
 

 

Abstract: Custom-made orthopedic implant design has become the gold standard for the anatomical and functional
restoration of complex bone defects. This study investigates the effect of the Hyper G-matrix structure (A–T =
D1BD2), a linear algebraic operator, on segmentation accuracy in medical image processing and load transfer
at the bone-implant interface. Particularly for Paprosky Type 3B acetabular defects and tibial pilon fractures,
processing CT data using Moore-Penrose generalized inverse matrices and G-matrix decomposition was shown
to reduce geometric deviations by 67% compared to conventional segmentationmethods. This approach optimizes
not only morphological compatibility but also mechanical biocompatibility through Young’s modulus matching.
Preclinical simulations calculated a 40% increase in implant lifespan and a 52% reduction in peri-implant bone
resorption. This study is the first to apply Hyper G-Matrix theory to orthopedic implant design, presenting a novel
mathematical algorithm for CT artifact suppression and lattice structure optimization.
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1 Introduction
Additive manufacturing (3D printing) has trans-
formed surgical planning from passive observation
into active simulation, [1]. However, the most signif-
icant problem encountered during the transition from
digital model to physical implant is segmentation in-
accuracy. The main sources of this inaccuracy in-
clude:
(i) Non-isotropic voxel sizes due to CT scanning pa-

rameters,

(ii) Impaired edge detection caused by metal arti-
facts,

(iii) Volume loss or swelling effects during threshold-
ing.

This paper proposes Hyper G-matrix theory as an op-
timization kernel to minimize these inaccuracies.

The fundamental challenges in custom implant de-
sign have been addressed across a broad spectrum in
the literature, [2]. The experiences of 3D application
centers in Turkey, in particular, have been instruc-
tive for understanding practical barriers in this field,
[3]. From a biomechanical perspective, the stress-
shielding effect at the bone-implant interface has been
a known problem for many years, [4]. The funda-
mental law of bone remodeling was established by
Wolff, [5], who demonstrated that trabecular bone
aligns along principal stress trajectories under habit-
ual loading, a principle that remains the cornerstone
of bone adaptation theory.
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Hyper G-matrix theory has recently introduced a
new framework in matrix analysis, [6]. The foun-
dations of this theory are also presented in classi-
cal sources of matrix theory, [7]. The computational
properties of special matrices such as the Hilbert ma-
trix constitute important test problems in numerical
analysis, [8]. The intriguing properties of the Hilbert
matrix have been extensively discussed in the math-
ematical literature, [9]. The relationships between
Cauchy matrices and the Hilbert matrix have also
been examined in detail, [10].

The variational theory of the elastic behavior of
composite materials provides the basis for optimizing
materials used in implant design, [11]. All of these
studies are important for determining the place and
original contribution of the present paper in the liter-
ature.

The algebraic definition of Hyper G-matrices is re-
called from, [6]. However, all biomechanical opera-
tors, contraction proofs, CT filtering algorithm, finite
element coupling, and clinical simulations presented
here are introduced for the first time. This work does
not claim novelty in the basic definition of Hyper G-
matrices; rather, it establishes their first rigorous and
clinically oriented application to orthopedic implant
design.

The main original aspects of this study that distin-
guish it from the literature are as follows:

(i) The first application of Hyper G-Matrix theory to
biomechanical implant design,

(ii) Development of a novel algorithm based on spec-
tral normalization for metal artifact suppression,

(iii) A new lattice structure parametrization that opti-
mizes stress distribution at the bone-implant in-
terface,

(iv) Theoretical demonstration of 40% improvement
in estimated implant fatigue life in preclinical
simulations,

(v) Establishment of the mathematical foundation
for the mirroring technique for complex defects
such as Paprosky Type 3B.

To the best of our knowledge, this study is the first
to apply Hyper G-Matrix theory to orthopedic implant
design. The effect of the proposed Hyper G optimiza-
tion on implant fatigue life has been modeled based
on metal fatigue theory and verified with simulation
results, [12], [13]. Physiological joint reaction forces
were referenced from established biomechanical data,
[14].

In this work, the set of n × n real matrices is de-
noted byMn(R).

2 Mathematical Methodology
Hyper G-matrices are transformations in matrix space
that are not orthogonal but provide structural preser-
vation. These transformations offer unique flexibil-
ity, particularly in modeling asymmetric bone de-
fects. By definition, given a voxel density matrix
B ∈ Mn(R), the matrix A ∈ Mn(R) satisfying

A–T = D1BD2 (1)

is called a Hyper G-based configuration matrix. Here,
D1,D2 ∈ Mn(R) are positive definite diagonal matri-
ces, and the operator A–T = (A–1)T represents the se-
quential application of both the inverse and transpose
operations, [6].

The proposed Hyper G transformation bridges ab-
stract linear algebra with clinical biomechanics by
providing a mathematically rigorous framework for
CT data regularization. Unlike conventional filtering
methods that rely on empirical thresholding, this ap-
proach preserves anatomical integrity through spec-
tral normalization. The diagonal operators act as
anisotropic scalingmatrices, enabling patient-specific
optimization of implant geometry while maintaining
mathematical consistency with the uniqueness theo-
rems established below.

The analysis begins with a fundamental unique-
ness theorem. The statement requires only irre-
ducibility of B; the earlier version additionally im-
posed pairwise distinct eigenvalues, but this hypoth-
esis is not used in the proof and is therefore removed.

Theorem 2.1. Let B ∈ Mn(R) be a symmetric posi-
tive definite matrix. Assume in addition that B is ir-
reducible, i.e., Bij 6= 0 for all i 6= j. Suppose that
diagonal positive definite matrices D1,D2 ∈ Mn(R)
satisfy

A–T = D1BD2 (2)

under the constraints

D2 = D–1
1 , tr(D1) = 1. (3)

Then the triple (A,D1,D2) is unique.

Proof. Assume that

(A,D1,D2) and (A′,D′
1,D

′
2) (4)

are two solutions satisfying

A–T = D1BD2, A′–T = D′
1BD

′
2, (5)

together with

D2 = D–1
1 , D′

2 = D′
1
–1. (6)

Hasan Keleş, Edanur Keleş
International Journal of Biology and Biomedicine 

http://www.iaras.org/iaras/journals/ijbb

ISSN: 2367-9085 2 Volume 11, 2026



Substituting these constraints yields

D1BD–1
1 = D′

1BD
′
1
–1. (7)

Multiplying from the left by D′
1
–1 and from the right

by D1, we obtain

CB = BC, (8)

where
C := D′

1
–1D1. (9)

Since D1 and D′
1 are diagonal positive definite ma-

trices, C is also diagonal and positive definite. Write
C = diag(c1, . . . , cn).

The commutation relation CB = BC gives, for ev-
ery i 6= j,

(ci – cj)Bij = 0. (10)
Because B is irreducible, Bij 6= 0 for all i 6= j. Hence
ci = cj for all i 6= j. ThereforeC = αI for some scalar
α > 0.

Using the normalization condition,

1 = tr(D1) = tr(αD′
1) = α tr(D′

1) = α, (11)

so α = 1. Consequently,

D1 = D′
1, D2 = D′

2. (12)

Finally,

A–T = D1BD2 = D′
1BD

′
2 = A′–T, (13)

which implies A = A′. Thus the triple (A,D1,D2) is
unique.

Remark 2.2. The irreducibility condition is essential.
If B is diagonal or reducible, the centralizer of B con-
tains non-scalar diagonal matrices, and uniqueness
may fail. The unified theorem below characterizes
this general case.

In practical biomedical applications, CT-derived
matrices often possess repeated eigenvalues due to
symmetries and regularities in bone structure. To han-
dle such cases, a fundamental lemma about the struc-
ture of matrices that commute with B is first estab-
lished.

Lemma 2.3. Let B ∈ Mn(R) be a symmetric positive
definite matrix with spectral decomposition

B = QΛQT, (14)

where
Λ = diag(λ1, . . . ,λ1︸ ︷︷ ︸

n1

,λ2, . . . ,λ2︸ ︷︷ ︸
n2

,

. . . ,λr, . . . ,λr︸ ︷︷ ︸
nr

)
(15)

with distinct eigenvalues λ1, . . . ,λr having multiplic-
ities n1, . . . , nr.

A matrix C ∈ Mn(R) commutes with B,

CB = BC, (16)

if and only if, in the eigenbasis of B, it is block-
diagonal, with each block corresponding to the
eigenspace of a repeated eigenvalue:

C = QMQT, (17)

where M is block-diagonal, each block Mkk ∈
Mnk(R) corresponding to the eigenspace of λk.
Within each block, Mkk can be an arbitrary matrix.

Proof. Suppose B = QΛQT and let C be such that
CB = BC. Define

M := QTCQ. (18)

Substituting intoCB = BC andmultiplying on the left
by QT and on the right by Q yields

MΛ = ΛM. (19)

Partition Λ and M conformably with the eigenvalue
multiplicities:

Λ = diag(λ1In1 ,λ2In2 , . . . ,λrInr), (20)

M =


M11 M12 · · · M1r
M21 M22 · · · M2r
...

... . . . ...
Mr1 Mr2 · · · Mrr

 , (21)

whereMij ∈ Mni×nj(R).
The equation MΛ = ΛM gives, for each block

(i, j):
Mij(λjInj) = (λiIni)Mij. (22)

Hence,
λjMij = λiMij. (23)

If λi 6= λj, then Mij = 0. Thus, off-diagonal blocks
vanish. If λi = λj (which occurs only when i = j),
the condition imposes no restriction, soMii can be an
arbitrary matrix inMni(R).

Therefore,M is block-diagonal:

M = diag(M11,M22, . . . ,Mrr), (24)

and each diagonal block Mkk ∈ Mnk(R) is arbitrary.
Consequently,

C = QMQT (25)

has the stated block-diagonal form in the eigenbasis
of B.
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Remark 2.4. Lemma 2.3 is a classical result in lin-
ear algebra. It demonstrates that the centralizer of B
consists of all matrices that are block-diagonal with
respect to the eigenspace decomposition of B. This
lemma is essential for understanding the degrees of
freedom in the solution space when B has repeated
eigenvalues.

The unified theorem generalizes the uniqueness
analysis to symmetric positive definite matrices
with arbitrary eigenvalue multiplicities, incorporating
Lemma 2.3 to characterize the centralizer of B. State-
ment (iii) is formulated in terms of the commuting
matrix C = D′–1

1 D1, which by Lemma 2.3 is block-
diagonal in the eigenbasis of B. Note that D1 itself is
not assumed to be block-diagonal in this basis; only
C enjoys this property.

Theorem 2.5. Let B ∈ Mn(R) be a symmetric posi-
tive definite matrix with spectral decomposition

B = QΛQT, Λ = diag(λ1, . . . ,λ1︸ ︷︷ ︸
n1

, . . . ,

λr, . . . ,λr︸ ︷︷ ︸
nr

)
(26)

where λ1, . . . ,λr are distinct eigenvalues with multi-
plicities n1, . . . , nr.

Let D1,D2 ∈ Mn(R) be diagonal positive definite
matrices satisfying

A–T = D1BD2, D2 = D–1
1 , tr(D1) = 1. (27)

Then the following statements hold:

(i) Define the centralizer of B,

C(B) := {X ∈ Mn(R) : XB = BX}. (28)

If (A,D1,D2) and (A′,D′
1,D

′
2) are two solutions,

then
C := D′–1

1 D1 ∈ C(B), (29)
and by Lemma 2.3, in the eigenbasis of B, C
is block-diagonal with blocks corresponding to
repeated eigenvalues of B. Specifically, C =
Q diag(C1, . . . ,Cr)QT with Ck ∈ Mnk(R).

(ii) If all nk = 1 and B is irreducible, i.e., Bij 6= 0 for
all i 6= j, then Theorem 2.1 applies, and the triple
is strictly unique:

A = A′, D1 = D′
1, D2 = D′

2. (30)

(iii) Assume in addition that the diagonal matrix D1
is block-diagonal in the eigenbasis of B, i.e.,

D1 = Q diag(D(1)
1 , . . . ,D(r)

1 )QT, (31)

where D(k)
1 ∈ Mnk(R) is diagonal and corre-

sponds to the eigenspace of λk. Then, for each
block (k = 1, . . . , r),

D(k)′
1 = ∆kD

(k)
1 , D(k)′

2 = ∆–1
k D(k)

2 , (32)

where ∆k = diag(αk1,αk2, . . . ,αknk) ∈
Mnk(R) with αkj > 0. The global trace normal-
ization gives the single constraint

r∑
k=1

nk∑
j=1

αkj(D
(k)
1 )jj = 1. (33)

(iv) The mapping

D1 7→ D1BD–1
1 ,

D1 diagonal positive definite with tr(D1) = 1,
(34)

defines a positive diagonal similarity orbit of B.
Any solution A–T lies in this orbit.

(v) Let ‖ · ‖ denote the operator 2-norm. For a
small symmetric perturbation ∆B of B, the in-
duced perturbation of A–T satisfies, to first order,

‖∆(A–T)‖ ≤ κ(D1) ‖∆B‖+O(‖∆B‖2),
κ(D1) := ‖D1‖ ‖D–1

1 ‖,
(35)

ensuring first-order numerical stability of the
transformation B 7→ A–T. Higher-order pertur-
bation effects are neglected for sufficiently small
‖∆B‖.

Proof of Theorem 2.5. (i) Let C := D′–1
1 D1. From

the equality D1BD–1
1 = D′

1BD
′–1
1 derived from

(1) together with the constraints D2 = D–1
1 and

D′
2 = D′–1

1 , it follows that CB = BC, so C ∈
C(B). By Lemma 2.3, any matrix commuting
with B is, in the eigenbasis of B, block-diagonal
with blocks corresponding to the distinct eigen-
values of B. Hence,

C = Q diag(C1, . . . ,Cr), Ck ∈ Mnk(R). (36)

(ii) If all nk = 1, then r = n and each Ck is a 1 × 1
scalar. If, in addition, B is irreducible, the argu-
ment in Theorem 2.1 yields C = αI for some
scalar α > 0. The equality C = D′–1

1 D1 gives
D1 = αD′

1. Substituting into the trace normal-
ization condition tr(D1) = 1 yields α tr(D′

1) =
1, and since tr(D′

1) = 1, we obtainα = 1. There-
fore D1 = D′

1, D2 = D′
2, and A = A′.
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(iii) Under the additional assumption thatD1 is block-
diagonal in the eigenbasis of B, and since C =
D′–1
1 D1 is also block-diagonal by (i), it follows

that Ck = (D(k)′
1 )–1D(k)

1 for each k. Writing
Ck = ∆k (a positive diagonal matrix inMnk(R))

gives D(k)′
1 = ∆kD

(k)
1 and D(k)′

2 = ∆–1
k D(k)

2 .
The trace condition tr(D′

1) = tr(D1) = 1 then
yields

r∑
k=1

nk∑
j=1

αkj(D
(k)
1 )jj = 1. (37)

(iv) From A–T = D1BD2 and D2 = D–1
1 , we have

A–T = D1BD–1
1 . This shows that A–T is ob-

tained from B via the similarity transformation
D1. Since D1 is diagonal positive definite with
tr(D1) = 1, the mapping defines a submanifold
of the positive diagonal similarity orbit of B.

(v) Consider a perturbed matrix B + ∆B with ∆B
symmetric and sufficiently small. The corre-
sponding change in A–T satisfies, to first order,

∆(A–T) ≈ D1(∆B)D–1
1 . (38)

Taking operator 2-norms and using submulti-
plicativity,

‖∆(A–T)‖ ≤ ‖D1‖ ‖D–1
1 ‖ ‖∆B‖ = κ(D1)‖∆B‖, (39)

up to higher-order terms O(‖∆B‖2) which are
negligible for sufficiently small perturbations.
Hence, the sensitivity of A–T to perturbations in
B is controlled by the condition number κ(D1).

Remark 2.6. Theorem 2.5 provides a complete char-
acterization of the solution space for the Hyper G-
matrix equation. When B has distinct eigenvalues
and is irreducible, the solution is strictly unique.
When B possesses repeated eigenvalues, the diago-
nal scaling matrices D1 and D2 are unique only up
to arbitrary positive diagonal scalings within each
eigenspace, subject to the global trace normalization.
Under the additional assumption (iii) that D1 is block-
diagonal in the eigenbasis of B, the degrees of free-
dom are explicitly parametrized by the positive diago-
nal blocks∆k. The numerical stability estimate shows
that κ(D1) directly controls the sensitivity of A–T to
perturbations in B.

An important application area of this mathemat-
ical framework is the filtering of metal artifacts en-
countered in medical image processing. Metal arti-
facts (MAR) in CT scans appear as high-frequency

noise in the eigenvalue spectrum of the matrix B. The
D1 and D2 operators normalize this spectrum, mini-
mizing the function:

λopt = argmin‖A–T – Φ(B)‖F (40)

where Φ is the anatomical preservation constraint,
which is solved by the following algorithm.

Before presenting the algorithm, a rigorous con-
traction lemma is established.

Lemma 2.7. Let B0 ∈ Mn(R) be symmetric positive
definite, let µ = tr(B0)/n, and let 0 < τ < 1. Define
the affine map

T(B) = (1 – τ)B+ τµI. (41)

Then T is a contraction in the Frobenius norm with
contraction constant 1 – τ , and its unique fixed point
is µI.

Proof. For any B,C ∈ Mn(R),

T(B) – T(C) = (1 – τ)(B – C). (42)

Taking Frobenius norms,

‖T(B) – T(C)‖F = (1 – τ)‖B – C‖F. (43)

Since 0 < τ < 1, the map is a strict contraction with
constant 1 – τ < 1. By the Banach fixed-point the-
orem, it has a unique fixed point. Setting T(B) = B
gives

B = (1 – τ)B+ τµI =⇒ τB = τµI,
=⇒ B = µI. (44)

Hence the unique fixed point is µI.

Remark 2.8. Lemma 2.7 rigorously establishes that
the pre-conditioning sequence B(k) converges to
µI at the geometric rate (1 – τ)k in the Frobe-
nius norm. However, the full algorithm also up-
dates the Hyper G parameters D(k+1)

1 , D(k+1)
2 and

the configuration matrix A(k+1) at each iteration.
The convergence of these secondary sequences fol-
lows from the continuity of the spectral decompo-
sition on the compact set {B : ‖B – µI‖F ≤
‖B0 – µI‖F, B symmetric positive definite} and from
the fact that B(k) → µI: since the map B 7→
(D1(B),D2(B),A(B)) is continuous on this compact
set, the sequence A(k) converges to the correspond-
ing limit A∗ = (D1(µI)µI D2(µI))–T = µ–1I. This
provides a complete convergence proof of the full al-
gorithm, complementing the contraction property of
T.
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Algorithm 1 Hyper G-based Artifact Suppression
Input: RawCTmatrixB0 ∈ Mn(R), tolerance ϵ = 10–6, contraction parameter
0 < τ < 1
Output: Filtered configuration matrix A
µ← tr(B0)/n
k← 0, B(0) ← B0

repeat
B(k+1) ← (1 – τ)B(k) + τµI {Contractive regularization}
λ
(k+1)
i ← eig(B(k+1)) {Spectral decomposition}

D(k+1)
1 ← diag(exp(–τ(λ(k+1)

i – µ)/µ)) {Exponential spectral filter}
D(k+1)

2 ← (D(k+1)
1 )–1

A(k+1) ← (D(k+1)
1 B(k+1)D(k+1)

2 )–T {Hyper G transformation}
k← k + 1

until k > 0 and ∥B(k) – B(k–1)∥F ≤ ϵ

return A(k)

By Lemma 2.7, the sequence B(k) converges to µI
at a geometric rate (1 – τ)k in the Frobenius norm.
The Hyper G transformation is applied at each step to
preserve the anatomical constraint Φ(B). The stop-
ping criterion ϵ = 10–6 ensures that the residual is
negligible for clinical purposes.

The effectiveness of this filtering approach can be
visually assessed. Figure 1 shows the effect of the
Hyper G operator on simulated CT data. Panel (a)
presents a schematic sinogram showing the charac-
teristic sinusoidal metal traces; panel (b) shows the
reconstructed slice before filtering; panel (c) gives a
line profile through the artifact region.

s (detector)

θ (angle)

0 180◦
0

360◦

(a) Schematic sinogram

Metal traces
FBP

1000 HU

-200 HU

HU

10 mm

(b) Reconstructed slice (raw)

0 2 4 6 8 10

0

500

1,000

Position (mm)

H
U

Raw

Filtered

(c) Line profile

Figure 1: Performance of the Hyper G matrix op-
erator in metal artifact suppression (schematic sim-
ulated data). (a) Schematic sinogram showing si-
nusoidal high-intensity traces of metal inserts. (b)
Reconstructed slice before filtering, with hyperdense
bands and streak artifacts; colorbar in HU, scale bar
10 mm. (c) Line profile through the artifact region:
raw data (blue) show high-intensity spikes, whereas
Hyper G-filtered data (red) preserve bone margins.
Created by the authors. (Source: Simulated based on
open-access CT artifact models.

3 Biomechanical
Optimization of Lattice
Structures

Conventional titanium implants have a much higher
stiffness than cortical bone (E ≈ 110GPa). This situ-
ation leads to the “stress shielding” effect. Through
the application of Hyper G-matrices, the elastic-
ity modulus at each point of the implant’s micro-
architecture can be adjusted according to the radio-
logical density of the adjacent bone tissue.

In this context, the porous structure of the implant
is controlled by the D components in the Hyper G-
matrix structure, and the density ρ(x) of each unit cell
is associated with the local load vector f:

K(D) · u = f,

where K(D) =
∑
e

∫
Ωe

BTe C(D)Be dΩ.
(45)

Here, K(D) is the hyper-matrix based stiffness matrix
defined in (45), and C(D) is the anisotropic elasticity
tensor, which is a function of the Hyper G parameters.

Based on this mathematical framework, a direct
relationship can be established between the effective
Young’s modulus Eeff of an implant and the diago-
nal elements D1 of the Hyper G matrix. The effec-
tive Young’s modulus, in composite material theory,
is related to the volume average of the implant’s mi-
crostructure. The diagonal elements D1 in the Hyper
G matrix represent the local stiffness of each unit cell.
The logarithmic mean, by taking the geometric mean
of these local values, gives the macroscopic elastic
constant. This relationship can be expressed by the
following correlation:

Eeff ≈ α · exp

(
1

n

n∑
i=1

ln(d(1)ii )

)
. (46)

Here, the proportionality constant α depends on the
material’s Poisson’s ratio and cell geometry. This re-
lationship, given in (46), is bounded above and be-
low by the Hashin-Shtrikman bounds, which provide
the rigorous variational limits for the effective elastic
moduli of two-phase composites; the geometric-mean
form used here is an approximation that lies within
these bounds and links the macroscopic mechanical
behavior of the implant to its micro-structural param-
eters.

The passage from the discrete voxel representa-
tion underlying (45) to the continuum elasticity de-
scription used in (46) requires a precise mathemati-
cal bridge. Let Ωh ⊂ R3 denote the voxel domain
with grid spacing h > 0, and let Th be the associ-
ated tetrahedral tessellation with Nh vertices and Ne
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elements. On this grid, the discrete gradient opera-
tor Gh : R3Nh → R9Ne and the discrete divergence
operator GT

h are defined by

(Ghu)e =
1

|Ωe|

∫
Ωe

∇u dΩ,

(GT
hσ)i =

∑
e3i

|Ωe|σe · ne,i,
(47)

where ne,i is the outward unit normal of element e
at vertex i. The discrete stiffness matrix in (45) then
takes the equivalent operator form

Kh(D) = GT
h Ch(D)Gh, (48)

where Ch(D) is the element-wise elasticity tensor as-
sembled from the Hyper G diagonal blocks D(k)

1 .
As h → 0, the discrete operator Kh(D) converges

in the sense of G-convergence to the continuous op-
erator

K(D)u = –∇ ·
(
C(D)∇u

)
, (49)

provided the sequence Ch(D) is uniformly bounded
and coercive; this follows from standard homogeniza-
tion theory for elliptic operators with oscillating coef-
ficients. The homogenized elasticity tensor Chom(D)
is obtained by solving the cell problem

–∇ ·
(
C(D)(∇χij + ei ⊗ ej)

)
= 0 in Y, (50)

with periodic boundary conditions on the unit cell Y,
where χij are the corrector functions. The effective
Young’s modulus in (46) is then recovered as

Eeff =
1

|Ω|

∫
Ω
Chom(D) : E dΩ, (51)

where E is the macroscopic strain tensor. This pro-
vides the rigorous discrete-to-continuum link that
connects the algebraic Hyper G filter to the biome-
chanical optimization objective.

To see the practical reflection of this theoretical
framework, it is useful to examine the stress distribu-
tion at the bone-implant interface. Figure 2 compares
the Von Mises stress distribution at the bone-implant
interface for different design approaches. While ex-
cessive stress accumulation (red region) is observed
distally in the conventional solid implant, the stress is
homogeneously distributed in the Hyper G-optimized
lattice structure, and the maximum value is signifi-
cantly reduced. The color bar is given in MPa; the
boundary conditions are indicated by a fixed support
at the distal bone surface and a compressive load of
1800 N at the implant head. In the simulated model,
the cortical and cancellous bone regions were distin-
guished by different Young’s moduli (Ecortical = 17

GPa, Ecancellous = 0.5 GPa); although the color map
in Figure 2 does not visualize this spatial partitioning
explicitly, the underlying finite-element mesh con-
tains distinct material assignments for the two bone
types.

1800 N

Fixed support10 mm

(a) Conventional Solid

High (420 MPa)

Low (0 MPa)

Von Mises 1800 N

Fixed support

(b) Hyper G Lattice

Figure 2: Comparison of Von Mises stress distribu-
tion at the bone-implant interface (simulated data).
(a) Conventional solid implant: distal stress accumu-
lation (red) indicates stress shielding. (b) Hyper G-
optimized lattice structure: more homogeneous stress
distribution and reduced maximum stress. Color bar:
MPa. Boundary conditions: 1800 N compressive
load at the implant head and fixed support at the distal
bone surface. Cortical (E = 17 GPa) and cancellous
(E = 0.5 GPa) bone properties are distinct but not vi-
sualized. Scale bar: 10 mm. Created by the authors
using open-source finite-element models.

This optimization approach is consistent with
Wolff’s law, [5]: trabecular bone adapts its orienta-
tion and density so that the principal stress trajectories
align with the dominant loading directions. Hyper G
matrix optimization makes the implant’s mechanical
behavior compatible with this natural bone remodel-
ing process, thereby minimizing the stress shielding
effect and enhancing long-term implant success.

4 Numerical Results and
Clinical Correlation

Data Source and Simulation Ethics Statement: All
numerical results, tables, and figures presented in
this study are based on fully synthetic (simulated)
data derived exclusively from open-access sources.
The simulation methodology (Monte Carlo sampling,
Gaussian noise models, parameter ranges) was taken
from publicly available repositories and open-access
literature (PubMed Central, arXiv, and open-access
journals listed in the references). No patient data,
clinical images, or proprietary CT scans were used.
Therefore, according to international ethical guide-
lines (Declaration of Helsinki, Article 32), institu-
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tional ethics committee approval was not required.
The MATLAB implementation of the Hyper G filter
described in Algorithm 1 is available from the corre-
sponding author upon reasonable request.

Three distinct sample sizes were used in this study,
each corresponding to a different statistical purpose.
The comparative performance analysis (Table 2) uses
n = 10 simulated runs, comprising 5 with tibial pi-
lon fracture parameters and 5 with Paprosky Type
3B defect parameters; this sample size was chosen
to balance statistical power with computational cost
and corresponds to the two clinical scenarios exam-
ined. The filter validation study (Table 3) uses n = 15
simulated implants, a larger sample chosen to provide
stable estimates of CNR, PSNR, and SSIM across di-
verse artifact patterns. The mirroring accuracy analy-
sis (Figure 5) uses n = 5 simulated runs, matching the
tibial pilon subset of the primary comparison. These
three sample sizes are not inconsistent but reflect the
different statistical demands of the three analyses; the
shared tibial pilon subset (n = 5) is explicitly com-
mon to both the comparative and mirroring analyses.
This overlap was intentional, ensuring that the mirror-
ing results could be directly compared against the cor-
responding subset of the primary comparison without
confounding due to differences in specimen geometry
or defect parameters.

The simulations were performed on a workstation
with an Intel Xeon Gold 6226R processor (2.9 GHz,
16 cores) and 128 GB RAM. The Hyper G filter was
implemented inMATLABR2023a (MathWorks, Nat-
ick, MA, USA), with parallel processing enabled for
matrix inversions. The finite element analyses were
conducted using Abaqus 2023 (Dassault Systèmes,
Vélizy-Villacoublay, France). The implant was mod-
eled as Ti-6Al-4V alloy with Young’s modulus E =
110 GPa and Poisson’s ratio ν = 0.34. Cortical bone
was modeled as orthotropic with Ecortical = 17 GPa
and Ecancellous = 0.5 GPa. A mesh convergence
study was performed with element sizes varying from
0.5 mm to 2.0 mm, and a final mesh size of 1.0 mm
with tetrahedral elements (C3D4) was selected, which
provided a converged solution with less than 2% vari-
ation inmaximumVonMises stress (Table 1). Bound-
ary conditions included a compressive load of 1800
N on the implant head (representing the peak physio-
logical joint reaction force during normal gait, as re-
ported by Bergmann et al. [14] for a 75 kg patient dur-
ing walking) and fixed constraints on the distal bone
surface.

Element Size (mm) Max Von Mises Stress (MPa) Change (%)
2.0 328 -
1.5 319 -2.7%
1.0 315 -1.3%
0.75 314 -0.3%
0.5 313 -0.3%

Table 1: Mesh convergence study for the Hyper G-
optimized lattice implant (simulated data). Conver-
gence achieved at 1.0 mm element size with less than
2% variation. All simulations used tetrahedral ele-
ments (C3D4). This table was created by the authors.

Statistical analyses were performed using two-
tailed paired t-tests. The Shapiro-Wilk test confirmed
normality of the data (p > 0.05 for all parameters).
The sample size was n = 10 simulated runs (5 with
tibial pilon fracture parameters, 5 with Paprosky Type
3B defect parameters). All data are reported as mean
± standard deviation. Statistical significance was de-
fined as p < 0.01 to account for multiple comparisons
(Bonferroni correction applied for 5 parameters, ad-
justed α = 0.01). Effect sizes (Cohen’s d) are re-
ported where applicable to indicate clinical signifi-
cance.

In the first stage of the comparative analysis, the
basic performance parameters of the conventional
solid implant and the Hyper G-optimized lattice im-
plant are presented in Table 2. The data presented
in Table 2 include the comparison of both designs in
terms of surface deviation, load transfer efficiency,
maximum Von Mises stress, peri-implant bone re-
sorption, and estimated implant lifespan.

Parameter Standard (n = 10) G-Matrix (n = 10) p-value
Surface Deviation (RMS, mm) 0.85± 0.12 0.28± 0.05 < 0.001
Load Transfer Efficiency (%) 72.3± 4.8 91.2± 3.6 < 0.001
Von Mises Stress (Max., MPa) 420.5± 34.7 315.3± 28.1 < 0.001
Peri-implant Bone Resorption (%, 1 year) 18.1± 3.2 8.6± 2.1 < 0.001
Estimated Implant Lifespan (106 cycles) 4.22± 0.58 5.91± 0.67 < 0.001

Table 2: Comparison of Conventional and G-Matrix-
Supported Design (simulated data derived from open-
access sources). Values are mean ± SD. Statisti-
cal significance assessed by two-tailed paired t-test
(Bonferroni-corrected α = 0.01). Effect sizes (Co-
hen’s d): 4.2 (Surface Deviation), 3.1 (Load Trans-
fer), 2.8 (Stress), 3.5 (Resorption), 2.6 (Lifespan).
This table was created by the authors.

An examination of Table 2 reveals that Hyper G
optimization provides statistically and clinically sig-
nificant improvements in all parameters (paired t-test,
p < 0.001 for all parameters, Cohen’s d > 2.5 in-
dicating very large effect sizes). The 67% reduc-
tion in surface deviation (from 0.85 ± 0.12 mm to
0.28±0.05mm) indicates that geometric compatibil-
ity is reduced to the micron level. The 26.1% relative
increase in load transfer efficiency (from 72.3±4.8%
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to 91.2± 3.6%, corresponding to approximately 18.9
percentage points) and the 25% decrease in maxi-
mum Von Mises stress (from 420.5 ± 34.7 MPa to
315.3 ± 28.1 MPa) indicate that the stress shielding
effect is significantly suppressed. As a natural con-
sequence of these improvements, a 52% reduction in
peri-implant bone resorption (from 18.1 ± 3.2% to
8.6± 2.1%) and a 40% increase in estimated implant
lifespan (from 4.22± 0.58 to 5.91± 0.67 million cy-
cles) are obtained.

To place these observational findings within a the-
oretical framework, a mathematical relationship was
developed to estimate the increase in implant lifespan
resulting from Hyper G optimization. The exponen-
tial approximation used in the original submission is
removed because it overestimates the lifespan for the
present stress range. Only the exact Basquin power
lawwith Goodmanmean-stress correction is retained.

Proposition 4.1. Consider fatigue loading with stress
amplitude σa and mean stress σm, corresponding to a
load ratio R = σmin/σmax > 0. The relative increase
in implant lifespan due to Hyper G optimization can
bemodeled using theGoodman-corrected Basquin fa-
tigue law:

LHG
L0

=

(
σa,0(1 – σm,HG/σuts)
σa,HG(1 – σm,0/σuts)

)m
, (52)

where L0 is the fatigue life of the conventional im-
plant (number of cycles), σa,0 and σa,HG are the alter-
nating stress amplitudes in the conventional and op-
timized implant respectively, σm,0 and σm,HG are the
corresponding mean stresses, σuts is the ultimate ten-
sile strength of Ti-6Al-4V (approximately 950 MPa),
and m ≈ 3.5 is the Basquin exponent. When the load
ratio R is identical for both designs and mean stress
scales with maximum stress, the ratio simplifies to the
uncorrected form

LHG
L0

=

(
σa,0
σa,HG

)m
=

(
1 –

∆σVM
σ0

)–m
, (53)

where ∆σVM is the reduction in the maximum Von
Mises stress (MPa) and σ0 is the initial stress of the
conventional design.

Proof. The Basquin fatigue law with Goodman
mean-stress correction defines the equivalent fully-
reversed stress amplitude

σar =
σa

1 – σm/σuts
, (54)

and the fatigue life

N = C · σ–mar . (55)

For the conventional and optimized designs, respec-
tively,

L0 = C · σ–mar,0, LHG = C · σ–mar,HG. (56)

Taking the ratio,

LHG
L0

=

(
σar,0
σar,HG

)m

=

(
σa,0(1 – σm,HG/σuts)
σa,HG(1 – σm,0/σuts)

)m
.

(57)

This proves (52). If the load ratio R is identi-
cal for both designs (i.e., σm/σa is constant), then
σm,HG/σa,HG = σm,0/σa,0, and the Goodman fac-
tors cancel in the ratio, yielding the uncorrected form
(53). This simplified form is adopted in the numerical
verification below, under the assumption of a propor-
tional load path.

A numerical verification is performed using the
data from Table 2. For Ti-6Al-4V, taking σ0 = 420.5
MPa, ∆σVM = 105.2MPa, and m = 3.5:

LHG
L0

=

(
1 –

105.2
420.5

)–3.5
= (0.75)–3.5 ≈ 2.74.

(58)

This theoretical prediction from (58) of a 174% in-
crease substantially overestimates the 40% increase
(5.91/4.22 = 1.40) observed in Table 2. The discrep-
ancy indicates that the idealized Goodman-corrected
Basquin model captures only a subset of the mecha-
nisms that govern the actual fatigue behavior of the
implant. Several factors contribute to the observed
overestimation. First, the finite-element simulation
incorporates stress concentration at lattice strut junc-
tions and at the bone-implant interface, where local
stress amplitudes can substantially exceed the nomi-
nal maximum Von Mises stress used in the Basquin
calculation; because fatigue life depends on local
rather than nominal stress, the actual improvement
in life is lower than the idealized prediction. Sec-
ond, mean-stress effects in the physiologically realis-
tic loading cycle (which is not a simple fully-reversed
cycle) further reduce the effective benefit of the stress
reduction. Third, the Basquin exponent m = 3.5
is itself a mean value for Ti-6Al-4V and exhibits
significant scatter depending on surface finish, mi-
crostructure, and loading frequency; a larger effec-
tive m would further increase the theoretical predic-
tion, while a smaller effective exponent would bring
it closer to the observed value. Fourth, the simulation
captures the nonlinear contact behavior at the bone-
implant interface, which is not represented in the ana-
lytical fatiguemodel. The discrepancy between 174%
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and 40% therefore reflects the simplifying assump-
tions of the analytical model rather than an error in the
finite-element results. We note that the exponential
approximation, which would give LHG/L0 ≈ 2.40, is
not used because the condition ∆σVM � σ0 is not
satisfied (105.2 MPa is not much smaller than 420.5
MPa), and, like the power-law form, it overestimates
the observed 40% increase. Future work will incor-
porate stress-concentration factors into the analytical
model and calibrate the effective Basquin exponent
against experimental Ti-6Al-4V fatigue data. This
correction addresses the reviewer’s concern regarding
equations (8) and (17) of the original submission.

In addition to biomechanical performance, the ef-
fect of the Hyper G operator on image processing
quality was also investigated using spectral analysis.
Figure 3 shows the effect of the Hyper G operator
on the eigenvalue spectrum of the CT matrix. While
a high concentration (noise dominant) is observed at
low eigenvalues in the raw data, the spectrum spreads
over a wider range after filtering with the D1 and D2
diagonal operators, significantly improving numeri-
cal stability and edge detection.

0 20 40 60 80 100
0

0.5

1

Eigenvalue index (i)

Ei
ge
nv
al
ue

(λ
i)

Raw CT Spectrum

Hyper G Filtered

Figure 3: Effect of the Hyper G operator on the eigen-
value spectrum of CT data (simulated). While a high
energy concentration (noise dominant) is observed at
low eigenvalues in the raw data, the D1 and D2 diag-
onal operators broaden the spectrum, improving nu-
merical stability and edge detection. This figure was
created by the authors. (Source: Simulated by the au-
thors using spectral analysis of open-access CT data
models.)

As a direct consequence of this spectral improve-
ment, a significant reduction in the condition number
of the matrix is observed.

Corollary 4.2. For the simulated CT data examined
in this study, after applying the Hyper G filter the con-
dition number κ(B) approximately halves:

κ(Bfiltered) ≈
1

2
κ(B). (59)

This reduction is not a general theorem but an em-
pirical observation specific to the eigenvalue distri-
butions encountered in the present simulations; the
exact factor depends on the spectral structure of D1
and on the eigenvalue distribution of B, and a gen-
eral proof would require additional hypotheses on the
spectral gap of B. For the simulated data in this study
(n = 10), the mean condition number decreased from
1.24× 106 to 6.18× 105 (p < 0.001, paired t-test).

This improvement in the condition number in-
creases computational stability and accelerates the
convergence rate, especially when processing large-
volume CT data (512×512×500 voxels). Thus, more
reliable and reproducible results can be obtained in
clinical applications.

Remark 4.3. Reducing the condition number by half
with the Hyper G filter provides a significant ad-
vantage in solving numerically ill-conditioned prob-
lems. This improvement directly affects the invertibil-
ity properties of the matrix after filtering, particularly
in CT images with dense metal artifacts. In clinical
practice, this means convergence with fewer itera-
tions and more stable segmentation, thereby shorten-
ing preoperative planning times.

To provide a deeper mathematical characteriza-
tion of the optimal Hyper G parameters, the following
variational theorem is established.

Theorem 4.4. Let B ∈ Mn(R) be symmetric posi-
tive definite, and let D denote the set of positive def-
inite diagonal matrices with unit trace. Consider the
stress-shielding functional

J (D1) = ‖D1BD–1
1 – µI‖2F

+ λ

n∑
i=1

(
ln d(1)ii – lnD1

)2, (60)

where µ = tr(B)/n, lnD1 = 1
n
∑

i ln d
(1)
ii , and λ > 0

is a regularization parameter. Then:
(i) The functional J admits a unique minimizer

D∗
1 ∈ D.

(ii) The minimizer satisfies the first-order optimality
condition obtained by projecting the gradient of
J onto the tangent space of the trace-one con-
straint. Writing X = D1BD–1

1 – µI and using the
notation [A,B] = AB – BA for the commutator,
this condition reads

diag
(
XBD–1

1 – D–1
1 XTD1BD–1

1

)
+ λΛ∗ = ηI, (61)

where Λ∗ = diag(ln d(1)∗ii – lnD∗
1), and η is

the Lagrange multiplier enforcing the trace con-
straint.
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(iii) The associated spectral convergence rate of Al-
gorithm 1 is

‖B(k) – µI‖F ≤ (1 – τ)k‖B0 – µI‖F, (62)

which is sharp in the sense that equality is at-
tained for every k when B0 – µI is any nonzero
symmetric positive semidefinite matrix with ‖B0–
µI‖F > 0.

Proof. (i) The set D is convex and has compact clo-
sure in the topology of positive diagonal matrices with
trace one. The functional J is continuous on D and
coercive: as any diagonal entry d(1)ii → 0+, the log-
arithmic barrier term λ(ln d(1)ii – lnD1)

2 → +∞,
so the sublevel sets of J are compactly contained
in D. Moreover, J is strictly convex on D because
the Frobenius norm term is strictly convex in D1 (as
a composition of a convex norm with an affine-in-
D1-for-fixed-D2 map) and the logarithmic barrier is
strictly convex. Hence a unique minimizer exists by
the direct method of the calculus of variations.

(ii) The gradient of the Frobenius termwith respect
to the k-th diagonal entry dk of D1 is computed using
the identity X = D1BD–1

1 –µI and the symmetry of B.
A direct computation gives

∂‖X‖2F
∂dk

= 2
(
XBD–1

1

)
kk–2

(
D–1
1 XTD1BD–1

1

)
kk. (63)

Similarly, the gradient of the logarithmic barrier term
is

∂

∂dk

n∑
i=1

(
ln di – lnD1

)2
=

2

dk

(
ln dk – lnD1

)
. (64)

Introducing a Lagrange multiplier η for the trace con-
straint

∑
i di = 1 yields the stationarity condition

∂‖X‖2F
∂dk

+
2λ

dk

(
ln dk – lnD1

)
= η, k = 1, . . . , n,

(65)

which, after multiplying by dk and collecting terms,
is equivalent to (61).

(iii) The iteration in Algorithm 1 is B(k+1) = (1 –
τ)B(k) + τµI. By induction,

B(k) – µI = (1 – τ)k(B0 – µI). (66)

Taking Frobenius norms gives (62) with equality for
every k. The bound is therefore sharp.

Remark 4.5. Theorem 4.4 provides both a varia-
tional characterization of the optimal Hyper G pa-
rameters and a sharp convergence rate for the pre-
conditioning sequence of the filtering algorithm. The

functional J has a direct biomechanical interpreta-
tion: the first term penalizes deviation from isotropic
stress distribution (stress shielding), while the sec-
ond term penalizes excessive anisotropy in the lattice
structure (manufacturing feasibility). The remark fol-
lowing Lemma 2.7 extends this convergence guaran-
tee to the full algorithm including the configuration
matrix A(k).

Metric IR DL-MAR Hyper G
CNR Improvement (%) 44.8± 7.9 68.2± 6.7 57.9± 5.8
PSNR (dB) 28.3± 2.1 32.1± 1.9 30.8± 2.0
SSIM 0.818± 0.048 0.907± 0.036 0.872± 0.041
Runtime (s/slice) 12.4± 1.5 0.82± 0.18 1.21± 0.27

Table 3: Comparison of Hyper G filter against ex-
isting MAR methods (simulated data based on open-
access models). Values are mean ± SD (n =
15 simulated implants). The DL-MAR reference
method is a supervised U-Net architecture (encoder–
decoder with skip connections, 4 down-sampling and
4 up-sampling blocks, 64 base filters, batch nor-
malization, ReLU activation) trained on 500 paired
artifact-free/artifact-corrupted CT slices generated
from open-access phantom data, using the Adam op-
timizer with learning rate 10–4 for 100 epochs, batch
size 8, and 80/20 training/validation split; model se-
lection was based on the minimum validation loss.
The IR baseline is a standard iterative reconstruc-
tion with total-variation regularization and empiri-
cally tuned regularization parameter. Hyper G vs IR:
p < 0.001 for all metrics (paired t-test). Hyper G vs
DL-MAR: p = 0.083 for CNR, p = 0.172 for PSNR,
p = 0.094 for SSIM (not significant). This table was
created by the authors.

As shown in Table 3, the Hyper G filter achieves
comparable performance to DL-MAR in image qual-
ity (57.9% CNR improvement, 30.8 dB PSNR, 0.872
SSIM) while maintaining reasonable computational
efficiency (1.21 seconds per slice). The filter outper-
forms conventional IR in all metrics (paired t-test, p <
0.001 for all comparisons). Differences between Hy-
per G and DL-MAR were not statistically significant
for CNR (p = 0.083), PSNR (p = 0.172), and SSIM
(p = 0.094), indicating that the proposed mathemati-
cal approach achieves deep learning-comparable per-
formance without requiring training data.

A sensitivity analysis was performed to evaluate
the robustness of the proposed method. The param-
eters τ (contraction parameter), ϵ (tolerance), λ (reg-
ularization parameter of J ), and m (Basquin expo-
nent) were varied across clinically relevant ranges
(0.1 ≤ τ ≤ 0.9, 10–6 ≤ ϵ ≤ 10–3, 10–3 ≤ λ ≤ 10,
and 3.0 ≤ m ≤ 4.0). The results demonstrate that
the optimal τ range is 0.3 ≤ τ ≤ 0.7, where the
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CNR improvement remains within 5% of the reported
value. The optimal λ range is 0.1 ≤ λ ≤ 1.0,
outside of which either excessive smoothing or nu-
merical instability is observed. The algorithm con-
verges within 10-15 iterations for ϵ = 10–6, consis-
tent with the contraction constant 1 – τ established
in Lemma 2.7 and equation (41), and with the sharp
rate in Theorem 4.4. Variation of m between 3.0 and
4.0 changes the Basquin-predicted lifespan ratio by
approximately ±40%, confirming the sensitivity of
the analytical model to this parameter and reinforcing
the need for experimental calibration. These findings
confirm the robustness of the Hyper G filter to pa-
rameter variations. Figure 4 presents a simulated CT
image of a typical 55-year-old male patient anatomy
with AO/OTA Type 43-C3 tibial pilon fracture, com-
paring the raw and Hyper G-filtered outputs at the
same anatomical level.

Pin

Metal

Bone

10 mm

1500 HU

-1000 HU

HU

(a) Simulated Raw CT

Pin suppressed

Metal suppressed

Bone preserved

10 mm

(b) Hyper G Filtered

Figure 4: Simulated CT image of a typical 55-
year-old male anatomy with AO/OTA Type 43-C3
tibial pilon fracture. (a) Raw axial slice showing
metal artifacts from an external fixator, with pin,
metal, and bone regions annotated. The HU color-
bar ranges from –1000 HU (air) to +1500 HU (dense
bone/metal). (b) Hyper G-filtered image showing ar-
tifact suppression and preserved bone margins. Scale
bar: 10 mm. Created by the authors using open-
access CT artifact models.

To test the clinical effectiveness of the proposed
method, two challenging scenarios were simulated:
tibial pilon fracture (AO/OTA Type 43-C3) and Pa-
prosky Type 3B acetabular defect. These represent
distinct biomechanical challenges—articular com-
minution with metal artifact interference in the for-
mer, and segmental bone loss with columnar insuf-
ficiency in the latter. The radiographic correlate is
presented in Figure 6. Hyper G-matrix optimization
achieves a mean surface deviation of 0.12± 0.04mm
(n = 5 simulated runs). This value is substantially
below the native CT voxel resolution (typically 0.5–
1.0 mm) and is made possible only because the de-
viation is measured on the segmented mesh after sub-
voxel interpolation using the Hyper G transformation,
rather than on the raw voxel grid; it therefore repre-

sents the geometric consistency of the fitted continu-
ous surface, not the resolution of the imaging modal-
ity. Load transfer efficiency improves by 19 percent-
age points (from 72.3% to 91.2%, a 26.1% relative in-
crease) compared to conventional designs, validating
the approach across complex orthopedic defects. Fur-
thermore, the proposed method reduces peri-implant
bone resorption by 52% and extends estimated im-
plant lifespan by 40%. However, no prospective clin-
ical validation has yet been performed: all reported
improvements derive from finite-element simulations
and must be regarded as preclinical estimates await-
ing confirmation through clinical trials.

In the tibial pilon fracture case, the geometric ac-
curacy of the mirroring process is detailed in Figure
5. As a result of adapting the healthy contralateral
tibia to the defect area using the Hyper G transfor-
mation, the mean surface deviation was measured as
0.12 ± 0.04 mm (n = 5 simulated runs, paired t-
test vs conventional: p < 0.001, Cohen’s d = 4.8).
This value is far below the 0.85 mm deviation ob-
tained with conventional methods and demonstrates
that sub-voxel surgical precision is achievable in the
fitted mesh, although it does not represent the resolu-
tion limit of the imaging modality itself. In the figure,
the healthy contralateral structure shown in blue tones
transforms into the adapted implant structure in am-
ber/gold tones as a result of the mirroring process rep-
resented by the teal arrow. Red-brown regions indi-
cate the bone defect, while red double arrows indicate
the amount of deviation (∆ = 0.12 mm). Boundary
registration points are marked with black circles, and
the error map is given as an inset.

(a) Healthy
Contralateral

10 mm

Mirroring
∆ = 0.12mm

(b) Adapted
Implant

10 mm

Healthy Bone
Bone Defect

Adapted Implant

Deviation (∆)Error map (mm)

0 0.15

Figure 5: Geometric accuracy of the mirroring pro-
cess in tibial pilon fracture (simulated data). (a)
Healthy contralateral tibia (blue) with boundary reg-
istration points (black). (b) Adapted implant (am-
ber/gold) after Hyper G transformation; red-brown:
bone defect. Mean surface deviation: 0.12±0.04mm
(n = 5, p < 0.001 vs conventional), from sub-voxel-
fitted surface, not imaging resolution. Scale bar: 10
mm. Inset: error map (0–0.15 mm). Created by the
authors. (Source: Simulated.)
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Tibial pilon fracture
(AO/OTA 43-C3)

Normal control
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Figure 6: Synthetic calibrated clinical radiograph-like
visualization of bilateral lower extremities following
high-energy axial loading. The left extremity demon-
strates a classic tibial pilon fracture (AO/OTA Type
43-C3) with characteristic articular surface comminu-
tion, metaphyseal-diaphyseal dissociation, and asso-
ciated fibular fracture. The right extremity is pre-
sented as an uninjured comparative control. The im-
age includes a 5 cm calibration scale bar, R/L ori-
entation markers, standardized grayscale calibration
strip, kVp/mAs metadata, and soft tissue as well as
trabecular bone texture patterns. This is a schematic
illustration created with vector graphics, not an ac-
tual radiographic acquisition; the visualization is in-
tended only as a conceptual correlate of the simulated
biomechanical model and must not be used for diag-
nostic purposes. This figure was created by the au-
thors. (Source: Simulated by the authors based on
open-access radiographic models and clinical refer-
ence standards.)

The second clinical scenario, Paprosky Type 3B
acetabular defect, represents one of the most severe
types of bone loss encountered in orthopedic surgery.
In this case, column support is mostly lost. The
Hyper G matrix operator defined the morphology of
the defect in a non-spherical coordinate system, en-
abling optimal positioning of trabecular metal aug-
ments. Through this approach, a highly accurate re-
construction was possible even in this complex defect
type where conventional methods fall short. Simula-
tion results show that cervical load transfer reaches
the posterior column at a rate of 85%.

5 Discussion, Future Works,
and Policy
Recommendations

This study demonstrates how abstract concepts of lin-
ear algebra translate into concrete success in the op-
erating room. Hyper G-matrices eliminate metal ar-
tifact noise in CT data through diagonal suppression
(Figure 1), minimize the bone-metal elasticity differ-
ence in implant design, thereby reducing the stress-

shielding effect (Figure 2), and provide sub-voxel ge-
ometric precision in surgical simulation (Figure 5).

However, the proposed method has certain limi-
tations. The computational cost of matrix inversion
(O(n3)) necessitates parallel computing for large-
volume CT data (512×512×500 voxels). Algorithm
1 has a time complexity ofO(n3 log(1/ϵ)) for an n×n
matrix, which can be reduced toO(n2 log n log(1/ϵ))
with parallel computing. Furthermore, the clinically
significant ranges of the diagonal elementsD1 andD2
have not yet been validated by prospective studies.
No prospective clinical validation has yet been per-
formed; all reported improvements derive from finite-
element simulations and must be regarded as preclin-
ical estimates. The difference between hyperelastic
bone tissue models and the linear elastic assumption
used in this study may become more pronounced un-
der high loading conditions. The analytical fatigue
model based on Basquin’s law overestimates the ob-
served improvement by a factor of more than four;
stress-concentration factors, mean-stress effects, and
calibrated Basquin exponents must be incorporated in
future refinements.

Several recommendations have been developed to
overcome these limitations and integrate the method
into clinical practice. It is recommended that orthope-
dic 3D application centers add such matrix-based op-
timization layers to their design algorithms. A “Hy-
per G compliance report” requirement could be intro-
duced in FDA and CE certification processes. Ad-
ditionally, patient-specific prediction of Hyper G pa-
rameters using deep learning (personalized D1 and
D2 matrices) stands out as an important research line,
which could be guided by Conjecture 5.1.

Conjecture 5.1. It is hypothesized that for the ortho-
pedic defect types examined in this study (Paprosky
Type 3B acetabular defect and AO/OTA Type 43-C3
tibial pilon fracture) and for cases with similar mor-
phological characteristics, there exists a (D∗

1,D
∗
2)

Hyper G pair that provides optimal load transfer at
the bone-implant interface. According to Theorem
2.1, this pair is unique under the constraints D1 =
D–1
2 and the normalization condition tr(D1) = 1. It

is predicted that the D∗
1 and D∗

2 matrices can be ex-
pressed as a function of the defect’s morphological
parameters (bone loss volume, local density, defect
geometry) and mechanical loading conditions. Ex-
tending this hypothesis to other defect types is the sub-
ject of future studies.

In conclusion, integrating this mathematical
framework into the clinical workflow is critically
important for increasing success rates and implant
lifespan in revision surgery. The Hyper G-Matrix-
based approach offers significant advantages in terms
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of morphological compatibility and mechanical
biocompatibility in personalized implant design, and
its integration into clinical practice could provide
revolutionary improvements in revision surgery.

6 Conclusion
In this study, a new mathematical framework for the
use of Hyper G-Matrix operators in orthopedic im-
plant design has been presented, and the theoreti-
cal foundations and clinical application potential of
this framework have been comprehensively exam-
ined. The findings demonstrate that the proposed
method provides significant advantages over conven-
tional approaches in terms of both geometric accuracy
and mechanical performance.

In terms of theoretical contributions, the unique-
ness of the Hyper G-Matrix transformation (A–T =
D1BD2) given in (1) has been proven under the con-
straints D1 = D–1

2 and the normalization condition
tr(D1) = 1, with the necessary irreducibility condi-
tion made explicit and the redundant hypothesis of
pairwise distinct eigenvalues removed. This unique-
ness forms the basis of a consistent and reproducible
optimization procedure for different patient data. Fur-
thermore, a rigorous contraction mapping proof in the
Frobenius norm has been provided for the iterative fil-
tering algorithm, and the convergence of the full al-
gorithm including the configuration matrix has been
established. A variational characterization of the op-
timal Hyper G parameters has been established, to-
gether with a sharp convergence rate for the filtering
algorithm. A rigorous discrete-to-continuum bridge
has been constructed via G-convergence and homog-
enization theory, connecting the discrete voxel oper-
ators in (47)–(48) to the continuous elasticity opera-
tor in (49) and the effective Young’s modulus in (51).
The empirical halving of the condition number as a
result of spectral improvement has been reported as a
numerical observation specific to the simulated data,
and explicitly not as a general theorem.

The application results show that the Hyper G-
Matrix transformation successfully suppresses metal
artifacts in CT images and improves geometric ac-
curacy by 67%. Through the proposed lattice struc-
ture optimization, the stress shielding effect at the
bone-implant interface has been minimized, and the
load transfer efficiency has been improved by 19 per-
centage points (from 72.3% to 91.2%, correspond-
ing to a 26.1% relative increase). As a natural con-
sequence of these mechanical improvements, pre-
clinical simulations predict a 40% increase in im-
plant lifespan and a 52% reduction in peri-implant
bone resorption. The validation study in Table 3
confirms that the Hyper G filter achieves compa-
rable performance to deep learning MAR methods
(57.9% CNR improvement, 30.8 dB PSNR, 0.872

SSIM) while maintaining computational efficiency
(1.21 seconds per slice). Statistically significant dif-
ferences were observed between Hyper G and con-
ventional IR (p < 0.001 for all metrics), while dif-
ferences between Hyper G and DL-MAR were not
significant (p > 0.05), demonstrating that the pro-
posedmathematical approach achieves deep learning-
comparable performance without requiring training
data. The Basquin-based lifetime model with Good-
man mean-stress correction predicts a 174% theo-
retical increase, which overestimates the 40% FEM-
observed improvement by a factor of more than four;
the discrepancy is attributed to stress-concentration
effects, mean-stress interactions, and the idealized
nature of the analytical fatigue model, and will be
addressed in future work through calibrated fatigue
parameters and refined stress-concentration analysis.
We emphasize that all reported improvements are pre-
clinical estimates and that no prospective clinical val-
idation has yet been performed.

All these findings demonstrate that Hyper G-
Matrix theory is a powerful mathematical tool that si-
multaneously optimizes morphological compatibility
and mechanical biocompatibility in personalized im-
plant design. The presented framework, with its the-
oretical richness, computational efficiency, and clin-
ical applicability, makes a significant contribution to
the solution of complex defects encountered in revi-
sion surgery. Future studies aim to achieve patient-
specific prediction of Hyper G parameters using deep
learning techniques and to confirm these findings
through long-term clinical studies.
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