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Abstract: - This paper presents the optimization of total harmonic distortion (THD) applied directly to the line 
voltages output from a multilevel power inverter, with H-bridges cascaded common source of nine steps per 
phase applied to a photovoltaic system. The mathematical model of the THD of line voltages is presented in 
terms of commutation angles of the PWM phase modulation following the IEEE-519 standard. This equation 
gives a new and purely numerical optimization character, allowing to obtain excellent results using genetic 
algorithms reaching a THD of 0.3% in line voltages. To validate the results obtained by mathematical modeling 
and optimization, an algorithm using the FPGA Virtex5 XUPV5-LX110T is implemented. 
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1. Introduction 
Currently there is a pronounced interest at 
generating high quality electricity, through 
alternative energy sources, this is due to 
environmental disasters caused by many factors, one 
of them is the conventional sources of energy, in 
this context solar energy has been widely accepted 
because of its many advantages as a source of 
renewable energy and has presented a continuous 
growth in recent years [1], settling large number of 
photovoltaic systems around the world [2]. 

The production of electricity from solar panels is 
given in direct component, using power inverters is 
a complete solution to convert AC voltage output 
[3] for the use of energy or connecting to the power 
network [2]. However, conventional converters used 
in this application have certain problems in terms of 
power quality, due to harmonic distortion [4], [5]. 

Since in photovoltaic (PV) systems into 
alternating the power quality depends on the power 
inverter [6], today there have been numerous 
investigations aimed on optimizing the harmonic 
content of these [7], [8], presenting multilevel 
converters as a solution to the problem, because 
these inverters have many advantages compared 
with conventional two levels: waveforms of high 
quality energy, low loss switching capacity of high 
voltage, low electromagnetic interference, etc. [9]-
[11]. In this way exclusive area harmonic content 
optimization of photovoltaic systems through 

multilevel converters works are presented [12] - 
[14]. 

This research through using genetic algorithms 
aims to optimize the harmonic content of the three 
phase photovoltaic systems, minimizing THD line 
directly through a cascaded asymmetric H-bridge 
common source multilevel power converter [15] 
nine levels phase adopt the modulation found by the 
optimization algorithm. 
 
 
2. State of The Art 
The multilevel power converter appears in the year 
1975 with Baker and Lawrence patent [16], 
performing the first implementation in 1981 [17], 
from these works, numerous investigations have 
come to get a variety of converters [11] some of 
which are considered as classics [3]: fixing 
converters diodes, capacitors and floating H-bridges 
cascade. In the same way recently topologies that 
are considered innovative and seek to reduce the 
number of components, increase efficiency or 
improve power quality have appeared [18]-[20].  

Inside the classic topologies, the cascade H-
bridges is considered advantageous in terms of 
quality of the waveform and number of components 
[3], within this a convenient sub-topology appears in 
photovoltaic systems using an accumulator block, 
because it uses a single voltage source directly, 
accompanied by a transformer at the output of the 
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H-bridge, this topology is named as a multilevel 
converter cascaded H-bridge common source [21]. 
This configuration is very suitable for low cost 
renewable energy applications, because it feeds the 
entire system from a single source [9] however, 
using a transformer to the output, creates problems in 
terms of the perturbation of the waveform and makes 
the system even more complex [9], [22]. Problems 
have been studied and have been solved in works 
like [6] and [23]. 

In the field of optimization of the harmonic content 
of the modulations of multilevel converters there 
have been numerous proposed techniques depending 
on the topology used, the specific objective and the 
shape of the search for an optimum [24], [25], 
however there are very promising strategies in the 
line of evolutionary algorithms and particle swarm 
(PSO) and genetic algorithms (GA) [8], some of 
these studies conclude that outperforms genetic 
algorithms [8] and [26]. 

Similarly these optimizations mostly made in the 
phase voltages of the converters [15], [28], [29] and 
very few are made directly in the line voltages [30] 
reaching results not so near from zero. For these 
reasons in this paper a multilevel converter H-
bridges common source cascade that optimizes THD 
of line voltages directly, using genetic algorithms, as 
proposed to improve power quality three-phase PV 
systems is presented. 
 
 
3. Cascade Multilevel Converter Phase 
of Common source of Nine Steps for 
Phase 
The topology of multilevel inverter selected for this 
work is the inverter H-bridge asymmetrical cascade 
common source with 1: 3 ratio of 2 stages, which 
generates 9 levels of output voltage of each phase, 
this topology is shown in Figure 1. 

 
Fig. 1. Asymmetry Cascade Inverter in common 
source of two stages with 9 levels at the output, 
asymmetry. 1: 3 Topology. b) Vo. 

This converter allows a minimum of stages of H-
bridges (2 steps) to achieve the possible maximum 
number of output voltage steps (9 steps). The Figure 
2 shows the three-phase topology, which is nothing 

but the triplication of the single phase presented in 
Figure 1. As shown, the three phases share the DC 
bus. 

Fig. 2.  Converter topology. 
The waveform generated by the phase converter 

shown in Figure 3. This voltage waveform is 
achieved if phase-multilevel PWM modulation is 
generated. It is expected that the line voltage 
converter has more steps and more pulses due to the 
subtraction between phase voltages, this will be 
shown in later sections. 
 
 
4. Mathematical modeling 
In this study obtained an expression that quantifies 
the total harmonic distortion of line voltages in terms 
of commutation angles of each step of the phase 
voltage, both on and off angles. 

 
Fig. 3. PWM modulation waveform of 9 steps per 
phase. 

In order to determine this equation it was modeled 
using Fourier phase voltages A and B series of an 
ABC phase system of nine steps PWM modulations, 
and since the line voltage is the subtraction of the 
phase voltages (on a connection and for the 
converter), the Fourier series of the line voltage is 
obtained by the respective difference. Getting the 
Fourier series of line voltage THD is calculated in 
terms of the first 50 harmonics following the IEEE 
519 standard [31]. 
Phase A 

As the shape of the modulation shown in a quarter 
(1/4) guarding symmetry wave, it is only necessary 
to define the firing angles in the first quarter wave 
(Fig. 4), the remaining parts of the modulation are 
constructed using trigonometric relationships. Thus a 
vector L = [a b c d] representing the total number of 
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switch on and switch off angles at each step is 
established. The Fourier series for periodic 
waveforms states: 
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Fig. 4. A quarter of a modulation waveform in terms 
of switch on and switch off of each step angles. 
Where n is the harmonic number, wo the 
fundamental frequency wave, time t, a0/2 is the DC 
component, which is calculated by the expression: 
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an coefficient of the Fourier series is calculated 
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bn coefficient of the Fourier series, calculated by: 
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The waveform (Fig. 4) presents uneven symmetry 
and the positive part is equal to the negative applying 
thereby, symmetries as the theory of Fourier series. 

0oa =  and  0na =  (5) 
Only the coefficient related within the sinus will 

remain, therefore the waveform in terms of the 
Fourier series, will be expressed as follows: 
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bn in terms of L vector for waveform: 
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y 0nb =  for even n.  
Where i is the number of the step (hence the sum is 
from 1 to 4), Li the vector's i component L and ijα  
the j angle of the i step, this can be switch on or 
switch off. For a ladder vector components L must 
be odd. If the peak magnitude of harmonic n, in the 
Fourier series is defined as: 

2 2
n n nh a b= +  (8) 

Substituting (5) and (7) (8) the peak magnitude of 
each harmonic n, where only odd harmonics will 
exist because bn=0, if n is even therefore obtained as: 
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The expression in the form of Fourier series 
phasors of a waveform in terms of the fundamental 
and harmonic component:  
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Where a0 is the direct component, hn the amplitude 
for each harmonic calculated in (9) and nϕ  the phase 
of each harmonic calculated in (11): 

1tan n
n
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For this case nϕ  and null a0 and therefore the 
associated terms for the Fourier series for phase A, 
in the form of equation (10), are: 
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Phase B 

Determining the Fourier series of phase B of the 
ABC system, the A waveform from Fig. 3 was offset. 
120° in arrears, this corresponds to each angle 
presented in Fig. 4 should be shifted 2 3π  rad, and 
due to this displacement the odd symmetry is not 
applicable to this waveform, thus following the same 
process of A phase it is possible to calculate the 
Fourier series of the phase B but in this case should 
be calculated on the an and bn full cycle.  

The shifted phase wave form still has symmetry 
about the x-axis component thus direct voltage 
remains null Phase B:  

0oa =  (14) 
The terms associated for the Fourier series for 

phase B, in the form of equation (10), are those 
shown in (15) and (16): 
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 (15) 
k represents the number of odd harmonic not 
multiple of 3, for example k=1, n=5, k=2 to n=7, 
k=3 to n=11, so on. 
Line Voltage 

For calculating the Fourier series in the line 
voltages set out from the Fourier series of the 
voltages phase difference: 
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( ) ( ) ( )AB A Bv t v t v t= −  (16) 
By making the respective differences of the Fourier 

series of Phases A and B, in the forms of equation 
(10) with the amplitudes and offsets given by (12), 
(13), (15) and (16) the Fourier series for vAB line 
voltage is obtained, but in the article only the 
harmonic amplitude is presented, since the objective 
is to minimize THD and for this mismatch 
harmonics are required, therefore the harmonic 
amplitudes of the line voltages shall be expressed by 
equation (17)  
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  (17) 
THD of line voltage 

The IEEE 519 standard in 1992 on page 63 [31] 
defines the total harmonic distortion as equation10: 
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Where h1 is the fundamental harmonic component 
and hn the peak of the harmonic n. Replacing (17) in 
(18): 
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Where n takes not odd values non multiple of 3, 
i.e. 5, 7, 11, 13, 17, etc. and Li are the components of 
the vector L = [a b c d]. Thus (19) defines the 
objective function to be minimized by the 
optimization algorithm. 

 
 

5.  Optimization Algorithm 
With the help of Matlab® and GA command (Genetic 
Algorithm) algorithms for the mathematical model 
of the fitness function (Equation 19) and its 
respective optimization using genetic algorithms 
were programmed. The size of the population for the 
algorithm is taken from 20 individuals, each 
individual (X) consists of the total of shooting angles 
in the first wave quarter: 

11 12 1 21 22 2 31 3 11 1x y z wX α α α α α α α α α α =       (20) 
Accompanied by the L vector indicating the 

program responsible for evaluating the fitness 
function angles corresponding to each step. The 
flowchart of the algorithm shown in Fig. 5.  

 
Fig. 5. Flowchart of the optimization algorithm 
(GA). 

 
 

6. Results 
L = [3 3 5 9] is the vector which defines the number 
of firing angles in each step indicating that the first 
and second step have a pulse and a half, in the third 
step two pulses and a half, in the last step 4 pulses 
and a half in the first quarter wave voltage phase. 
Firing angles of phase are summarized in Table I 
TABLE I: ANGLES IN DEGREES OF THE BEST 
INDIVIDUAL. 
a=3 b=3 c=5 d=9 
5.70241538 18.229993 34.4310184 53.386964 73.2043847 
9.94093425 24.218687 34.7242607 55.288426 73.2387503 
12.51467958 26.1824422 36.5706369 60.479581 78.4542332 
  45.0850569 64.6966 81.6462089 
  47.1467285 67.878653  
The THDv of line voltages of a balanced three-

phase system which uses a nine steps phase 
modulation with shooting previous fire angles 
theoretically will be of 0.000132%. THDv 
introduced a phase of 10.8631%. In Figure 6 the vA 
waveform voltage phase is shown, and in Figure 6.b 
its harmonic spectrum. 

Figure 6, b shows that the harmonics appearing in 
the phase modulation are tripling, because of this the 
THD phase is high (10.8631%), these harmonics are 
deleted in the line voltage at withdrawing the two 
positive sequence phases. The waveforms of three-
phase line modulations obtained by subtracting the 
phases of the positive sequence waveforms is shown 
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in Figure 6, shown in Figure 7.a and its spectrum is 
shown in Figure 7.b.  

As shown in Figure 7.a, there in the line voltage 
appear additional steps due to the subtraction done 
between the phases, phase modulation has nine 
steps, while the line has 15 steps, similarly more 
pulses occur, and this makes the waveform get closer 
to the sinusoidal and therefore the harmonic content 
decreases reaching a value of 0.000132%. 

 

 
Fig. 6. Phase modulation. a) Waveform. b) 

Harmonic spectrum. 

 
Fig. 7. Line Modulation. a) Waveform. b) Harmonic 
spectrum. 
 
 
7.  Implementation 
In order to validate, a three-phase inverter prototype 
was implemented according to the topology selected 
in section III, based on the use of MOSFETs as 
switching devices. The power converter is rated 
2100 VA, the input voltage 48 Vdc, aimed to be 
applicable to low cost photovoltaic systems in which 
only an accumulator block for this voltage is taken, 

the 60 Hz nominal frequency, and a nominal output 
voltage of 127 Vrms and 220 Vrms phase line. The 
control of converter is performed only with twelve 
signals, necessary to control the upper MOSFETs of 
the bridges, the lower is controlled by the denial of 
the 12 signs of major control and allocation of 
downtime was made along with the denial through 
hardware. 

The control device in the experimental stage was 
based on the use of FPGAXUPV5-LX110T. The 
design of transformers, critical devices in achieving 
the waveform, raised according to the methodology 
proposed in [23]. The implemented prototype is 
shown in Figure 8. 

 
 

8.  Experimental Test 
Figure 8 shows assembly for the experimental tests 
carried out, here is possible to observe the basic 
components of the inverter: H-bridges, transformers, 
driver stage and FPGA. The analyzer power quality 
Fluke 434 and the 125 Fluke oscilloscope: the 
accumulator block, represented by laboratory 
sources from which the drive and measuring 
equipment are fed is also observed. 
 

 
 

Fig. 8. Mounting experimental tests with FPGA. 
With the above assembly waveforms, RMS values, 

THD, phasor diagrams of the phase voltages and 
line, as the output currents of the inverter, for testing 
in vacuum, resistive load (resistive bank 250 W) 
were observed, inductive load (induction motor 1 
Hp) and capacitive load (250W and 150 VAR), in 
order to validate the harmonic content of the 
implemented modulations. 

Figure 9.a shows the waveform of the line voltages 
empty converter, with the spectrum given by the 
analyzer (figure 9.b This figure was expanded 
showing the ordinate axis with 20% encouragement 
of evidence that there is no harmonic), also, the 
spectrum of the phase voltage is presented to show 
the presence of harmonics in the phase and 
demonstrate effectively that optimization is done 
directly online. 

In Figure 9.a. all pulses are not seen due to the 
display resolution of the analyzer, Figure 10.a shows 
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the shape of the waveform of the line voltage 
captured on the oscilloscope in which the presence 
of all pulses is observed and in figure 10.b the phasor 
diagram of the voltages and currents for inductive 
load test shows the accuracy gaps and the system 
frequency are evident. In Figure 10.c spectrum is 
shown to the three line voltages, which shows the 
replica of behavior in the three line voltages. 

 

 
a) 

 
b) 

 
c) 

Fig. 9. a) Line voltage waveform. b) Spectrum. c) 
Spectrum of the phase voltage. 

A consolidate of all the tests is shown in Table II, 
factor imbalance and percent control are calculated 
as presented in [31]. This table shows that the THD 
of the phase voltages is quite high in all tests, but the 
THD of line that is optimized in that work oscillates 
at very low values of 0.3-0.6%. 

 

 
a) 

 
b) 

 
c) 

Fig. 10. a) Waveform line voltage. b) Phasor 
diagram. c) Line voltages spectrum in the inductive 
test. 
TABLE II: Consolidated tests results. 

Variable Parameter 
Test 
Non 
load Resist. Induc. Capac. 

Phase 
Voltage 

Mean Vrms (V) 126.23 120.33 123.73 120.67 
% Regulation 0 4.67 1.97 4.4 
% Unbalance factor 1.28 1.27 1.15 0.63 
%THDv 10,9 11.6 11.2 11.5 

Line 
Voltage. 

Mean Vrms (V) 218.1 206.86 212.86 206.96 
% Regulation 0 5.15 2.3 5.1 
% Unbalance factor 0.59 0.64 0.34 0.59 
%THDv 0.4 0.3 0.6 0.3 

Line 
Current. 

Mean Irms (A) 0 0.716 1.08 0.81 
% Unbalance factor 0 0.41 2.68 0.2 
%THDI  0 0.5 2.3 0.9 

Power 
Output Power (W) 0 255.1 86.7 256 
Power Factor 0 1 0.22 L 0.88 C 
Reactive Power(VA) 0 255.1 397 291 

Likewise, it is observed that the imbalances in 
the phase voltages and line meets EN50160 
which establishes a maximum of 2%, as 
percentages of regulation which is maintained 
within the range established by the IEEE 1159 
which states that the normal band operation 
voltage must be within 10% fluctuation. 
 
 
9. Conclusions 
The phase voltage THD in this work is quite high 
because the proposed optimization is directly in line 
voltages. The value of THDv phase ranged from 
10.9% in the vacuum test and 11.6% in the test 
resistive load. This shows that the load disturbs the 
behavior of the converter; however variations are 
not very representative. As for the measured 
harmonic spectra phase voltages each of the tests 
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demonstrated that the components present were 
triples because as deduced in mathematical 
modeling these harmonics would be eliminated in 
the line voltages by the potential difference between 
the two phases. 
THD of line voltages evidences good optimization 
performed by the algorithm, since all THD tests 
were below the limit set by the IEEE 519 which is 
5%. It presenting the highest THD at a value of 
0.6%, which is a very low value. 
The results regarding the THDv voltage line reflects 
the good design of the converter, as this reproduces 
the waveforms calculated in an accurate manner, 
although the converter uses transformers; the same 
design minimizes perturbations they could generate, 
is for this reason that the THD is very low despite 
the presence thereof. 
The optimization algorithm developed will be able 
to override all defined harmonic content between 2 
and 50 if a sufficient number of shooting angles is 
given, however, modulations that are not possible to 
implement can occur.  
The optimized theoretician THD of this project is 
defined as 0.2207% that this is the harmonic content 
of the modulation optimized to the 50th harmonic, 
being the upper bound of evaluation established by 
the IEEE 519 on page 63.  
From the experimental point of view the optimized 
THD for line voltage waveform is defined as 0.6% 
because this is the largest THD present in the tests.  
The converter meets the quality standards of energy; 
this is why this converter is a good proposal to 
improve the quality of three-phase PV energy 
systems. 
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