. Ohayon, Interactions
fluides-structures, Masson, Paris, 1992.

[18] M. Roseau, Vibration des systemes mécanique,
Masson Paris, 1984.

[19] Hubert J. Sanchez and Palencia E. Sanchez,
Vibration and coupling of continuous systems;
asymptotic methods, Springer Berlin, 1989.

[20] L. Schwartz, Théorie des didtributions, Her-
mann, Paris, 1966.

[21] D. Vivona, Mathematical study of the small os-
cillations of a spherical liquid bridge between
two equal disks under gravity zero, Bull.Polish
Acc. Sc., 49-1, pp.31-49, 2001.

[22] T.I. Vogel, Stability of a liquid drop trapped be-
twen two parallel plates. S.I.A.M. J.Appl.Mech.,
47-3, 1987, pp.516-525.

Volume 1, 2016





