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Abstract: - In this paper we shall analyse entrance examinations at Prague University of Economics from
probability point of view. Entrance examinations in mathematics and entrance examinations in English are used
for admission process at the university. These tests in mathematics and English are the multiple choice question
tests. We shall find the probability distribution of random variables “number of points in the test in
mathematics” and “number of points in the test in English” (in this case model of binomial distribution can be
used). On the base of these probability distributions we can answer e.g. the following questions (under
assumption of random choice of answers): what is the probability, that number of right answers exceeds given
number, what is expected number of right answers, etc.
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1 Introduction

In many situations the following type of test is used
for checking students' knowledge. The test has n
questions, each question has m answers (the
multiple choice question test). Multiple choice
guestion tests are also applied for entrance
examinations in  mathematics and entrance
examinations in English at Prague University of
Economics — see Klafa (2011). Multiple choice
question  tests are suitable for entrance
examinations. These tests are objective, results can
be evaluated easily for large number of students. On
the other hand, a student can obtain certain number
of points in the test purely by guessing the right
answers. This problem we shall solve in present
paper for admission process at Prague University of
Economics. Similar problem is addressed in other
education research — see e.g. Zhao (2005),
Premadasa (1993), Zhao (2006), Klafa (2015),
Hruby (2016).

From probability point of view multiple choice
test means: Let us consider n independent random

ISSN: 2367-8925

60

trials having two possible outcomes, say “success”
(right answer) and “failure” (wrong answer) with
probabilities p and (1-p) respectively. Under
assumption that each answer has a same probability
is p=1/m.

Let us denote X number of successes (right
answers) that occur in n independent random trials.
Random variable X is distributed according the
binomial law with parameters n and p. Probability,
that number of successes is k (see e.g. Rao, 1973) is

Px=i=()a-pt

for k=0,1,...,n. The expected value and the variance
(dispersion) of random variable X distributed

according the binomial law with parameters n and p
is

EX)=np, D(X)=np(1-p)

(2)
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2 Entrance Exams in Mathematics

Entrance examination in mathematics has 10
questions for 5 points and 5 questions for 10 points
(100 points total). Each question has 5 answers.

Under assumption that each answer has a same
probability, probability of right answer is p=1/5.

Example 1. Under assumption of random choice of
answers we shall find probability that number of
points in the test in mathematics is 15.
Let us denote
Y = number of points in the test in mathematics
X1 =number of right answers in the first 10 issues
X, = number of right answers in 10-points tasks
Holds
P(Y=15) = P[ (X;=1NX,=1) U (X;=3NX,=0)] =
=P[ (X;=1NX,=1) ] + P[ (X;=3NX,=0) ]

Random variables X;, X, are independent, therefore
we have - see e.g. Rényi (1972)

P(Y=15) = P (X;=1) P(X,=1) + P (X;=3) P(X,=0)

Random variable X; has binomial distribution with
parameters n=10 and p=0,2. Random variable X,
has binomial distribution with parameters n=5 and
p=0,2. According to (1) we obtain

P(Y = 15) =
(10)02089 (5)02084

( )023087 ( )0,85=

75922

Analogously, we can calculate the probabilities
P(Y=k) for other k=0, 5, 10, 15, ..., 95, 100 (see
Table 1 and Figure 1). For this calculation we
used software Mathematica (Statistics ‘Discrete
Distributions’) — see Wolfram (1991).
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Table 1 Distribution of number of points in the test
(mathematics)

Points Points

from the | Probability from the | Probability

test test
0 0,035184 55 0,002890
5 0,087961 60 0,000957
10 0,142937 65 0,000275
15 0,175922 70 0,000067
20 0,174547 75 0,000014
25 0,146098 80 0,000002
30 0,105227 85 3x 107
35 0,066057 90 2x10°
40 0,036467 95 1x10°
45 0,017761 100 3x 10"
50 0,007634 Sum 1,000000

Source: Own construction

Fig. 1 Distribution of number of points in the test
(polygon) — mathematics
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Source: Own construction

Example 2. Under assumption of random choice of
answers we shall find probability that number of
points from the test in mathematics is

(a) 30 and more,
(b) 40 and more,
(c) 50 and more.

(a) Using notation from example 1 we have

P(Y>30) = 1 - P(Y<30) = 1 - P[(Y=0) U (Y=5) U
(Y=10) U (Y=15) U (Y=20)U(Y=25)]=

=1 - [ P(Y=0)+ P(Y=5)+ P(Y=10)+ P(Y=15)+
P(Y=20)+ P(Y=25) ]
Finally from Tab.1 we obtain
P(Y>30) =1-0,762649 = 0,237351.
Under assumption of random choice of answers

almost a quarter of students get the test score 30 or
more points.

(b) Analogously, we obtain
P(Y>40) = 1-P(Y<40) =

=1-[ P(Y=0)+ P(Y=5)+ P(Y=10)+ P(Y=15)+
P(Y=20)+ P(Y=25) + P(Y=30) + P(Y=35) ]

Finally from Tab.1

P(Y>40) =1-0,933933 = 0,066067.
Under assumption of random choice of answers
approximately 6,6% of students get the test score 40
or more points.
(c) Finally

P(Y>50) =1-0,988161 = 0,011839.
Under assumption of random choice of answers

approximately 1,2% of students get the test score 50
or more points.

Example 3. Under assumption of random choice of
answers we shall find expected number of points in
the test in mathematics and mode.

Using notation from example 1 we have

ISSN: 2367-8925

62

International Journal of Economics and Management Systems

http://www.iaras.org/iaras/journals/ijems

Y=5X;+10X;

Therefore - see e.g. Feller (1970)
E(Y) = E(6X; + 10X;) = 5 E(X;) +10 E(Xy)

According to (2) we obtain (e.g. E(X;) =10.0,2 =
2)

E(Y)= 5.2+10.1=20.

Expected number of points in the test in
mathematics is 20. The mode is the most probable
number of points. From Tab.1 is

y =15.

3 Entrance Exams in English

Entrance examinations in English has 50 questions
for 2 points (100 points total). Each question has 4
answers. Under assumption that each answer has a
same probability, probability of right answer is
p=1/4.

Example 4. Under assumption of random choice of
answers we shall find probability that number of
points from the test in English is 20.

Let us denote
Z = number of points in the test in English
X = number of right answers in the 50 issues

Random variables X has binomial distribution with
parameters n=50 and p=0,25. According to (1) we
obtain

50
P(Z=20)=P(X =10) = (10) 0,250 0,75%0
= 0,098518

Analogously, we can calculate the probability
P(z=k) for other k=0, 2, 4, 6, 8, ..., 98, 100 - see
Table 2 (only for k=0, ... , 66, other probabilities
are less than 107) and Figure 2. For this
calculation we used  software  Mathematica
(Statistics “DiscreteDistributions’) — see Wolfram
(1991).
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Table 2 Distribution of number of points in the test
(English)

Points Points
from the | Probability from the | Probability
test test
0 0,000001 36 0,026390
2 0,000009 38 0,014816
4 0,000077 40 0,007655
6 0,000411 42 0,003645
8 0,001610 44 0,001602
10 0,004938 46 0,000650
12 0,012345 48 0,000244
14 0,025865 50 0,000084
16 0,046341 52 0,000027
18 0,072087 54 0,000008
20 0,098518 56 0,000002
22 0,119416 58 0,000001
24 0,129368 60 1x 107
26 0,126050 62 3x10°®
28 0,111044 64 6 x 107
30 0,088836 66 1x107°
32 0,064776 ok Aok
34 0,043184 Sum 1,000000

Source: Own construction
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Fig. 2 Distribution of number of points in the test
(polygon) — English
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Source: Own construction

Example 5. Under assumption of random choice of
answers we shall find probability that number of
points from the test in English is

(@) 30 and more,
(b) 40 and more,
(c) 50 and more.

() Using notation from example 4 we have
P(Z>30) =1-P(Z<30)= 1-[P(Z=0)+
P(Z=2)+ P(Z=4)+ ... + P(Z=26)+ P(Z=28) ]

Finally from Tab.2 we obtain
P(Z>30) = 1-0,748080 = 0,251920.
Under assumption of random choice of answers
approximately quarter of students get the test score
30 or more points.
(b) Analogously, from Tab.2 we obtain
P(Z >40)=1-P(Z<40) =1 -0,986082 =
0,013918.

Under assumption of random choice of answers
approximately 1,4% of students get the test score 40
or more points.

(c) Finally
P(Z>50) = 1-0,999878 = 0,000122.
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Under assumption of random choice of answers
approximately 0,01% of students get the test score
50 or more points.

Example 6. Under assumption of random choice of
answers we shall find expected number of points in
the test in English and mode.

Using notation from example 4 we have Z = 2 X.
According to (2) we obtain

E(Z) =E@X)=2E(X)= 2.12,5=25.

Expected number of points in the test in English is
25. The mode is the most probable number of
points. From Tab.2 is

2 =24.

4 Conclusion

Probability that number of points from both tests
(mathematics and English) is 50 and more is
(random variables Y and Z in example 1 and 4 are
independent)

P(Y > 50)XP(Z > 50) = 0,011839 x 0,000122 =
0,000001.

Approximately one student from million (under
assumption of random choice of answers)
successfully makes the entrance examinations at
University of Economics. Multiple choice question
tests are optimal for entrance examinations at
University of Economics. These tests are objective
(there is clearly no impact of any subjective factor
in evaluation). Moreover, results can be evaluated
quite easily for large number of students. From
results of this paper follows that risk of acceptance
students with lower performance levels is
negligible.
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