
Robust exponential stability of a class of uncertain Lur’e systems of
neutral type by Wirtinger-based integral inequality

NUNTAWAN JINATI SAOVALAK VUNPOANG ORATHAI SARADEE WAJAREE WEERA∗

University of Phayao
Department of Mathematics

19 Moo 2, Maeka, Muang, Phayao
Thailand

∗Corresponding author: wajaree.we@up.ac.th

Abstract: This Paper deals with the problem of exponential stability for a class of uncertain Lur’e systems of
neutral with interval time-varying delay and sector-bounded nonlinearily. The interval time-varying delay function
is not assumed to be differentiable. We analyze the global exponential stability for uncertain neutral and Lur’e
dynamical systems with some sector conditions. By constructing a set of improved Lyapunov-Krasovskii func-
tional and Utilizing Wirtinger-based integral inequality combined with Leibniz-Newton’s formula, We establish
some new stability criteria in terms of linear matrix inequalities. Numerical examples are given to illustrate the
effectiveness of the results. The results in this article generalize and improve the corresponding results of the recent
works.
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1 Introduction
In many practical systems, models of system are
described by neutral differential equations, in which
the models depend on the delays of state and state
derivatives. Heat exchanges, distributed networks
containing lossless transmission lines, and population
ecology are examples of neutral systems. Because of
its wider application, therefore, several researchers
have studied neutral time delay systems, see [1-4] and
references cited therein.

It is known that exponential stability is more fa-
vorite property than asymptotic stability since it gives
a faster convergence rate to the equilibrium point, the
decay rates (i.e., convergent rates) are important in-
dices of practical system, and the exponential stabil-
ity analysis of time-delay systems has been a popu-
lar topic in the past decades; see, for example,[4,6,11]
and their references. In [11], delay-dependent expo-
nential stability for uncertain linear systems with in-
terval time-varying delays.

Recently, there are many research study on the
asymptotic stability of a class of neutral and Lur’e
dynamical systems with time delay,see,for example,
[10,13,14,16]. The problems have been dealt with sta-
bility analysis for neutral systems with mixed delay
and sector-bounded nonlinearity [9], robust absolute
stability criteria for uncertain Lur’e systems of neu-

tral type [14], and robust stability criteria for a class of
Lur’e systems with interval time-varying delay [10].
However, it is worth pointing out that, even though
these results above were elegant, there still exist some
points waiting for the improvement. Firstly, most of
the work above the time-varying delay are required to
be differentiable. In fact, the constraint on the deriva-
tive of the time-varying delay is not required which al-
lows the time-delay to be a fast time-varying function.
Secondly, in most studies on the asymptotic stability
of Lur’e dynamical systems still need to be improved
to the exponential stability.

Based on the above discussions, we consider the
problem of robust stability for a class of uncertain
neutral and Lur’e dynamical systems with sector-
bounded nonlinearity The time delay is a continuous
function belonging to a given interval, which means
that the lower and upper bounded for the time vary-
ing delay are available, but the delay function is not
necessary to be differentiable. To the best of the au-
thors knowledge, there were no results for uncertain
neutral and Lur’e dynamical systems with some sec-
tor condition [13,14,16]. Based on the construction
of improved Lyapuno-Krasovskii functional and Uti-
lizing seuret and Gouaisbaut, 2013 [5] combined with
Leibniz-Newton’s formula and the integral terms, new
delay dependent sufficient conditions for the uncertain
neutral and Lur’e dynamical of system are established
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of LMIs. The new stability condition is much less
conservative and more general than some existing re-
sults. Numerical examples are given to illustrate the
effectiveness of our theoretical results.

2 Problem statements and prelimi-
naries

The following notation will be used in this paper:
R
+ denotes the set of all real nonnegative numbers;

Rn denotes the n-dimensional space and the vector
norm

∥

∥ ·
∥

∥; Mn×r denotes the Space of all matrices
of (n × r)-dimensions. AT denotes the transpose
of matrix A; A is symmetric ifA = AT ; I denotes
the identity matrix; λ(A) denotes the set of all
eigenvalues ofA; λmax(A) = max{ Reλ ∈ λ(A)}.
xt := { x(t + s) : s ∈

[

− h, 0
]

},
∥

∥xt
∥

∥ =

sup
s∈
[

−h,0
]

∥

∥x(t + s)
∥

∥; C(
[

0, t
]

, Rn) denotes the

set of all Rn-valued continuous functions on [0,t];
Matrix A is called semipositive definite

(

A ≥ 0
)

if xTAx ≥ 0, for all x ∈ R
n; a is positive definite

(A > 0) if xTAx > 0 for all x 6= 0;A > B means
A − B > 0; diag(c1, c2, ..., cm) denotes block diago-
nal matrix with diagonal elementsci, i = 1, 2, ...,m.
The Symmetric term in a matrix is denoted by*

Consider the following uncertain Lur’e system of
neutral type with interval time-varying delays delays
and sector-bounded nonlinearity:

ẋ(t)− Cẋ(t− η(t)) = (A+∆A(t))x(t)

+(A1 +∆A1(t)x(t− h(t))

+(B +∆B(t))f(σ(t)),

σ(t) = HTx(t) = [h̄1, h̄2, ..., h̄m]Tx(t), ∀t ≥ 0,

x(t+ s) = φ(t+ s), ẋ(t+ s) = ϕ(t+ s),

s ∈ [−m, 0], m = max{ h2, η} (1)

wherex(t) ∈ R
n is the state vector;σ(t) ∈ R

n the
output vector;A ∈ R

n×n, B ∈ R
n×m, C ∈ R

n×n,
A1 ∈ R

n×n, H ∈ R
n×m, are constant known ma-

trices;f(σ(t)) ∈ R
m is the nonlinear function in the

feedback path, which is denoted asf for simplicity in
the sequel. Its form is formulated as

f(σ(t)) = [f1(σ1(t)) f2(σ2(t) ... fm(σm(t))]T ,

σ(t) = [σ1(t) σ2(t) ... σ(t)]
T

= [hT1 x(t) h
T
2 x(t) ... h

T
mx(t)]

wherefi(σ(t)), i = 1, 2, ...,m satisfies any one of the
following sector condition:

fi(σi(t)) ∈ K[0,ki] =
{

fi(σi(t)) | fi(0) = 0,

0 < σi(t)fi(σi(t)) ≤ kiσi(t)
2, σi(t) 6= 0

}

(2)

or

fi(σi(t)) ∈ K[0,∞] =
{

fi(σi(t)) | fi(0) = 0, (3)

0 < σi(t)fi(σi(t)) > 0, σi(t) 6= 0
}

.

∆A(t),∆B(t), and ∆A1(t) are time-varying un-
certainties of appropriate dimensions, which are
assumed to be of the following form:

[∆A(t) ∆B(t) ∆A1(t)] = DF (t)[E1 E2 E3], (4)

where D,E1, E2, and E3 are known matrices of
appropriate dimension, and the time-varying matrix
F (t) satisfies

F T (t)F (t) ≤ I, ∀t ≥ 0. (5)

The delaysh(t) andτ(t) are time-varying continuous
function that satisfy

0 ≤ h1 ≤ h(t) ≤ h2, 0 ≤ η(t) ≤ η, η̇(t) ≤ ηd < 1.
(6)

We introduce the following technical well-known
propositions and definition, which will be used in the
proof of our results.

Definition 1. If there existγ > 0 andψ(γ) > 0 such
that

∥

∥x(t)
∥

∥ ≤ ψ(γ)e−γt, ∀t > 0.

system (1) is said to be exponentially stable at the
equilibrium point, whereγ is called the degree of ex-
ponential stability.

Lemma 2. (Cauchy inequality,[2]). For any symmet-
ric positive definite matrixN ∈Mn×n andx, y ∈ R

n

we have

±2xT y ≤ xTNx+ yTN−1y.

Lemma 3. (Schur complement lemma, [2]). Given
constant symmetric matricesX,Y,Z with appropri-
ate dimensions satisfyingX = XT ,Y = Y T > 0.
ThenX + ZTY −1Z < 0 if and only if

(

X ZT

Z −Y

)

< 0 or

(

−Y Z
ZT X

)

< 0. (7)

Lemma 4. (Seuret - Gouaisbaut, 2013). For a given
matrixR > 0, the following inequality hold for any
continuously differentiable functionω : [a, b] → R

n

∫ b

a

ω̇(u)du ≥
1

b− a
(ΓT

1
RΓ1 + 3ΓT

2RΓ2)

where
Γ1 := ω(b)− ω(a),
Γ2 := ω(b) + ω(a)− 2

b−a

∫ b

a
ω(u)du.

Nuntawan Jinati et al.
International Journal of Control Systems and Robotics 

http://www.iaras.org/iaras/journals/ijcsr

ISSN: 2367-8917 182 Volume 1, 2016



3 Main results

Now we present a new delay-dependent condition for
the uncertain system (1) satisfying the sector condi-
tions (2).

Assumption 5. All the eigenvalues of matrix C are
inside the unit circle.

Theorem 6. Under Assumption 5, givenα > 0.
The system (1) satisfying the sector condition (2) is
α−exponentially stabilizable if there exist symmet-
ric positive definite matricesP, Q, R, U, F, L
symmetric positive semidefinite matricesZ =
diag(z1, z2, ..., zm) and J = diag(j1, j2, ..., jm)
scalarsǫ > 0 matricesNi; i = 1, 2, 3 of appropriate
dimensions such that the following LMIs hold:

M1 = M+M∗
1 < 0, (8)

M2 = M+M∗
2 < 0, (9)

M =



























φ11 φ12 φ13 φ14 φ15 φ16 φ17 φ18

∗ φ22 φ23 φ24 φ25 φ26 φ27 φ28

∗ ∗ φ33 0 0 0 0 0
∗ ∗ ∗ φ44 0 0 0 0
∗ ∗ ∗ ∗ φ55 φ56 φ57 φ58

∗ ∗ ∗ ∗ ∗ φ66 φ67 φ68

∗ ∗ ∗ ∗ ∗ ∗ φ77 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ φ88

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

φ19 φ110 0 0
0 0 φ211 φ212

φ39 0 0 φ312

0 φ410 φ411 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

φ99 0 0 0
∗ φ110 0 0
∗ ∗ φ111 0
∗ ∗ ∗ φ112



























,

where
φ11 = 2αP + 2PA+ 2Q− e−2αh1 − e−2αh24R
+ǫE1E1, φ13 = −e−2αh12R, φ14 = −e−2αh22R,
φ12 = PA1 +

1
2N

T
1 A+ 1

2N
T
2 A+ 1

2N
T
3 A+ ǫE1E3,

φ15 = PB + 1
2HKJ + ZHTA+ 1

2N
T
1 A+ 1

2N
T
2 A

+1
2N

T
3 A+ ǫE1E2, φ17 = PC, φ18 = PD,

φ16 = LA+ 1
2HKJ + ZHTA+ 1

2N
T
1 A+ 1

2N
T
2 A

+1
2N

T
3 A, φ19 = −e−2αh16R, φ110 = −e−2αh22R,

φ22 = −e−2αh24U − e−2αh24U + 1
2HKJ +ZHTA

+1
2N

T
1 A+ 1

2N
T
2 A+ 1

2N
T
3 A+ ǫE3E3,

φ23 = −e−2αh12U, φ24 = −e−2αh12U,
φ25 = ZHTA1 +

1
2HKJ + ZHTA+ 1

2N
T
1 A1

+1
2N

T
2 A1 +

1
2N

T
3 A1 +

1
2HKJ + ZHTB + 1

2N
T
1 B

+1
2N

T
2 B + 1

2N
T
3 B + ǫ1E3E2, φ211 = −e2αh26U,

φ26 = LA1 −
1
2N

T
1 − 1

2N
T
2 − 1

2N
T
3 + 1

2N
T
1 A1

+1
2N

T
2 A1 +

1
2N

T
3 A1, φ212 = −e2αh26U,

φ27 =
1
2N

T
1 C + 1

2N
T
2 C + 1

2N
T
3 C, φ39 = e2αh16R,

φ28 =
1
2N

T
1 D + 1

2N
T
2 D + 1

2N
T
3 D,φ312 = e2αh26U,

φ33 = −e−2αh1Q− e2αh14R − e2αh24U,
φ44 = −e−2αh2Q− 4R− 4U − (1− β)U,
φ410 = e2αh26R,φ411 = e2αh26U,
φ55 = 2ZHTB − J + 1

2N
T
1 B + 1

2N
T
2 B + 1

2N
T
3 B

+ǫE2E2, φ56 = LB − 1
2N

T
1 − 1

2N
T
2 − 1

2N
T
3

+1
2N

T
1 B + 1

2N
T
2 B + 1

2N
T
3 B, φ68 = LD,

φ57 = 2ZHTC + 1
2N

T
1 C + 1

2N
T
2 C + 1

2N
T
3 C,

φ58 = 2ZHTD + 1
2N

T
1 D + 1

2N
T
2 D + 1

2N
T
3 D,

φ66 = h21R+h22R+(h2−h1)
2U+F−2L−NT

1 −NT
2

−NT
3 , φ67 = LC + 1

2N
T
1 + 1

2N
T
2 + 1

2N
T
3 ,

φ77 = −e−2αη(1− ηd)F, φ88 = −ǫI,
φ99 = −e2αh112R, φ1010 = −e2αh212R,
φ1111 = −e2αh212U, φ1212 = −e2αh212U,

M∗
1 =



























0 0 0 0 0 0 0 0 0 0 0 0
∗ φ̄22 φ̄23 0 0 0 0 0 0 0 0 φ̄212

∗ ∗ φ̄33 0 0 0 0 0 0 0 0 φ̄312

∗ ∗ ∗ 0 0 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ 0 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ φ̄1212



























,

where φ̄22 = −e2αh24U, φ̄23 = −e2αh22U,
φ̄212 = −e2αh26U, φ̄33 = −e2αh22U, φ̄312 =
−e2αh26U, φ̄1212 = −e2αh212U,

M∗
2 =































0 0 0 0 0 0 0 0 0 0 0 0

∗ φ̂22 0 φ̂24 0 0 0 0 0 0 φ̂211 0
∗ ∗ 0 0 0 0 0 0 0 0 0 0

∗ ∗ ∗ φ̂44 0 0 0 0 0 0 φ̂411 0
∗ ∗ ∗ ∗ 0 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ 0 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ 0 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ φ̂1111 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 0































,

where
φ̂22 = −e2αh24U, φ̂24 = −e2αh22U,
φ̂211 = −e2αh26U, φ̂44 = −e2αh24U,
φ̂411 = −e2αh26U, φ̂1111 = −e2αh212U.
The solutionx(t) of the system satisfies,

‖x(t)‖ ≤

√

a‖φ‖2 + b‖M1‖2 + c‖M2‖2

λm(P )
(10)

where a = λM (P ) + 2h2λm(R) + h2λM (U) +
2λM (HZKHT ), b = 2λM (Q)(1 − e−2αh2)/2α +
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2h2λM ((1 − e−2αh2)/2α) + h2λM (U)((1 −
e−2αh2/2α), and c = λM (F )((1 −
e−2αη)/2α), ‖M1‖ = sup

−m≤s≤0
‖x(s)‖, ‖M2‖ =

sup
−m≤s≤0

‖ẋ(s)‖.

Proof. Using (2), the uncertain system (1) can be rep-
resented as

ẋ(t) = Ax(t) +A1x(t− h(t)) +Bf(σ(t))

+Cẋ(t− η(t)) +Dp(t),

p(t) = F (t)(E1x(t) + E2f(σ(t)) + E3x(t− h(t))),

σ(t) = HTx(t) = [h̄1 h̄2 · · · h̄m]Tx(t),∀t ≥ 0,

x(s) = φ(s), s ∈ [−max(h2, η), 0]. (11)

We consider the following Lyapunov-Krasovskii
functional

V (x(t)) =
8

∑

i=1

Vi (12)

where

V1(x(t)) = e2αtxT (t)Px(t),

V2(x(t)) =

∫ t

t−h1

e2αsxT (s)Qx(s)ds,

V3(x(t)) =

∫ t

t−h2

e2αsxT (s)Qx(s)ds,

V4(x(t)) = h1

∫ 0

−h1

∫ t

t+s

e2αsẋT (τ)Rẋ(τ)dτds,

V5(x(t)) = h2

∫ 0

−h2

∫ t

t+s

e2αsẋT (τ)Rẋ(τ)dτds,

V6(x(t)) = (h2 − h1)

∫ −h1

−h2

∫ t

t+s

e2αsẋT (τ)Uẋ(τ)dτds,

V7(x(t)) =

∫ t

t−ηt

e2αsẋT (s)Fẋ(s)ds,

V8(x(t)) = 2

m

∑

i=1

λie
2αt

∫ σi

0
fi(σ)dσi.

Taking the derivative ofV (xt) along the solution of
system (11), we have

V̇1(x(t)) = 2αe2αtxT (t)Px(t) + 2e2αtxT (t)P ẋ(t)

= e2αt[2αxT (t)Px(t) + 2xT (t)P (Ax(t)

+A1x(t− h(t)) +Bf(σ(t))

+Cẋ(t− η(t)) +Dp(t))],

V̇2(x(t)) = e2αt[xT (t)Qx(t) − e−2αh1x
T

(t− h1)

×Qx(t− h1)],

V̇3(x(t)) = e2αt[xT (t)Qx(t) − e−2αh2x
T

(t− h1)

×Qx(t− h2)],

V̇4(x(t)) = e2αt[h21ẋ(t)Rẋ(t)− h1e
−2αh1

×

∫ t

t−h1

ẋT (s)Rẋ(s)ds],

V̇5(x(t)) = e2αt[h22ẋ(t)Rẋ(t)− h2e
−2αh2

×

∫ t

t−h2

ẋT (s)Rẋ(s)ds], (13)

V̇6(x(t)) = e2αt[(h2 − h1)
2ẋ(t)Uẋ(t)

−(h2 − h1)e
−2αh2

∫ t−h1

t−h
2

ẋT (s)Uẋ(s)ds],

V̇7(x(t)) = e2αt[ẋT (t)F ẋ(t)− e−2αη(1− ηd)

×ẋT (t− η(t))F ẋ(t− η(t))],

V̇8(x(t)) = e2αt[2
m
∑

i=1

λie
2αt(2α

∫ σi(t)

0

fi(σi)dσi

+fi(σi(t))σ̇i(t))],

≤ e2αt[4αfT (σ(t))Zσ(t) + 2fT (σ(t))Zσ̇(t)],

≤ e2αt[4αfT (σ(t))ZHx(t) + 2fT (σ(t))

×ZHT ẋ(t)],

= e2αt[4αfT (α(t))ZHx(t)

+2fT ](σ(t))ZHT × (Ax(t)

+A1x(t− h(t)) +Bf(σ(t))

+Cẋ(t− η(t)) +Dp(t))].

Applying the Seuret and Gouaisbaut, 2013, we have

−h1

∫ t

t−h1

ẋT (s)Rẋ(s)ds

≤ −(x(t)− x(t− h1))
TR(x(t) − x(t− h1)

+3[(x(t) + x(t− h1)−
2

t− (t− h1)

∫ t

t−h1

x(s)ds)T

×R(x(t) + x(t− h1)−
2

t− (t− h1)

∫ t

t−h1

x(s)ds)]

≤ −4xT (t)Rx(t) − 2xT (t)Rx(t − h1)− 2xT (t− h1)

×Rx(t)− 4xT (t− h1)Rx(t − h1) + xT (t)

×
6R

h1

∫ t

t−h1

x(s)ds + xT (t− h1)
6R

h1

∫ t

t−h1

x(s)ds

+
6

h1

∫ t

t−h1

xT (s)dsRx(t)

+
6

h1

∫ t

t−h1

xT (s)dsRx(t − h1)

−
6

h1

∫ t

t−h1

xT (s)ds
2R

h1

∫ t

t−h1

x(s)ds, (14)

−h2

∫ t

t−h2

ẋT (s)Rẋ(s)ds

≤ −[(x(t)− x(t− h2))
TR(x(t) − x(t− h2))

+3((x(t) + x(t− h2)−
2

t− (t− h2)

∫ t

t−h2

x(s)ds)T
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×R(x(t) + x(t− h2)−
2

t− (t− h2)

∫ t

t−h2

x(s)ds)]

≤ −4xT (t)Rx(t) − 2xT (t)Rx(t − h2)− 2xT (t− h2)

×Rx(t)− 4xT (t− h2)Rx(t − h2) + xT (t)

×
6R

h2

∫ t

t−h2

x(s)ds + xT (t− h2)
6R

h2

∫ t

t−h2

x(s)ds

+
6

h2

∫ t

t−h2

xT (s)dsRx(t)

+
6

h2

∫ t

t−h2

xT (s)dsRx(t − h2)

−
6

h2

∫ t

t−h2

xT (s)ds
2R

h2

∫ t

t−h2

x(s)ds. (15)

Note that

−(h2 − h1)

∫ t−h1

t−h2

ẋT (s)Uẋ(s)ds

= −(h2 − h1)

∫ t−h(t)

t−h2

ẋT (s)Uẋ(s)ds

−(h2 − h1)

∫ t−h1

t−h(t)

ẋT (s)Uẋ(s)ds

= −(h2 − h(t))

∫ t−h(t)

t−h2

ẋT (s)Uẋ(s)ds

−(h(t)− h1)

∫ t−h(t)

t−h2

ẋT (s)Uẋ(s)ds

−(h(t)− h1)

∫ t−h1

t−h(t)

ẋT (s)Uẋ(s)ds

−(h2 − h(t))

∫ t−h1

t−h(t)

ẋT (s)Uẋ(s)ds.

Using the Seuret - Gouaisbaut, 2013 gives

−(h2 − h(t))

∫ t−h(t)

t−h2

ẋT (s)Uẋ(s)ds

≤ [(x(t− h(t))− x(t − h2))
TU(x(t− h(t))

−x(t− h2)) + 3((x(t− h(t)) + x(t− h2)

−
2

h2 − h(t)

∫ t−h(t)

t−h2

x(s)ds)TU(x(t− h(t))

−x(t− h2)−
2

h2 − h(t)

∫ t−h(t)

t−h2

x(s)ds)]

≤ −4xT (t− h(t))Ux(t − h(t))− 2xT (t− h(t))

×Ux(t− h2)− 2xT (t− h2)Ux(t− h(t))

−4xT (t− h2)Ux(t − h2))

+xT (t− h(t))
6U

h2 − h(t)

∫ t−h(t)

t−h2

x(s)ds)

+xT (t− h2)
6U

h2 − h(t)

∫ t−h(t)

t−h2

x(s)ds)

+
6

h2 − h(t)

∫ t−h(t)

t−h2

xT (s)ds)Ux(t− h(t))

+
6

h2 − h(t)

∫ t−h(t)

t−h2

xT (s)ds)Ux(t − h2)

−
6

h2 − h(t)

∫ t−h(t)

t−h2

xT (s)ds)

×
2U

h2 − h(t)

∫ t−h(t)

t−h2

x(s)ds), (16)

−(h(t)− h1)

∫ t−h1

t−h(t)

ẋT (s)Uẋ(s)ds

≤ [(x(t − h1)− x(t− h(t)))TU(x(t− h1)

−x(t− h(t))) + 3((x(t − h1) + x(t− h(t))

−
2

h(t)− h1

∫ t−h1

t−h(t)

x(s)ds)TU(x(t− h1)

−x(t− h(t))−
2

h(t)− h1

∫ t−h1

t−h(t)

x(s)ds)]

≤ −4xT (t− h1)Ux(t− h1)− 2xT (t− h1)

×Ux(t− h(t))− 2xT (t− h(t))Ux(t− h1)

−4xT (t− h(t))Ux(t− h(t)))

+xT (t− h1)
6U

h(t)− h1

∫ t−h1

t−h(t)

x(s)ds)

+xT (t− h(t))
6U

h(t) − h1

∫ t−h1

t−h(t)

x(s)ds)

+
6

h(t)− h1

∫ t−h1

t−h(t)

xT (s)ds)Ux(t − h1)

+
6

h(t)− h1

∫ t−h1

t−h(t)

xT (s)ds)Ux(t − h(t))

−
6

h(t)− h1

∫ t−h1

t−h(t)

xT (s)ds)

2U

h(t)− h1

∫ t−h1

t−h(t)

x(s)ds). (17)

Let β = (h2 − h(t))/(h2 − h1) ≤ 1, we get

−(h2 − h(t))

∫ t−h1

t−h(t)

ẋT (s)Uẋ(s)ds

= −β

∫ t−h1

t−h(t)

(h2 − h1)ẋ
T (s)Uẋ(s)ds

≤ −β

∫ t−h1

t−h(t)

(h(t)− h1)ẋ
T (s)Uẋ(s)ds

≤ −β[(x(t − h1)− x(t− h(t)))TU(x(t− h1)

−x(t− h(t))) + 3((x(t − h1) + x(t− h(t))

−
2

h(t)− h1

∫ t−h1

t−h(t)

x(s)ds)TU(x(t− h1)

+x(t− h(t))−
2

h(t)− h1

∫ t−h1

t−h(t)

x(s)ds)]

≤ β[−4xT (t− h1)Ux(t− h1)− 2xT (t− h1)

Ux(t− h(t))− 2xT (t− h(t))Ux(t − h1)
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−4xT (t− h(t))Ux(t− h(t))

+xT (t− h1)
6U

h(t)− h1

∫ t−h1

t−h(t)

x(s)ds

+xT (t− h(t))
6U

h(t)− h1

∫ t−h1

t−h(t)

x(s)ds

+
6

h(t)− h1

∫ t−h1

t−h(t)

xT (s)dsUx(t− h1)

+
6

h(t)− h1

∫ t−h1

t−h(t)

xT (s)dsUx(t− h(t))

−(
6

h(t)− h1

∫ t−h1

t−h(t)

xT (s)ds)

×(
2U

h(t)− h1

∫ t−h1

t−h(t)

x(s)ds], (18)

−(h(t)− h1)

∫ t−h(t)

t−h2

ẋT (s)Uẋ(s)ds

= −(1− β)

∫ t−h(t)

t−h2

(h2 − h1)ẋ
T (s)Uẋ(s)ds

≤ −(1− β)

∫ t−h(t)

t−h2

(h2 − h(t))ẋT (s)Uẋ(s)ds

≤ −(1− β)(
h2 − h(t)

h2 − h(t)
)[(x(t− h(t)) − x(t− h2))

T

×U(x(t− h(t))− x(t− h2)) + 3((x(t− h(t))

+x(t− h2)−
2

h2 − h(t)

∫ t−h(t)

t−h2

x(s)ds)T

×U(x(t− h(t)) + x(t− h2)

−
2

h2 − h(t)

∫ t−h(t)

t−h2

x(s)ds)]

≤ (1− β)[−4xT (t− h(t))Ux(t − h(t))

−2xT (t− h(t))Ux(t− h2)− 2xT (t− h2)

Ux(t− h(t))− 4xT (t− h2)Ux(t− h2)

+xT (t− h(t))
6U

h2 − h(t)

∫ t−h(t)

t−h2

x(s)ds

+xT (t− h2)
6U

h2 − h(t)

∫ t−h(t)

t−h2

x(s)ds

+
6

h2 − h(t)

∫ t−h(t)

t−h2

xT (s)dsUx(t− h(t))

+
6

h2 − h(t)

∫ t−h(t)

t−h2

xT (s)dsUx(t− h2)

−(
6

h2 − h(t)

∫ t−h(t)

t−h2

xT (s)ds)

×(
2U

h(h2 − h(t)

∫ t−h(t)

t−h2

x(s)ds]. (19)

Therefore from (16)-(19), we obtain

−(h2 − h1)

∫ t−h1

t−h2

ẋT (s)Uẋ(s)ds

≤ −4xT (t− h(t))Ux(t − h(t))− 2xT (t− h(t))

×Ux(t− h2)− 2xT (t− h2)Ux(t− h(t))

−4xT (t− h2))Ux(t − h2)

+xT (t− h(t))
6U

h2 − h(t)

∫ t−h(t)

t−h2

x(s)ds)

+xT (t− h2)
6U

h2 − h(t)

∫ t−h(t)

t−h2

x(s)ds)

+
6

h2 − h(t)

∫ t−h(t)

t−h2

xT (s)ds)Ux(t− h(t))

+
6

h2 − h(t)

∫ t−h(t)

t−h2

xT (s)ds)Ux(t− h2)

−
6

h2 − h(t)

∫ t−h(t)

t−h2

xT (s)ds)

×
2U

h2 − h(t)

∫ t−h(t)

t−h2

x(s)ds)

−4xT (t− h1)Ux(t − h1)

−2xT (t− h1)Ux(t − h(t))

−2xT (t− h(t))Ux(t − h1)

−4xT (t− h(t))Ux(t − h(t)))

+xT (t− h1)
6U

h(t)− h1

∫ t−h1

t−h(t)

x(s)ds)

+xT (t− h(t))
6U

h(t)− h1

∫ t−h1

t−h(t)

x(s)ds)

+
6

h(t)− h1

∫ t−h1

t−h(t)

xT (s)ds)Ux(t − h1)

+
6

h(t)− h1

∫ t−h1

t−h(t)

xT (s)ds)Ux(t − h(t))

−
6

h(t)− h1

∫ t−h1

t−h(t)

xT (s)ds)

×
2U

h(t)− h1

∫ t−h1

t−h(t)

x(s)ds)

+β[−4xT (t− h1)Ux(t − h1)− 2xT (t− h1)

Ux(t− h(t))− 2xT (t− h(t))Ux(t− h1)

−4xT (t− h(t))Ux(t − h(t))

+xT (t− h1)
6U

h(t)− h1

∫ t−h1

t−h(t)

x(s)ds

+xT (t− h(t))
6U

h(t)− h1

∫ t−h1

t−h(t)

x(s)ds

+
6

h(t)− h1

∫ t−h1

t−h(t)

xT (s)dsUx(t− h1)

+
6

h(t)− h1

∫ t−h1

t−h(t)

xT (s)dsUx(t− h(t))

−(
6

h(t)− h1

∫ t−h1

t−h(t)

xT (s)ds

×
2U

h(t)− h1

∫ t−h1

t−h(t)

x(s))ds]
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+(1− β)[−4xT (t− h(t))Ux(t − h(t))

−2xT (t− h(t))Ux(t − h2)− 2xT (t− h2)

Ux(t− h(t))− 4xT (t− h2)Ux(t− h2)

+xT (t− h(t))
6U

h2 − h(t)

∫ t−h(t)

t−h2

x(s)ds

+xT (t− h2)
6U

h2 − h(t)

∫ t−h(t)

t−h2

x(s)ds

+
6

h2 − h(t)

∫ t−h(t)

t−h2

xT (s)dsUx(t− h(t))

+
6

h2 − h(t)

∫ t−h(t)

t−h2

xT (s)dsUx(t− h2)

−(
6

h2 − h(t)

∫ t−h(t)

t−h2

xT (s)ds)

×(
2U

(h2 − h(t)

∫ t−h(t)

t−h2

x(s)ds]. (20)

We add the following zero equation:

2ξT (t)N [Ax(t) +A1x(t− h(t)) +Bf(σ(t))

+Cẋ(t− η(t)) +Dp(t)− ẋT (t)] = 0, (21)

where N = [NT
1 NT

2 NT
3 ]T , ξ(t) = [xT (t −

h(t)) fT (σ(t))ẋ(t)]T and by using the identity rela-
tion

−ẋ(t) +Ax(t) +A1(t− h(t)) +Bf(σ(t))

+Cẋ(t− η(t)) +Dp(t) = 0,

we have

−2ẋT (t)Lẋ(t) + 2ẋT (t)LAx(t) (22)

+2ẋT (t)LA1x(t− h(t)) + 2ẋT (t)LBf(σ(t))

+2ẋT (t)LCẋ(t− η(t)) + 2ẋT (t)LDp(t) = 0.

For system (3) with nonlinearity located in the sec-
tors [0, kj ](j = 1, 2, ...,m), if there exists J =
diag(j1, j2,...,jm), then we have

jifi(σi)[kih
T
i x(t)− fi(σi)] ≥ 0, i = 1, 2, ...,m

which is equivalent to

xT (t)HKJf(σ(t)) − fT (σ(t))Jf(σ(t)) ≥ 0. (23)

Similarly, for anyǫ > 0, we have

−ǫpT (t)p(t) + ǫ(E1x(t) + E2f(σ(t))

+E3x(t − h(t)))T (E1x(t) + E2f(σ(t)) (24)

+E3x(t − h(t))) ≥ 0.

Hence, according to (13)-(20) and by adding the zero term
(21)-(22) and (23)-(24), we get

V̇ (x(t)) ≤ e2αt{ξT (t)[(1 − β)M1 + βM2]ξ(t)}

where M1 and M2 defined as in (8) and (9), re-
spectively, andξ(t) = [x(t) x(t − h(t)) x(t −
h1) x(t − h2) f(σ(t)) ẋ(t) ẋ(t − η(t)) p(t)
1
h1

∫ t

t−h1

x(s)ds 1
h2

∫ t

t−h2

x(s)ds 1
h2−h(t)

∫ t−h(t)

t−h2

x(s)ds

1
h(t)−h1

∫ t−h1

t−h(t) x(s)ds]. by (1 − β)M1 + βM2 < 0

hold if and only if M1 < 0 and M2 < 0. For
showing the convergence rate, we haveV̇ (x(t)) ≤ 0,
and thenV (x(t)) ≤ V (x(0)). However, V (x(t)) ≥
e2αtxT (t)Px(t) ≥ e2αtλm(t)P‖x(t)‖2. Then, form Defi-
nition 1 we conclude that the equilibrium point is globally
exponentially stable. This completes the proof.

Remark 7. The following stability criteria are pre-
sented for finite and infinite sector conditions, for sys-
tems without uncertainties.

Corollary 8. Under Assumption 5, givenα > 0.
The system (1) without uncertainties satisfying the
sector condition (3) isα-exponentially stabilizable
if there exist symmetric positive definite matrices
P, Q, R, U, F, L symmetric positive semidefi-
nite matricesZ = diag(z1, z2, ..., zm) and J =
diag((j1, j2, ..., jm); matricesNi; i = 1, 2, 3 of ap-
propriate dimension such that the followingLMIs
holds:

M1 = M+M∗
1 > 0, (25)

M2 = M+M∗
2 > 0, (26)

M =







































Φ11 Φ12 φ13 φ14 Φ15 φ16 φ17
∗ Φ22 φ23 φ24 Φ25 φ26 φ27
∗ ∗ Φ33 0 0 0 0
∗ ∗ ∗ Φ44 0 0 0
∗ ∗ ∗ ∗ Φ55 φ56 φ57
∗ ∗ ∗ ∗ ∗ φ66 φ67
∗ ∗ ∗ ∗ ∗ ∗ φ77
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗

Φ18 Φ19 0 0
0 0 Φ210 Φ211

Φ38 0 0 Φ311

0 Φ49 Φ410 0
0 0 0 0
0 0 0 0
0 0 0 0

Φ88 0 0 0
∗ Φ99 0 0
∗ ∗ Φ110 0
∗ ∗ ∗ Φ111







































,

where
Φ11 = 2αP + 2PA+ 2Q− e−2αh1 − e−2αh24R,
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Φ12 = PA1 +
1
2N

T
1 A+ 1

2N
T
2 A+ 1

2N
T
3 A,

Φ15 = PB + 1
2HKJ + ZHTA+ 1

2N
T
1 A+ 1

2N
T
2 A

+1
2N

T
3 A, Φ18 = −e−2αh16R, Φ19 = −e−2αh16R,

Φ22 = −e−2αh24U − e−2αh24U + 1
2HKJ +ZHTA

+1
2N

T
1 A + 1

2N
T
2 A + 1

2N
T
3 A, Φ25 = ZHTA1 +

1
2HKJ+

ZHTA+ 1
2N

T
1 A1 +

1
2N

T
2 A1 +

1
2N

T
3 A1 +

1
2HKJ +

ZHTB
+1

2N
T
1 B + 1

2N
T
2 B + 1

2N
T
3 B, Φ210 = −e2αh26U,

Φ211 = −e2αh26U, Φ38 = e2αh26R, Φ311 =
e2αh26U,
Φ49 = e2αh26R, Φ410 = e2αh26U,
Φ55 = 2ZHTB − J + 1

2N
T
1 B + 1

2N
T
2 B + 1

2N
T
3 B,

Φ88 = −e2αh112R, Φ99 = −e2αh212R,
Φ1010 = −e2αh212U, Φ1111 = −e2αh212U .

Corollary 9. Under Assumption 5, the system (1)
without uncertainties satisfying the sector condition
(3) is asymptotically stable if there exist symmet-
ric positive definite matricesP, Q, R, U, F, L
symmetric positive semidefinite matricesZ =
diag(z1, z2, ..., zm) and J = diag((j1, j2, ..., jm);
matricesNi; i = 1, 2, 3 of appropriate dimension
such that the followingLMIs holds:

M1 = M+M∗
1 > 0, (27)

M2 = M+M∗
2 > 0, (28)

M =







































Φ11 Φ12 φ13 φ14 ω15 φ16 φ17
∗ Φ22 φ23 φ24 Φ25 φ26 φ27
∗ ∗ Φ33 0 0 0 0
∗ ∗ ∗ Φ44 0 0 0
∗ ∗ ∗ ∗ ω55 φ56 φ57
∗ ∗ ∗ ∗ ∗ φ66 φ67
∗ ∗ ∗ ∗ ∗ ∗ φ77
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗
∗ ∗ ∗ ∗ ∗ ∗ ∗

Φ18 Φ19 0 0
0 0 Φ210 Φ211

Φ38 0 0 Φ311

0 Φ49 Φ410 0
0 0 0 0
0 0 0 0
0 0 0 0

Φ88 0 0 0
∗ Φ99 0 0
∗ ∗ Φ110 0
∗ ∗ ∗ Φ111







































,

where
ω15 = PB + 1

2HJ + ZHTA+ 1
2N

T
1 A+ 1

2N
T
2 A

+1
2N

T
3 A,

ω55 = 2ZHTB + 1
2N

T
1 B + 1

2N
T
2 B + 1

2N
T
3 B.

4 Numerical Example

In this section, we provide numerical examples to
show the the effectiveness of our theoretical results.
Example 4.1. Consider the following nominal Lur’e
system with time-varying delays which is studied in :

ẋ(t)− Cẋ(t− η(t)) = Ax(t) +A1x(t− h(t)

+Bf(σ(t))

σ(t) = HTx(t) = [h1, h2]
Tx(t),

∀t ≥ 0,

where

A =

[

−2 0.5
0 −1

]

, A1 =

[

1 0.4
0.4 −1

]

,

B =

[

−0.5
−0.75

]

, C =

[

0.2 0.1
0.1 0.2

]

, H =

[

0.2
0.6

]

Solution. From the conditions (8) and (9) of Theo-
rem 6, we let α = 0.01, h1 = 0.1, h2 = 0.4, t =
0.8, η = 0.1, andK = 0.5. By using theLMIs
Tool-box inMATLAB, we obtaine = 90.4781,

P =

[

19.788 −1.338
−1.339 3.417

]

, Q =

[

14.444 −2.146
−2.146 3.859

]

,

R =

[

9.006 0.343
0.343 11.791

]

, U =

[

9.330 −1.725
−1725 9.010

]

,

F =

[

1.183 0.511
0.511 0.965

]

, L =

[

1.062 0.339
0.339 0.640

]

,

J =

[

0.186 0
0 139.706

]

, Z =

[

34.472 0
0 77.241

]

,

N1 =

[

−2.195 0.153
−0.001 8.241

]

,

N2 =

[

199.141 14.002
−15.095 −50.721

]

,

N3 =

[

−172.333 −19.683
12.910 68.330

]

.

Give comparison of maximum allowable value ofh2
for obtained in Corollary 8 with nonlinearity satisfy-
ing (2), wherek = 100 and Corollary 9 with nonlin-
earity satisfying (2), respectively. We see that, when
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h1 = 0 the maximum allowable bounds forh2 ob-
tained from Corollaries 8 and 9 are much better than
those obtained in [8, 9, 17]. The results obtained in [8,
9] may not be used for the case whenh1 6= 0. More-
over, the differentiability of the time delayh(t) is not
required in Corollaries 8 and 9.
Example 4.2.Consider the following uncertain Lur’e
system with interval time-varying delays with the fol-
lowing parameters :

ẋ(t)− Cẋ(t− η(t)) = (A+∆A(t))x(t)

+(A1 +∆A1(t)x(t− h(t)) + (B +∆B(t))f(σ(t))

where

A =

[

−2 0.5
0 −0.9

]

, A1 =

[

−1 0
−1 −1

]

,

B =

[

−0.2
−0.3

]

, C =

[

0.2 0
0 0.2

]

,H =

[

0.4
0.8

]

,

D = E1 = E3

[

0.1 0
0 0.1

]

, E2 =

[

0.1
0

]

Solution. From the conditions (8) and (9) of Theo-
rem 6, we let α = 0.01, h1 = 0.1, h2 = 0.4, t =
0.8, ηd = 0.2, η = 0.1, andK = 0.5. By us-
ing the LMIs Tool-box in MATLAB, we obtain
e = 19.7170,

P =

[

2.949 −1.087
−1.087 1.762

]

, Q =

[

0.724 0.170
−0.170 4.449

]

,

R =

[

10.830 −0.927
−0.927 6.855

]

, U =

[

9.158 −1.710
1.710 7.854

]

,

F =

[

0.108 −0059
−0.063 0.170

]

, L =

[

0.100 −0.063
−0.063 0.170

]

,

J =

[

0.018 0
0 68.320

]

, Z =

[

6.210 0
0 1.435

]

,

N1 =

[

3.376 −0.054
1.054 1.788

]

,

N2 =

[

349.530 223.699
194.921 108.959

]

,

N3 =

[

−343.448 −223.977
−193.654 −107.171

]

Thus, the system (1), is 0.4-exponentially stabilizable.
Givenα > 0, we will give the values of the maximum
allowable upper bounds of the uncertain Lur’e system
with interval time-varying delay (6) for differenceηd
of the delay for different decay rates0.1 ≤ α ≤ 0.4.
From Theorem 6, we obtain the maximum allowable

upper bound of the time-varyingh2, as shown in Ta-
ble 3.
Table 3. Maximum allowable upper boundsh2 of the
uncertain Lur’e system with interval time-varying de-
lay (6) for different values of theηd and decay

ηd = 0.2 ηd = 0.4 ηd = 0.6 ηd = 0.8

α = 0.1 0.6400 0.6360 0.6300 0.6150
α = 0.2 0.6200 0.6170 0.6120 0.6100
α = 0.3 0.5950 0.5930 0.5900 0.5800
α = 0.4 0.5710 0.5700 0.5670 0.5600

5 Conclusion

In this paper, we have investigated robust exponential
stability criteria for uncertain neutral and Lure dynam-
ical systems with sector-bounded nonlinearity. Based
on Lyapunov-krasovskii theory, new delay-dependent
sufficient conditions for robust exponential stability
have been derived in terms of LMIs. The interval
time-varying delay function is not required to be dif-
ferentiable which allows time-delay function to be a
fast time-varying function. The global exponential
stability for uncertain neutral and Lure dynamical sys-
tems with some conditions are investigated. Numeri-
cal examples are given to illustrate the effectiveness
of the theoretic results which show that our results are
much less conservative than some existing results in
the literature.
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