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Abstract: -In this article, He's Homotopy-perturbation method is used to figure a close estimation to the
solution of an ecological model having commensalism collaboration nature between two communicating
species, which is given by the system of first order non-linear coupled ordinary differential equations
governing in the problem. The numerical results obtained by employing the Homotopy-Perturbation Method
(HPM) and the classical fourth order Runge-Kutta (RK) method technique are compared. The HPM method is
straight forward, highly effective and a promising tool for the approximate analytical solution of non-linear
ODE's. A few plots are introduced to emphasis the reliability of HPM.
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Section: 1

1.1 Introduction

In applied mathematics and science, the
non-linear phenomena play a crucial role, and it is
one of the most stimulating and particularly active
areas of the research. In the research literature of
past few decades[1-6 ] great progress was made in
the development of methods for obtaining
approximate analytical solutions of non-linear
differential equations arising in various fields of
Science and Engineering . It is observed that most
of these methods require a tedious analysis.
Comparatively, He’s homotopy perturbation
method is better suited to find the approximate
solutions of the non-linear differential equations
with less effort.

The Homotopy- Perturbation Method
(HPM) was initially proposed by Chinese
mathematician J.H.He [2-4]. The key thought of
this strategy is to reach the actual solution from
initial approximate solution as the homotopy
parameter, say p, varies from 0 to 1. According to
this method the solution is obtained as the
summation of an infinite series, which converges to
exact solution. Very recently HPM was employed
for solving singular second ordered differential
equations [7, 8], non-linear population dynamics
models [1, 2, 9, 10] and epidemic models [6].The

ISSN: 2367-895X

1"

HPM is useful to obtain exact or approximate
solutions of linear and non-linear differential
equations. No compelling reason to linearization or
discretization, computational work and round-off
errors is evaded. It has been used to solve
effectively, easily and accurately a large class of
non-linear problems with approximations. The
approximations converge rapidly to exact solutions
[11].

The aim of this paper is to explore the He’s
homotopy-perturbation strategy to three different
non-linear biological commensalism models and
study their solutions. A comparative study of these
solutions with the solutions obtained with 4th order
Runge- Kutta method (R-K method) is discussed.

In the three models considered in this paper
are related to interaction of commensalism type
between the two species. In Model-1& Model-3 the
two species have limited food resource and both
have logistic growth rate in the absence of the
other. The Model-3 is more complex than Model-1
in the sense that the commensalism is characterised

by a function of host species say F (N, ).Unlike

Model-1& Model-3 ,in Model-2 the host species
follows logistic growth and has limited resources
where as the commensal species decline in the
absence of host species The survival of this
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commensal species is only because of the
interaction of the host species. The details of these
models are given in Section 2.

Section: 2

Model-1: The first model considered is with
commensalism between two species utilizing the
same limited assets for inborn development of
species. Also the interaction of these two species
benefits the commensal species. Suppose
N, = N, (t),N, = N, (t) represents the size of population
of the commensal and host species respectively at
any time‘t’; a,a,are the intrinsic growth rates of
the two species; a,,a,, are the rates of reduction of
the two species due to the limitation of natural
resources and a,is commensal coefficient of the
interaction of the two species. All these parameters
assume non-negative values .The mathematical

model governing the commensalism between two
species is given by coupled non-linear differential

equations,
dN, 2
o AN 3N NN,
dN
2 _ ~ 2
2N 3N, @)

Phani Kumar.etal. [13] Studied the Model-1lin
which the commensal species (N,), in spite of the
limitation of its natural resources, flourishes by
drawing strength from the host species (N,). It is
noticed that the system has four equilibrium states

and the co-existent state (M,ij is the
a:[l a‘22 a22

only stable state under the assumption
(A) aa,, +a,a,, #a,a,, , irrespective of the initial
values of the two species. The global stability is

analyzed by employing a suitably constructed
Liapunov’s function.

Model-2: The second model is concerned with the
commensalism of two species in which a species

(N,) is weak to sustain, despite of the support of
the other host species (N, ) .The host species have

its limited food source and the species (N,)
benefits by the interaction with the host species
(N,).Mathematically this model is represented
with:

le:—olN— N,2+a . N,N
1M AN NN,

dt
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2 N 2
2NN,

Here -d, represents the natural death rate of the

commensal species in the absence Oof(N,).
Seshagiri Rao etal [14] studies the Model-2
extensively and concluded that (i) N, will sustain

forever in the absence of N,and tend to the

equilibrium point [0,2] (i) In the coexistent

2

state the equilibrium
aa,—da.,a, a . .
(M—Zj is stable with the
all a‘22 a'22
. a,a, . . I
condition (B) d, < ——* irrespective of initial

1a22

conditions. The global stability is analyzed by
suitably constructed Liapunov’s

employing a
function.

Model-3: The third model is generalised model
than Model 1 in the sense that the coefficient of

commensal is of Monod function F(N,) [12].
instead of linear functionalZNz.This model is

represented by

le -

Tdt
dN

2 _ _
A

aN
F(Nz): 5’+lil
2

aN, - allle +NF(N,)

a..N.2 where

222

Here the function F(N,)is the characteristic of the
commensal N,with respect to the host N, with the
F(N,)—a
constant « =F(x)>0asN,—»w». Further g(=0)is a

properties:  F(N,)is bounded and

parameter signifying the strength  of

commensalism: g>0 strong commensalism, <o
interaction

weak commensalism and pg=o0 the

would be neutral. Also, here K, =2 i=12are the

carrying capacities of commensal and host species.

Itis noticed that the system has four equilibrium

states and the co-existent
NN 1 aK
N.,N,)=| —| K.a, + Z_| K
(5. 0)=| e [, |
always stable under the assumption
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Ka, + n KK # K,a,, irrespective of the initial

values of the two species.
The criterion for asymptotic stability is established

by adopting Liapunov technique.
Section: 3

3.1. Homotopy-pe rturbation method (HPM)

The  homotopy-perturbation method s a

combination of the classical perturbation technique

and homotopy technique. To explain the basic idea

of homotopy-perturbation method for solving non-

linear differential equations, we consider the

following non-linear differential equation:
A(u)-f(r)=0, reQ

(4)
subject to the boundary condition
B[u 8—”) 0, rel
on
where Ais a general differential operator, Ba

boundary operator, f(r) is a known analytic
function, ris the boundary of the domain o and

a%denotes differentiation along the normal drawn

outwards froma .

In general the operator A, be divided into
two parts: a linear part L and a non-linear part N.
Therefore equation (4) is written as follows.

L(u)=N(u)=-f(r)=0 (®)
By the Homotopy technique [4], one constructs a
homotopy  v(r,p):Qx[0,1] >0 which satisfies

H (v, p)=(1-p)[L(v)-L(uy) ]+ p[A(v)- f(r)]=0, pe[0,1],reQ

(6)

which is equivalent to
H(v,p) = L(v) = L(u)+ PL(us)+ P[N (V)= F(r)]=0 (7)
where pe[o,1]is an imbedding parameter ,and u, is
an initial approximation of equation(4),which
satisfies the boundary conditions. Then equations
(6), (7) follow that

H(v,0)=L(v)-L(u,)=0 (8
and H(v,1)=A(v)-f(r)=0 9
Thus the changing process of p from zero to unity
is just that of v(r, p) from u,(r)tou(r).
Assume that the solutions of the equations (6) and
(7) can be written as a power series inp :
V=V, + Py, + POV, + PV, + PV e e (20)
The approximate solution of equation (4) can be
obtained as
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U= Ltv=v,+V, +V, +V,+V, + ——————————
p—1

(11)

3.2. Solutions of the models by HPM

In this section we will apply the HPM to non-linear
ordinary differential system (1), (2) and (3).

3.2.1. Solution of Model-1

Consider the system of equations (1) with initial
approximations as

Vlo (t) . Nlo (t) = Vl(O) = Cl

V20 (t) . N20 (t) = V2 (0) = CZ
As explained in section 2, by HPM, we write
equations (1) as

(12)

—Nyg + P( Ny —aV; +av” - a12V1V2) =0 13
V) =Ny + P(N20’ —ayV, + a22v22) =0
Assume the approximate solutions of solutions of
Ny (t),N,(t) be
Vi (1) = Vo + Py, (1) + P2V, (1) + PP s () + phvy, () +
V(1) =V g PV (8) + PV, (1) + PV (1) + PV (1) # = — m o= =
(14)
where v; ;(i=12; j=1,2,34,.......) are functions to be
determined. Substituting equations (12) and (14)
into equation (13) and arranging the terms in the
order of increasing powers of p we
have
[V1,1, (t)+Nyo'(t) —avyo(t) + vy (t)—anvio(t)va,0 (t)} p

+[V1,2 (t) —aqva () +2a0v1 0 (t) Va1 (1) @12V 0 (t) V21 (1) —B1ovaq (t)V2,0 (t)] p?
)

)
N _V1 3 (t)—avy o (t) +2803vi o (t)ve2 (1) + v, (t) —avao(t)v22(t) 03
—a12V11( V21 (t) —aiovi2 (t)vao(t)
V1 4 ( ) aVy 3 (t) +2ay9Vy o t)V1,3 (t) +2a71Vy g (t)vlyz (t)
—ayoV1 0 (t)V2,3(t) —aiavia (t) V2 2 (1) — a2V 2 (t)V2a (t)
—anoV1 3(t)V2,0 (1)
)|p

p4+——oo:0

+

[var (6)+ Nao' (1) = v
vz
[
[

(
Vo3 (t
(

+ apVy, 02 t

(
t)—aVvy (1) +2apva o (t)Vas t)}p

’

)-
)— Va2 (1) + 285V, o(t)Vz,z(t)+322V21 (t )} p?
)= g¥3()+ 2800V2.0 ()23 (1) + 209V (Vo 2 (1) | P 4= = === -0

+ t

V2,4

(15)
To obtain the unknownsy; ; (t),i=1,2; j=1,2,34 We

solve the following system of linear differential
equations, with the initial conditions given in (12)
From (15)

' ' 2
Vi1 +Nyg — @V g +833V 0° —81aV1 oVa0 =0, Vy1(0)=0(16)

Vay +Nog' —apVy g +agVy o? =0, v21(0)=0 (17)
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’
Vi — @V + 2899V gV g — 819V Va1

(18)
—83,V11V20 =0, V12(0)=0
Voo — Va1 + 285V gVp1 =0, V,,(0)=0 (19)
' 2
Vi3 —@Vip + 2831V gVy o +819V11” — B1oVi V2,2 (20)
—a12V1’1V2‘1 - a12V1’2V2’0 = 0, V1’3 (0) =0
, 2
Vo3 —@Vp 9 + 2895V oVp o + 8oV 1" =0, 1)
V2’3 (O) = 0
V1,4/ —aqVy 3+ 2811V oVy 3+ 281V1 Vi 0
—812V10V2,3 —&12V11V2 2 —81oVy oV (22)
—agV1aVo0 =0, V4(0)=0
Vo4 =V 3 +2895V5 0V 3 + 2895V 1V 2 =0, 23)
V2‘4 (0) = 0
Solving the differential equations (16)-(23) we get
t t t
2
0 0 0
= (B —aggCy + 2356 ) cit
t t
2
V211 (t) = a2'|‘szodt - 322J.V210 dt = (az — a22C2)C2t (25)
0 0
t t
V112 (t) = alj.vlyldt - Zallj.vlyovlvldt
0 0
t t
+ a1zjV1,0V2,1dt +ay, .[ Vi1V odt (26)
0 0
(al -1 + a1202) ,
_ 2 t
= (3101 - 210" + alzclcz) >
+31p (32 - azzcz)clcz
t t
V2’2 (t) = az'[VZ‘ldt - 2a22IV2’0V2’1dt
0 0 (27)
{2
=(ay —axCy)cy(ay - 232202)?
t t t
via(t)= alJ.V:L,Zdt - Zall‘[vlyovlyzdt - auJ-vlylzdt
0 0 0

t t

t
+ alzj.vly()VZ,Zdt + 312J.V1’1V2’1dt + a]_zJ.Vlszzvodt
0 0 0

(al -G+ 31202) s
t
:(al — 2810 + a12‘32) (3101 - 2<’=111012 + 31201(32) 5

+app (a2 — a0, )0102

+(ay — 8310 +@2C, ) 212 (22 ~282202) i
e 12 *311(&(31*311°1+312C2) 3
3

t
+312C1C) (a2 — 8202 )(a2 —2apC, )E

(28)
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t t t
2
Vo 3(t)= azj‘vzyzdt - 2a22.[v2'0v212dt - aZZJ.VZ,l dt
0 0 0
: )2 , (29)
a; — 232202 t
= (a2 - a2202)02 s
—2855C; (g —aC7)
t t t
vi4(t) = alj-vmdt - 2a11J‘v1Y0v1'3dt - 2a11J‘v1,1v1,2dt
0 0 0

t

t
+ alzj‘vl’()VZ'sdt + 312J.V1'1V2’2dt
0 0
t

t
+ alz"-V]_szvldt + a12J‘V113V2'0dt
0 0

(a —2ay;0; +ay5C;)

_(31 — @10y +a55C; )

(3101 - 2ay,0” + a120102)
| Ta12 (a2 —az5C; )Cic,
:(al —23y10 + a12(32) +2(31 — 810 + a12(72)01 2

ap (8 —a25C )¢
| ~811% (8 —a31Cy +55C;)

+81501C; (8 — 8C5 ) (8 — 285,65

a35C; (8 —a55C7 ) (8 — 2855C7 ) —
(g —ay1cy +85C7)
28y (3101 — 22310/ + alZOlCZ) 8
+ay, (82 —822C; ) C1C2
(ay —2ap,C, )2 }t“
—2a,0; (8, —a2,C7 ) | 24
(8 — a0 +ay5C;) .
+ay5C; (87 —82,C;) (3101 —2a10° + a1201‘32) %

+312 (a2 - a2202)0102

—

+(31 — 891G + a12(32)01

+812C1C2 (a2 —axC; ){

(30)
t t t
Vo4 (t) = azjvmdt - 2a22_[v2’0v2,3dt - 2a22J‘v211v2’2dt
0 0 0
:(az — 2322(:2 )(az - a22C2)C2 (31)
2 t4
[(az —28p,C7 )" ~8a5C5 (@ — A2C; )}z
The approximate solution of N (t),N,(t) IS given
by
4
Ni(t)= Lt w(t)= kZ:;Vl,k (t) (32)
4
N2(t)= Lt va(t)= kz_(;vz,k (t) (33)
which yield
4|Page
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(8~ a0 +a565)
Ny(t)=cy+(a —ayc + a0 ot + (3101 2301 + alzclcz) %
+a37 (32 ~ 8502 )01C
(a—ay0 +a,6;)
(828010 +agaCp) (3101 2307+ 3120102)
+ +a12 (8 8202 ) 1o
+2(ay ~ ay;0; + 81262 )0;
[alz (82 —2a95¢5 )¢, — 2101 (8 —a3101 + 2150, )]
+a1501C5 (87 — 827 ) (3 ~ 289565 )
(a—2ay5¢ + a1202)
{ ay — a0y + 2,0, a101 2a3,¢1% + 84,010 )}

+ay (8 82585016,

-
w

(82810 +a3aC;)
a2 (82 — a2
—ay10 (8 — 8101 + 8158, J
+a3201C2 (82 — 822, ) (8 — 282507 )
a12C2 (@2 — ;) (3 — 282,05 )
(@ —ay;c; + ;)
—2ay; (3101 -2ay° + a1z°1°z)

+ag7 (8 — 805 ) 010,

31 310 + 31202)01{

+

+3(ay - a0 + 31202)01

+21501C5 (82 — 8520 )[(az —2a5,Cy )2 ~285C5 (8 ~ 0 )}
(ag — a1y +2156,)
(3101 - 25‘11‘&2 + a1201‘32) +ap (az - azzcz)olcz

(34)

+3ay50; (8 ~ a0, ){

2

NZ (t) = Cz + (az — a22C2)Czt + (az — a22C2)C2 (az — 2322(:2)?

3

+(a2 —a0;)c, [(az - 26‘22‘32)2 —2a5,C) (8 —3,C, )}E
+(ay — 28,y ) (82 — apyCy ) Cy

v

[(az - 26122(32) —8ay,C) (8 — @y )} 22

(35)

The numerical simulations of the solutions (34) and
(35) with the values of the coefficients satisfied by
the condition (A), as
al=1.15;al11=0.05;al1l2=0.2;a2=1.78;a
22=0.01;N101=2;N20=2 are drawn using
HPM and 4" order Runge Kutta method .It is
observed from figures1 and 2, that the two methods
agree with the solutions for N;and N, .
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Fig.1. Comparison between the four-term HPM solution
of the system in Eq.(1) and the numerical solution with
al=1.15;al11=0.05;a12=0.2;a2=1.78;a22=0
.01;N101=2;N20=2
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Fig.2. Comparison between the four-term HPM solution

of the system in Eq.(1) and the numerical solution with
al=1.15;a11=0.05;a12=0.2;a2=1.78;a22=0
.01;N101=2;N20=2

3.2. 2 Solution of Model-2

Consider the system of equations (2) with initial
approximations as

Vlo (t) S N].O (t) = Vl(O) = Cl
V20 (t) = N20 (t) = V2 (0) = 02
As explained in section 2, by HPM, we write
equations (2) as

(36)
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v =Ny + P( N — vy +aqv” - a12V1V2) =0 @7
vy =Ny + p(N20’ —ayVp + aszzz) =0
Assume the approximate solutions of solutions of
Ny (t), N, (t) be
Vi (1) =V + Py, (1) + P2y, (1) + PP (1) + Py, (t) +
V, (1) =V, 0+ PV, (1) + P2V, 5 (1) + PPV, (1) + PPy, (1) +
(38)
where v ;(i=12;j=1234,.....)are functions to be
determined. Substituting equations (36) and (38)
into equation (37) and arranging the terms in the
order of increasing powers of p we have

I:Vl.lr(t)*' Nig' (t)+ dyvy o (1) + a1y 0 (1) — a0 () V2 0 (t )]
vi.2 (£)+dpvyg (t) + 2a03v1 o (t)vaa (t)
| ~212v1,0(t)Vaa (t) -~ W20 )
)

V13( )+ vy o () + 285w o (t)ve 2 (t) +argvag ( )

agav1 2 (1Y, O(IJ P

n
apVa (t
| ~auav.0(t)V2,2 (1) — anovaa ()vaa (1) -
V1,4 (1) +dyvy g (t) + 2833 o (t) vy 3 (1)

(
+281vy3 (t)Vy2 (1) — gy 0 (1)Va,3(t) AoV (Vo o (t) | p* +————=0
t

>—a12V12( JV2a(t) —asav 3(t)va0(t)
|:V2,1 (t)+ Ny (t) - )+asva (1) [P
+[V2,2 (t)- ( t)Vo, t)} p’

)
+[V2,3 (t) = apVp 2 (1) + 2890V5 o (1) 2 (1) + BpoVo 4 (t )} ’

)
Mo

+

aVy, o

agVo1 (1) +2a55V5 0 (

Va4 (1) = agVa 3(t) + 2800V 0 (t) Va3t
+2ap,V, 1 (t)Vvp 2 (1)
To obtain the unknowns v; ; (t),i=12; j=1,2,3,4 We
solve the following system of linear differential
equations, with the initial conditions given in (36)
From (39)

' ' 2
Vig +Nyg +diVy g +811V1 0" —@oVigVo,0 =0,

(40)
Vlyl(O) = O
2 2 2
Vaq +Nog —agVpg+apVy - =0, vo1(0)=0 (41)
!
Vi + Vi + 283V gV1 — 81pVy oV21 —B1aVa1V2 0 =0, (42)
V1,2 (0) = 0
Vo2 — Va1 + 2855V 0Vp1 =0, V,,(0)=0 (43)
! 2
Vg +0qVy g + 289V oV o +341V117 — @1aVy V2 2 (44)
—83oV Vo1 —ArpVi Va0 =0, Vy3(0)=0
' 2
Vo3 —@gVp 9 + 289V gVp 5 +apVp " =0, (45)
V2’3 (O) = 0
’
Vig + 01y 3+ 2803V oV g + 2801V1V 2
—812V10V2,3 —&2V11V2, 2 —812Vy oV21 (46)

~aV13V20 =0, Vi4(0)=0
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!
Vo4 — agVg 3 + 2899V gV 3 + 285V 1Vp o =0

(47)
V2‘4 (0) = 0
Solving the differential equations (40)-(47) we get
t t t
0 0 0
————— =(—d; — a6 +a3,C; )Gt
_____ t t
V2]1 (t) = a2'|‘V2 Odt - a22'|‘V2 Ozdt = (a2 - a.22C2)C2t (49)
0
t
V1’2 ( ) = —dlj-vl 1dt 2a11J‘V1 Ovlldt
0
t
+ alzjv Va0t + 3 J‘ V11V odlt (50)
0

- (_dl -G + alZCZ)(_dlcl - 26‘11‘312 + a1201‘32) ﬁ

+y (a2 - a22‘32)(31‘32 2
t t

VZ,Z (t) = 32J.V2’1dt - 2a22-[V2’0V211dt
0 0

(51)
2
= (@ —apyCy)cy(ap — 232202)3

t t t
2
V1'3 (t) = —d]_J.Vl zdt - Zall.llvl 0V1 zdt - alljvll dt
0 0

t
+ alz vl Vo o0t + 312J.V1 Vo dt+ alz vl Vo odt

-0y - 311°1+312‘32)
~0y0, - 28,6 +a1201c2)
+312 3 - a22(32 GC

alZ 8y — 229,y }ﬁ

0
=(~0; — 2a40; + a0 l (52)

( - aﬂcl+a12c2 G -
—31101( d - a11°1+5‘1202)

3

3
+212G0 (az - azzcz)(az - Zazzcz)g
t t t

2
0 0 0

(53)

2
= (a2 — a0y, [(az ~2a%2) ]ﬁ
~2a5,Cy (3 —a55C7) | 6
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t t t
V1'4 (t) = _dljvl'3dt - 2a11J‘V1v0V113dt - 2a11J.V111V112dt
0 0

t t
+ alz'[vl,ovzﬁdt +ayy | ViqVp pdt

0 0
t
+ alZ.[Vl,ZVZ,ldt + alZIV1,3V2,Odt
0 0

(—dy —2ay10; +ay5C;)
_(_dl —ay1Cy +a45C;)
[_dlol - 2311012]
+8126,Cr
| +812 (3 — a0 )cic,
=(—d; — 284101 + aypC; )§ +2(—dy — ay1Cy +A12C2 )
ET: (a2 —agcy)cy il
__allcl(_dl — 8410y +835C)

+24501C; (82 — 856, ) (82 — 282,05

812C (az - a2202)(512 - 2azzcz)
(*dl — 8310y +85C7 )

+(—0y —ag401 + 2156, )¢
—2ay; (_dlol - 2a11012 + a120102)

+31 (a2 - a22‘32)01(32

+21,0C; (8, — a22‘32)[(5‘2 —2ap,¢y )2 —285,C; (8, — 82,0, )}a

(—dy — 8910y +245C;)

t4
+81,C) (a2 - azzcz) (—d101 - 2a11012 + a1201(32) 3

+312 (az - a22(32)0102

(54)
t t t
0 0 0

=(a, — 282,05 ) (a2 — 8562 )C, (55)
4

t
[(az - 2322‘32) —8ay,Cy (ay —ayC, )} 24

The approximate solution of Ny(t),N,(t) Is given

by
4
Np(t)= Lt vy (t lek (56)
p—1 o
4
Ny (t)= p'—_t)le ZVz k (57)
k=
which yield
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International Journal of Mathematical and Computational Methods
http://www.iaras.org/iaras/journals/ijmcm

(_dl — 10 + al1202) )

Ny (t) = +(—dy —ays¢; +a45C, )Gt + (_dlol - 28,07 + 3120102) %

+a1 (az - azzcz)clcz
(=0 — a0 +ay5c5)
(=0 — 284161 + agC7) (_dlcl - 28,0 + a12‘“102)
+ay (8 — 222 ) C1C2 3
* +2(~d; —ay10 + 150 ) ¢ 6
ag2 (a2 — 23,0, )y
~ay1Cy (~01 — @410 +a5C5)
+2471Cy (8 — 8pyC, ) (8 — 28,C5)
(—dy — 283101 + 2307
(=0 — 210 +ay5c5)
t (—d101 ~2ay0° + alzolcz)
24 +agy (g — apyC, )1Cy
(=g — 2a45C; + ayC; ) +2( 0y — a44C + 3G, )
[alz (a2 —ag262)Cp — @110y (0 — @101 +212C; )}

+23201C (8 — 8587 ) (82 — 28,6, )

2128 (8, — 82587 ) (82 — 28555 )

(_dl — 810 + a1202)

t* +3(—d; —a a,C

) (O -aue + aace)y —2ayy (—d1°1 - 2ay,0% + a12°1°z)
+a12 (az - azzcz)olcz

4 +81,01C (8 — 8y )[(az —22aC) )2 — 28,y (2 —a,C, )}

(=dy — 23101 + 355
+3a35C (8, — 8558 (*dloi - 23,0 + a120102)

+8y5 (8 — a0, )0,

(58)

2

NZ (t) =Cy + (az — a0y )Czt + (az —anyCy )CZ (a2 - 2322(:2)?
3

+(a2 —a0,)c, [(az — 28,0y )2 —2ap,C; (ap —a,C; )}E

(ay —2ay,C, )2 i
—8a,,C) (ay —ayCy ) | 24

(59)

+(ay —289,C; ) (82 — a7 )C;

The numerical simulations of the solutions (58) and
(59) with the values of the coefficients satisfied by
the condition (B), as
dl1=0.4;al1=0.1;al12=0.007;a2=1.3;a2
2=0.15;N10=1;N20=1; are drawn using HPM
and 4th order Runge Kutta method .It is observed
from figures3and 4, that the two methods agree
with the solutions for N;and N,
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Vlo (t) = NlO (t) = Vl(O) = C_I_
' S Voo (t) = Nao (£) =V (0) = ¢ (0)
----- HPM Method 20 201/ =72 2 _
2= RK Method As explained in section 2, by HPM, we write
0.95 \ equations (3) as
09 b ) . . vV
\ W~ Ny + p| Nyg' —ayy +ayy® — L2 | =
N\ ﬁ+V2
) o AN V) =N + p( Nag — gV, + aszzz) =0 (61)
1
z 08 \ Assume the approximate solutions of solutions of
' AN Ny (t),N, (t) be
N
- \\ Vi (1) =Vio+ Py, (1) + PV, (1) + pova(t) + Py () +——————————
N Vy (1) = Voo + PV (1) + P2V, (1) + PV, 5 (1) + PV, () +——————————
07 . (62)
N where v, ;(i=12;j=1234,.....)are functions to be
065 ™~ determined. Substituting equations (60) and (62)
0 01 02 03 04 05 06 07 08 09 I into equation (61) and arranging the terms in the

time(t . .
me() order of increasing powers of p we have

Fig.3. Comparison between the four-term HPM solution

of the system in Eq.(2) and the numerical solution with Vi (1) + Nyg' (t) = agv o (1) + ayqvy o (t)
dl=0.4;al11=0.1;al12=0.007;a2=1.3;a22=0. 1 2
15;N10=1;N20=1 u V1,o(t)Vz,o(t)—Evl,o(t)Vz,o (t) p

1 1
B +?v1]0(t)vz‘oe’(t)—Fvlyo(t)vzyoll(t)

3 T T T
*=- HPM Method vy o (Va4 (L t t) |
28 =+==-RK Method || o (02 () +a(t)v2o (1)
>, _i 2V1’O(t)V2vo(t)V2’l(t)
20 ra B +vir(t)va,02 (1)
24 7 v () — 2 _a 3vy o (1)1 (1)Vo o2 (t
I Vi (1) =@V (1) +2ay3v o (1) (1) 5 L Lo(DVv2a (t)v2,0" (1) | [ P
22 p B vy (Dva3(1)
- F_.-" n [4V1Y0(t)v2’03(t)v2'1(t)
V B g (t)va0% (t)
18 # L
/
16 o vig (t) = o (1) + 28533 0 (t)y2 () + By 42 (1)
14 2v10(t)Vo,0 () V22 ()
2
D 0(22(1) s (O22(0) 2 (a0 1) - i;tf,l(zt);l\jzloit;Vu(t)
1 +vp,(t)v, zoz(t
0 01 02 03 04 t' 0.5(0 06 07 08 09 1 Sl [3vl,o(t)Vz,z(t)v20 )+ 30 (a0 (a2 )} o3
ime ——|+=
Bl B\ +3u1 ()Vas (V2,02 (1) + v (D)2 3(1)
3 2
Fig.4. Comparison between the four-term HPM solution 13[4\/1’0(0"2"’ 3( Jalt )+6V1°(t)v“4 (e’ )]
of the system in Eq.(2) and the numerical solution with B+ (6)v,0° (t)Vaa (t) + Va2 (t)va0* (1)
dl=0.4;al11=0.1;al12=0.007;a2=1.3;a22=0.
15;N10=1;N20=1
3.2.3 Solution of Model-3
Consider the system of equations (3) with initial
approximations as
8|Page
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vy 4 (t) = avy 3 (1) + 2a53vy o (1) vy 3(t)

vio (t)Va3(t)+vig (t)va 2 (1)
+V 9 (1) Vo1 () + Vi3 (t) Va0 (t)
2v10(t)Va0(t)va3(t)
. +2v10(t)vaq (t)vo 2 (1)
3 211 ()0 (t)Vvp 0 (1)
1 (8)V1% (1) + 2% ()V2,0 (£) Va1 (1)
13(t)v,0% (1)
30 (t)vaa ()02 (t)
+6v1,0 (t)V2,0 (t)V21 () V2,2 (t)
+go(t )V213(
V2,2 (E)V2,0% () + 3v (t)V2.0 (1) V247 (1)
)+v13(t)v2 ()

+2ag7v 1 ()vy () —%

2
apVo 0 (1) +agoVp,0° (1) ] p

[var (t)+ Ny (t) -
—apVp (1) + 2850V, 0 () V21 t)} p?
[Vza( )—apva o (t

(
. Va4 () —agva 3 (t) + 2a55v5 o (t) V2 3(t) ot 4

)

)+ 280V, ¢ (t)Va2 (1) + agovp 12 (t )}
)

+2895V 1 (t)V2,2 (1)

(63)
To obtain the unknownsy, (t),i=1,2;j=1234we

solve the following system of linear differential
equations, with the initial conditions given in (60)
From (63)

vig (t)+Nyg'(t) —avyo(t)+ 311V1,02 (t)
[vio (t)va0(t)

—%vlvo(t)vzyoz(t)
1
+FV1’O (I)V2’03 (t)

—%vlvo(t)vzyo“(t)

V2’1, + NZO, — 32V210 + 322V2’02 = 0, Vzvl(o) =0 (65)

ISSN: 2367-895X 19

,% 1 {3%(

Vio(t)vaa ()
g (t)vao )

1) (t) -y (t)+ zallvl,o(t)vlvl(t)_ﬁ _1[2v1‘02

=
=

1,‘;(0):0
2,2 ~ gV + 285V 0V1 =0, Vp,(0)=
13 (t) — a2 (£) + 2803v1,0 (Va2 (£) + v 12 (t)
7V10( V2,2 (8) + a1 ()22 (1) +vi2 (t)v20 (1)
1 [ZVlo( a0 (t)va (t
B +2v13 ()0 () v (1) + a2 (t)va 02 (1)
a2 (t)V20% (1) + 310 (t)va0 (1) V2 i (t
B2\ +3v(t Wau (t)Vao? (1) +via (Vo (t
1[4v1,0(t)v2v03(t)v22( )+ 6vy0 (t)va1%(
|+ ana (0vac® (Vo () + 2 (Va0 (t
v 3(0)=0

+le v21 t

2

t

)
V20
)

’ 2 2 _
2,3 — Vo2 + 289V gVp 5 +8V0 1" =0,

2(r>]

] =0,(66)

0 (67)

(68)

J =0,

v23(0)=0 (69)
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vi g (t)—apvy3(t)+ 2835 o (t)Vvg 5 (t) + 2893v 1 () vy 2 (t)

V1o (D)v2,3(t) +via (t)va2 (1)
Ao (t)va g (1) +vi3(t)vao(t)
2v10(t)va0(t)Vva3(t) +
219 (t)vaa () Vo 2 (1)
1 +2v1 (t)Vo,0(t)va 2 (1)
yij Jrvll(t)vu2 (t)
+2v 5 (t)va0(t)
+v3(t )Vzo (t)
0 ()V23(t)v20° (1)

61,0 (t)V2,0(t)v2 ()22 (1)

V0 (t)Vva, 13('[

S

|

v2a(t)

+3v4 (t

(
(

!
Vo4 — 8V 3+ 28p)V5 0Vp 3 + 2825V21V2 2 =0,

V2,4(0)=0

o(t)
+4v1l1(t)v2v03 (t)vp o (t)+6vyy(t )Vz,lz (t)Vz,oz (t)
() +vs(t)va ()

(70)
(71)

=0, v14(0)
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0

Solving the differential equations (64)-(71) we get
- )

t t

2
Vl,l (t) = alj.Vlyodt - a]_lJ‘VlVO dt + E
0 0

:('1[31 —a110 + %szl}

ISSN: 2367-895X

J.vl oV2,0dt

EIH

t
Ivl oVa,0°dt
0

L

> [ V1.0v2,0 3t

h

1
53

v oV20

=

!
I

(72)

20

t t
2
V2,1 (t) = azj‘V2y0dt - a22J.V210 dt = (az - 322C2)C2t (73)
0 0
o . _
.[Vl V210t + le,le,odt
0
t
2jv1 oV2,0V2,1dt
_1lo
Bl t
2
+j 1V2'0 dt
0
t t t
a
vio(t)= alj.vndt - 2311IV1,0V1,1dt + E 3J.v1‘0v2vlv2'02dt
0 0 P
plL
+J.Vl’1V2vo dt
0
t
4J.V1'0V2’03V2'1dt
_1lo
£l
+JV1’1V2'0 dt
L 0 .
G| & —a 01+ch & —2a ol+ﬁcv
i 4 — a8y [)’“ 4 — 28y /321ﬁ (74)
a 2
+—01CV (85 —a07)
B
t t
V2’2 (t) = a.zj.VZ’]_dt - 2a22J.V2]0V2’1dt
0 0 (75)
t2
=(ap a0, )y (3, - Zazzcz)?
10|Page
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t t

t
2
vi3(t)= alj.vlvzdt —2| agqvy vy o0t — J. apgvy g -dt

0 0 0

t t
_[Vl,on, Hdt + J.vmvzyldt
0 0
t
+‘[v1vzv2,odt
0
t t
2J.v110v210v2v2dt + J vlyovzvlzdt
1
Lel 1o 0
B t t
+2J‘v1v1v2v0v2,1dt + le,sz,ozdt
0 0
2 t 2
3IV110V22V210 dt+EI Vy V2,0V dt
1 0 0
L=
ﬂZ t t
+3| v 2 3
11V21V2,0” At + | vy oVp g”dlt
0 0
t
4Jv110v2v03v2v2dt + ijlyovzvlzvzvozdt
_Llo 0
t t
s 3 4
+H | v Vp 0V dt + | vy oV o dt
0 0

[al —2a,0 +%02V1]
01(5‘1 -0 *%szlj

a
[al —2ay,C + Eczvlj

o

+% 0iCV2 (82 —azaCs)

213

2 a t

- — ZeVs i
311{01 [31 31101+ﬁcz 1) }3

{z
B

a 2 2
= v, — —
J{ﬁz C1cp Vs (@z —az,Cz) } 3

2
0

= (a2 - azzcz)cz

3

t
+ {%QCZVZ (a2 — a0, )(22 —285¢, )}g

3

a t
0cV2 (82 —agC, )(al a0 + ECMHE

t3

t t

0 0

(ap— 2a22c2)2

(76)

t

t3

—2a,,Cy (3 —ay,¢, ) | 6
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t t t
vig(t)= _[31V1,3dt -2 J- a3V oV gdt — ZI a3V 1V pdt
0 0 0

t t t

J‘vwv“dt + vj 11V2,20t + JV1,2V2,1d1 + IV1,3Vz,odt
0 0 0 0

t
t
ZI VygV2,0V2,3dt + 2"‘ Vi gV2,1V2, 20t
0
0

t
+2J.V1,1Vz,0V2, Hdt

1 0

t

+ vmvzvlzdt + ZIV1,2V2,0V2,1dt

i
|

|

+] vy avp o%dt

t
2
3_[V1,0V2,3V2.0 dt
0
t t
+6J.v1 V2 0V2 1Vo odt + J-vl oVo ot
0 0
t

=R

+— +3‘[v1v1v2'2v2_02dt

0
t
2
+3J.v1v1v2'0v2,1 dt
0
t t
2 3
+3‘[v1v2v2|1v2_0 dt+jv1l3v2_0 dt
0 0
t
4 3
V1,0V2,0"Vz,3dt
0

t

+12 J vl'ovz‘lvz)zvzyozdt
0
t

+4J. V1,0V2,13Vz,odt
0

%

t
3 2, 2
+4_[v1v1v2'0 V, ot +6Iv1‘1v2|1 Vo 0“dt
0 0
t

+4J. v1v2v2v03v2v1dt + J.v1v3v2’04dt
0 0
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[al—ZanolJr%czvlJ
o a
a — a0 +—CVy || 8 — 23910 + —CoVy |+
01[1 11°1ﬂ21][1 11°1ﬁ21]
a
*clczvz(az *32202)
B
a 2 t
=(31—231101+E‘32V1] —2anoiz(a1—aﬂcl+%czvlj e
+%°1°2Vz (a2 —a55C5 ) (82 — 282,C7)
+2%01V2 (al -390 + %Cz\/lj(az —ay0;)cy
+2%°1C22V3(32 — a0, )2
01[61—311°1+%sz1]
4
— 2 a —a +£CV [a - 2a +ZCVJ v
1101[1 1101’321j Yy 1101 ,321 3
o
+—C1CoV5 (85 — anoC:
ﬁcl 2 2( ) — A 2)
+ %CLCZVZ (az- azzcz)[(az - 25"2202)2 —2895C; (82 —855C; )}
i4—101V2 a —a cl+3c2v Cz(az—azzcz)(az—zazzcz)i
2"y LA 0N 3
a
Ol[al_allcl*'*cz\/l} 4
a B t
+—V, " u Cz(az *azzcz)g
a — 2310 + —CyVy [+ —C1CV5 (ay — ay,C:
[1 4101 ﬂ21] ﬂclzz(z 22C2)
t4
+ %qus(az — 0 )2 R C zazzcz)g
o a
+—C\V3| & —311C; + —C,V;
ﬂ2(>13( q — 81101 I 21J
4
(az *32202)2 szj
4 t4
+%Q(1*ECZJ‘323(32 *322‘32)37
(78)
t t
V2'4 (t) = a2J.V2’3dt - 2a22.[V2'0V2’3dt
0 0
t
—Zazzsz,lvz,zdt:(az — 28,07 ) (82 — 82,0, )¢, (79)
0
2 t4
(8 —2a2,C; )" —8aCy (3 —a2C2) e
Wherevlzl—lc2 +i2cz2 —iscf;
B B B
V, :1—12c2 +i23c22 —i34c23 ;
B B
If 4-term approximations are sufficient we obtain
4
Ny(t)= Lt vi(t)= D vii(t) (80)
p—1 py
ISSN: 2367-895X 22
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4
Na(t)= Lt va(t) =D vau(t) (81)
p—1 k=0
which yield
01[31 — a0 + %szlj
2
Nl(l):°1+°1(a1—311°1+%czv1]t+ [31—231101+%02V1] %

*% C1CoV2 (8 —8z2C;)

o
01["’11 —ay0 + Eczvlj
(al — 28910 + %02V1] [al — 289, + %czvlj

*% C1CoVa (8 —8z2C2)

2
(24
28,0/ [31 — a6 + Eczvlj

+

+%0102V2(a2 —a5C2 ) (82 — 282,C; ) -
o o

+2—C 1V, (@ —apyCy )| 8 — 811C) + —CoV
ﬁclzz(z 222)[1 1101 /321]

a 2 2
+2P 01 V3 (@, —a2,C2)

a
01(31 —8,0 + *92V1]
B
[24 (24
[al —2ay1C) + ECZVlj [al — 2871 + ECZVlj
(24
+— 010V (82— 85267)
i)
» 2
2816/ [31 —anG + E°2V1j
a
+E°102Vz (82 —a2,C; ) (a2 — 2a5C;)
(24 (24
+2;clvz [al —a710 + ECMJ
(a2 —azCp )y + 2%01(322\/3(32 - a2252)2

[24
- 531101[31 — a0 + Eczvll

01[31 — a0 + %szlj

~—

+| &y —2ay,0 + LoV,
LS gt [31—231101+%02V1]

*% C1CV5 (8 —8zC2)

o o
+3;°1V2 [31 a6 + ;CZVlJCZ (32 — a2 ) (82 —2a55C;)

a
01(31 —ay6 + *sz1]
a B
+3EV2
[31 —2ay1Cy + %szl] + %CLCZVZ (32 —az,C7)

a 2

cp (8 —az0;)+ 6?01%(32 — a0, ) G (8 — 285565
(24 o

6—cV3 [31 — a0 + *02V1J
B B

2 4
(8p — ;)" ¢c)° +6%q{l—ﬁczj

C23 (a2 — a3t )3

(82)
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NZ (t) = C2 + (az - 322C2)C2t + (az - a22C2)
{2

co(ay - 2a2202)?

(ay —2ay,C, )2 IS

—28,,Cy (ag —aC,) | 8

+(ap —2a9,C; )(a2 — a0y )Cy

(83)

+(a2 - azzcz)czl

2 t4
[(32 —289,C; )" ~8agyC; (8, —82C, )}a
The numerical simulations of the solutions (58)
and (59) with the values of the coefficients
satisfied by the condition (C) as
al=1;all=2.4;a2=0.03;a22=0.65;p=2;9=3.
1;N101=1;n20=1;drawn using HPM and 4™
order Runge Kutta method .It is observed from
figures 5 and 6, that the two methods agree
with the solutions for Njand N2

1 T
----- HPM Method
0.98 =-==-R K Method
S
0.96 N
N,
-,
O,
0.94 AN
~
o \ N
z \\ .
0.9 SN
N,
N\, .
NN
\\ .
09 N
\\
0.88 N
N\,
0.86 :
0 002 004 006 008 01 012 014 016

time(t)

Fig.5. Comparison between the four-term HPM solution
of the system in Eq.(3) and the numerical solution with
al=1;all=2.4;a2=0.03;a22=0.65; a=2;
L=3.1;N101=1;N20=1
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1 T T
*=-HPM Method
0.99 Y === RK Method H
\0
0.98 s
\\
0.97 L
096 \*‘\\
095 M
\'\.
.,

0.94 .
0.93 s
092 \

0.91

0 002 004 006 008 0.1

time(t)

012 014 016

Fig.5. Comparison between the four-term HPM
solution of the system in Eq.(3) and the numerical
solution with
al=1;all=2.4;a2=0.03;a22=0.65;
L£=3.1;N101=1;N20=1

a=2;

Section: 4
4.1 Conclusions and results.
In this paper the approximate analytical solutions

of continuous population models of interacting
species, specifically  with commensalism
interaction by utilizing He’s  homotopy

perturbation method are evaluated.

Figs.1land 2 show the comparison between
the four-term HPM solutions of the system in Eq.
Q) and the numerical solutions
Witha1=1.15;a11=0.05;a12=0.2;a2=1.78;a
22=0.01;N101=2;N20=2.These numerical
solutions are obtained by using ode45, an ordinary
differential equation solver found in the Matlab
package . From both of the figures it is clear that
there is a very close approximation between the
solutions for N1 (Commensal population) and N2
(Host population) in the time interval [0, 0.45] by
using only 4 terms of the series given by Eq. (11),
which indicates that the speed of convergence of
HPM is very fast. A better approximate analytical
solution for t>0.45 can be achieved by adding
more terms to the series in Eq. (11).

Figs.3 and 4 shows the comparison
between the four-term HPM solutions of the system
in Eg. (2) and the numerical solutions with
dl=0.4;al11=0.1;al12=0.007;a2=1.3;a22=0.
15;N10=1;N20=1.It seems that the solutions for
N1 and N2 almost identical in the time interval [O,
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0.5], after t>0.5the speed of convergence by
HPM is very fast. A better approximation to the
solution is acquired by adding new terms to the
series in Eq. (11).

Figs.5 and 6 demonstrates the comparison
between the four-term HPM solutions of the system
in Eg. (3) and the numerical solutions with
al=1;all=2.4;a2=0.03;a22=0.65; a=2;
p£=3.1;N101=1;N20=1.It is again clear that the
two figures for the solutions (N;, N,)look
indistinguishable in the time interval [0.0.38], after
t >0.38the speed of convergence by HPM is very
fast. A better approximation to the solution is
obtained by adding new terms to the series in Eq.
(12).

In this paper one clearly conclude that the
solutions obtained by the standard Homotopy-
Perturbation Method (HPM) were not valid for
large time span unless more terms are ascertained.
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