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Abstract: - Methodology of derivation and analysis of the Maxwell equations in total derivatives by time is
considered. In continuation of the earlier published paper, this paper is devoted to the methodology of
derivation of the Maxwell equations for the electromagnetic field - with total time derivatives - in contrast to
the partial derivatives in the "classical" Maxwell equations. Analysis of the electromagnetic wave spreading is
performed in detail and the parameters of the waves are derived and analyzed. It is shown that the modified
Maxwell equations contain a description of the Doppler Effect, which takes place when the waves of any nature
(not only electromagnetic) propagate in a homogeneous and isotropic continuous medium. Also some novel
teaching methodologies are mentioned, where these ideas may be spread for the students to learn the Maxwell
equations and to train in their analysis and comprehend the wave spreading phenomena.
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1 Introduction

The presented paper has been prepared in
continuation of the [1], with the research and
educational purposes. The equation of spherical
wave was obtained from the wave equation, which
is derived from the Maxwell equations as shown
below:

w? — k? = 0.

Dividing this equation by k? # 0, we get:

@ -1

This is equation of the sphere of unit radius in
the velocity space (square of the phase speed of the
wave is equal to unity). The Akimov’s formula [2],
for the speed of wave, the source of which is
moving with a speed v is as follows:

(k)" =1

Then from (1) yields:

(1
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w? — 2wk - v + k?v? = k2,

or

w? = 2wk v+ (k-v)? + [k xv]? = k2,
(w—k-v)*>+[kxv]?—k?=0.

From the last equation, the solution is as follows:

w=k-v+.k?—-[kxv]?
w=k-v-cosO+k-Vv1—v2-sinf?,
%zv-cos@ix/l—vz-sinez,

where are: 8 — the angle between the vectors k and
v, %f the amplitude of phase speed of the wave. In

this form, the last formula was given in [2].

In the right hand of (1) the unity is put just for
simplicity. Actually, it is the following equation
with the right part the speed of light:

)
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In fact, the equation (2) is the law of cosines for the
difference of the vectors.

If the receiver is moving too, with a speed w,
then according to the rule of vectors’ adding yields:

2
wk 2
———v+w) =c”.
(kk

Plus is chosen because if v = w (the receiver and
transmitter move in the same direction), then the
Doppler Effect is absent.

2 Modification of Maxwell Equations
Now the Maxwell equation array (see Appendix) is
considered to reveal, which modification is needed
to obtain of it the Akimov’s formula [2] (the speed
of light is put ¢ = 1 just for simplicity) as in (1).

2.1 The Linear Equation Array for the
Modified Maxwell Equations

In case of linear differential equations with constant
coefficients, it is easier to work with the equivalent
their algebraic equations for the Fourier amplitudes.
Thus, the linear equation array corresponding to the
Maxwell equations in their modified, more general
form (see Appendix) is as follows:

sBy + p2&3 — P32 =0, sB, + p3g; —p1E3 =0,

sB3 + p1&2 — P281 =0,

—q2PB3 + q3Bz + s€1 = lIyy, 3)
—q3PB1 + q1B3 + 582 = Iy,
—q1B2 + qzP1 + se3 = lys,

where: s = —w +v- k. The determinant of this

systemis: (w —v-k)?-((w —v-k)> —p-q)?, so
that there are two longitudinal (plane) waves and
four «spherical» transversal waves.

Then the coefficients p and q are selected such
ones, which allow getting the expression

(w—k-v)*+ [k xVv]? —k?

from (w—-—v-k)>—p-q. Two cases are
available for this:
p=k+[vXxk], q=k—[vxk], (a)
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Or

p=k, q=k+[vx[vxk]]
The choice (a) yields:

(b)

(w—v k)Z?—-p-q=(w-v k) -
(k+[vxk]) (k—[vxk]) =(w-v-k)*—
k? + [v x k]?.

The choice (b) yields:

(w-v-k)?-p-q
=(w—-v-k)?—k?
— (k- [vx[vxk]])=
=(w—v-k)?—k?—([kxv]-[vxk] =
(w—v-k)*>—k?+ [v X k]

Here the vector v is constant.

2.2 The Fourier Transform of the Equations
Having a Fourier transform of the system of
equations, one can restore its coordinate
representation, and two options are possible:

L rW+xV)XE=0,

(a)
S (W-[wxV)xB+j=0.

or
B LvxE=0,
dt
. (b)
—~(W+[vx[vxV])xB+j=0.

Here the conventional form of the total derivative by
time was used:

|

d _ .

(o))

t
3 Solution of the Equations

3.1 The System in Case (b)

3.1.1 Transformation of the Equations

For the analysis of the equation array (b), the
substitution is implemented, which turns the first
equation into an identity:

E=-%_vyo.

B =[V x 4], -
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The second equation of the system is transformed as

—2 (%) -Zvo - (1—v)[V x [V x 4]] -

dt \dt
(w-P[vx[VxA4]] =—j,
ZZT;‘— (72 — [v x V]?)A + V(%CIJ +(1—v2)(V-
D+ @ NE-D) =],
%— (V2 - [vx V]))A + V(%d> + (v, -A)) =

I,
where: V, = (1 — vV +v(w- V).

3.1.2 the Lorentz’s Calibration
The analogy of the Lorentz’s calibration gives

d
— 0+ (7 - 4)=0,

while the second equation results in

_dZ_A 2 _ 2 — 3
dt2+(|7 [vx V]?9)A = —j.

The equation
(Vq : E) =p

transforms into

d

——(Vg-4) = (V- V)@ =p.

With the Lorentz’s calibration follows

dd

2 ®— (Vg V)@ =p,

_a 2 _ N\ — _
Lo+ (72~ [vx V1) = —p.

3.2 Parameters of the

Electromagnetic Waves

Spreading

3.2.1 The phase speeds of the waves
The scalar @ and vector A potentials, in this

mathematical model considered, satisfy the
modified wave equation:
(L 47— x V) f =~ 4)
dt? g
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The waves described by the equation (4) have
different phase speeds for their spreading (along the
vector v and perpendicular to it):

(w—v k)?>—k?’+[vxk]?=0, (5)

where from

w=k-v+.k?—[kxv]?
%zv-cos@ix/l—vz-sinez.

One could see analogy in (5) with a spreading of
the waves in anisotropic medium, e.g. in the single-
axis crystal.

In the anisotropic medium the group speed V =
Jw wk

o does not coincide with the phase speed = P
The phase speed is the speed of the moving wave
front (surface of constant phase), while the group
speed is a characteristic of the energy transfer by the
wave packet.

3.2.2 Choosing the Coordinate System
The vector of the group speed is

dw (1-v)k+(wk)v

v ok vE VEk2—[kxv]? ©)
Let us choose the coordinate system so that the
vector v would be directed by the axis z: v =

[0,0,u]. Then from (6) follows

w=k; ut J(1 —u2)(ky® + k%) + k3,

(1—u?)k,

b
J(l—uz)(k12+k22)+k32

a
h=go=t (7

_dw _ " (1—u?)k,

akz J(l—uz)(k12+k22)+k32

£

dw k3

B J(l—uz)(k12+k22)+k32'

3.2.3 The Wave Fronts
It is easily proved with (7) that

V12+V22 _ 2 _
oy +(V; —w)=1.

®)

The equation (8) represents the equation of:
- One-axis ellipsoid by u? < 1;
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- Single-cavity hyperboloid by u? > 1.
The case u? = 1 is degenerate (plane wave).

3.3 The Fresnel Equation
Rewriting the equation (5):

(w—v-k)?+[vxk]*>?=k?

through the conventional in the crystal optics vector
n =K/, (3], p. 307), and divide by w # O:

1-v-n)?+[vxn]>?=n% (9

This equation (9) is called in optics the Fresnel
equation and defines the surface of wave vectors -
the optical indicatrix. It is written in the spherical

coordinates as follows

2
v . cing)2 —
- ) + (n-sinB)- =

(n-cose+ 3
v

(10)

1-v2)?

where n, v are the amplitudes of the vectors n, v
respectively.
The equation (10) describes the sphere with the

radiu

along the vector v. Thus, the vector v of relative
motion determines the chosen direction as the
optical axis of space. It defines the anisotropy of the
space for the propagation of electromagnetic waves.
The equation of the equal phases is as follows

GRURE

the sphere with a center shifted by the vector v.
The group speed surface is

V12+V22
(1-u?)

+ (Vs —w?=1,

the surface of stretched along v rotation ellipsoid.
4 The Green Lagging Function

4.1 The Equation with Right Hand
Solution of the equation with right hand side

(L +v2- (11)

dt?

[vx V) f =g

can be presented as the integral of right hand side
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with the Green function:
flt,x,y,z) = [dt'dx'dy'dz'G(t —t',x —x',y —
yi,z—2z")-g(t'x",y',2z"),
where the Green function satisfies the equation (11):
(F_ V? + [v x V]z) Gt—thx—x,y—y,z—
zZ)=-6(t—-t x—x",y—-y',z—2).

Using the presentation of the functions through
their Fourier integral yields:
d3k ei(—wt+k-r)

(2m)3 fE(w—v-k)z—(1—v2)k2—(v-k)2'

G,r)={

4.2 Integral by Frequency
The integral by frequency

ei(—wt+k-r)

[
21 (w—v-k)2—(1-v2)k2—(v-k)?

Ik(t, r) =

is computed using the series expansion of the
denominator of fraction by the factors

1 1

(k) —(1-1) - k)?  (@-0)(w0—023)
1 1 1

@-2 ) \(w-24)  (w-0.)/"

where are

2. = v-k—[A= DR+ @ O

2, =v-k+(1—-v2)k?+ (v- k)2
The integral
—iwt

l(kr) e—iwt
2n(0, - =) d“’((m 2 (w—n_)>

is calculated by the theorem on the residues of the
analytic function, the closure of the integration
contour in the lower half-plane by t > 0:

Ik(t, r)

L6, 7) = o (2mi) (e — e0-).
v(t),
I, (t,1r) =
(eitJ(l—vz)k2+(v-k)2 _e—itJ(l—vz)k2+(v-k)2>
etk (r-vt) )
JA-vD)k2+(vk)? 2i )
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v(),
Ik(t, 1") =
i(k-(r—vt)) .
—’—(livz)k2+(v-k)2 sin (t\/(l —v2)k2 + (v- k)z) _
(),

where v(t) ={0(t<0)|1(0<t)}.

4.3 The Green Function
The integral

d3k pilk(r-vt))
6o = f 2m)3 [ —vD)k? + (v - k)?
sin (/T = v)kZ + (@ K)2) - v()

is calculated by all space k3 in the special
coordinate system with the vector v = [0,0, u]:

d3k ei(k1x+k2y+k3(z—ut))
2m)3
(2m) \/(1 —u?)(ky® + ky%) + k3

sin <t\/(1 - uz)(kl2 + k22) + k32> ~u(t),

G(t, 1) =

A3k ei(k1d1+k2q2+K3q3)
(1 —u?) ) @n)° [i,2 + 1,2 + 152
sin(t\/lcl2 + 1% + K32) ~u(t),

G(t,r) =

where are:
x y
= = =z — ut.
q1 NeEya) q2 NeEyri qs

In the spherical coordinates:

1 fo%) .
Goraun do KdK - sin(it) -

f_11 dse™ Qs - y(t),

G(t,r) =

2

G@tr) = (2m)2(1-u?)Q

fooo dxk - sin(kt) - sin(kQ) -
u(t),

where

2 2
Q=N/Q12+QZZ+Q32 =\/x hed + (z — ut)?.

1-u?

The use of identities

sin(kt) - sin(kQ) = %(cos(;c(t — Q)) —
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cos(zc(t + Q))),
fooo di - cos(k)) = nd(Q),
gives

G(t,1) = ————(8(Q —t) — 8(Q + D) - v(2).

4m(1-u?)R

Here

0= \/":uy; +(z—ut)? > 0,
therefore, 6(Q +t) =0 by t>0 and can be

omitted. Then &(Q —t) # 0 only for t >0,
therefore, v(t) is not needed. Finally,

_ 8-
G(t1) = oo (12)

The Green function (12) can be presented also in
the following form:

28(Q-t)
4m(1-u2)(Q+8)  2m(1-u?2)
8((1-u?)(?-t?))

21

_8((e+n(@-0) _

G(t,r) =

Gtr) = 6(x2+y2+(1—u2)((z—ut)2—t2)) _

21 )
6(x2 +y? +zz—((1—u2)t+uz) )

21

Then, in the spherical coordinates
x= R - sinB - cosy, y= R - sin® - sing, z= R - cos0,

6(R2 —((1—u2)t+u-R-cose)2)

21

G(t,r) =

The condition of zero argument for the §-function is
the equation of cone of causality

RR=(1-ud)t+u-R- cose)z.

Thus,

_R___(1-v?)
V= t (wcosB+1l) (13)

4.4 The Graphs of Speed for Spreading the
Wave Fronts Depending on Angle

The graphs of function (13) of the speed of

spreading for the wave front against the latitudinal

angle 0 are given in Fig. 1 for u = 0.618 and Fig. 2

for u = 1.618, respectively:
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4.4.1 Ellipse (u < 1) Dependence of Speed of Fig. 2 The hyperbole (u > 1) dependence (13) of
Wave Front versus Latitudinal Angle 0 the speed of spreading for the wave front against the

518 latitudinal angle 6
s 5 Equations in the Canonical Form
> B
0,6
//04_ 5.1 Reduction of Equations to Canonical
/- X Form
021
5.1.1 The Maxwell Equations in Local System
% : s In the local system with the vector v = [0,0,u] the
' ' Maxwell equations are the following:
021
dB dB
0.4 d_tl + 62E3 - 63E2 =V, d_tz + 63E1 - 61E3 =0 N
069 %+61E2—62E1=0,
0.8+ .. : . . dE B
d—tl — (1 =u?)0,B3 + 03B, = —j;, (14)
Fig. 1 The ellipse (u < 1) dependence (13) of the dE. )
speed of spreading for the wave front against the d_tz — 0381 + (1 —u®)0: B3 = —),
latitudinal angle 6
dE3 2 .
ar (1 —u)(01B; — 0;B,) = —Js,
4.4.2 Hyperbole (u > 1) dependence of Speed of
Wave Front versus Latitudinal Angle 6 where:
d_0_ .9
1618 ac o T Yoz

Transforming to the new independent variables:

ax: Vl_uzal, ay: Vl_uzaz, az=63.

/ yields (14) as follows

A _ / dB; E3

0y () — 0. =0,

2% 1 0,E, - 0, (%) =0, (15
2 1 1 2 3 4
S (VI=uZB;) + 04E, — 0yE; = 0,
?zf- : % - ay(\/ 1 - uzB3) + aZBz = _jl’
%_ aZBl + ax(mB3) = _jz,
™ d{ E _ j
/ ) () ~ 0B+ 0,81 = - ()

5.1.2 The Conventional Maxwell Equations
Now introduce the new variables:
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p1 = By, & =Ey, 4 =ju
B2 = By, & = E, b, =]
I E J
— _ 2 — _ =3 — 3
Ps =V1—-u®Bs, B8=Tme BT e

In these assignments the equations (15) look like the
conventional Maxwell equations

dd_p;:+ay€3_6282 :0, dd—ﬁt2+azsl—axs3 :0,
dd—l?+6x52—8y31 =0,

deq

ac ayﬁ3 + 0,6, = —1y, (16)

de
Z2_ 9,81 + 0xB3 = —t,
de
d_t3 - axﬁz + ayﬁl = —l3.

Thus, for each value of speed w, the local
transformation of the coordinates exists, which leads
to the “canonical” form of the equations:

a8 _ de _ -
dt+l7><£—0, o PxB+1t=0,

where all derivatives by time are total derivatives:

|

a _ .

o))

t

When u > 1, the local transformation of the
coordinates requires the multiplier vu? — 1 instead

of V1 — uZ.

5.2 Energy Conservation Law

Normally in derivation of the law for conservation
of energy-momentum the following is applied. The
first Maxwell equation (see Appendix) is got in
scalar product by vector B, and the second one — by
vector E. The resulted equations are added. It yields

(17)

0 (E2+BZ

2(E2E)+V [ExBl=—j-E.

Similar to (17), for the canonical form is got:

d (£2+B2

i )+V-[£xﬁ]=—1-£.

(18)

6 Appendix
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6.1 The Maxwell Equations

The Maxwell equations have the form:

oE

0B .
Z4UXE=0, > -VXB=—j

In the Cartesian coordinate system is:

aby | dey _ des

at  dy o9z 0,
by | der _de3 _ g
at 9z ox
ab3 aez 6e1
=42,

at aox ady
dey _ b3 | 9bp _
at oy oz Jv
dez _ by | 9bs _
a0z "ax  J2
des _ by | 9by _
at  ox oy I3

The linear system of the partial differential
equations with constant coefficients can be solved
using the Fourier transformation:

b; = Biexp(i- (—w -t + kyx + kyy + k32)),

e; = gexp(i- (—w -t + kyx + kyy + k32)),

ji=viexp(i- (—o -t + kyx + kyy + k32)).

After substitution, omitting by exponential (non-
zero) results in the system of algebraic equations for
the Fourier amplitudes of the fields f; and &;:

—(,()ﬁl - k3£2 + k2£3 = 0,
—(A)ﬁz + k3£1 - k1£3 = 0,
—(,()ﬁ3 - k2£1 + k1£2 = 0,
+k3B2 — k2B3 — weg = iyy,
—k3B1 + k1B3 — we;

+kyB1 — k1B — wez = iy3.

in s

Now the system has «classic» view of the linear
algebraic equations: M - i = w, where are:
U = [B1, B2, B3, €1, €2, €3], W = [0,0,0, iy 1, iy 2, i¥3]
And the determinant of the matrix M is:
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det(M) = w? - (w? — k?)2.

6.2 Solution of the Equations
Solution of the system is as follows:
B1 = ikyAz —ik3zAy, B = ik3A; —ik,43,
ﬁ3 = iklAZ - ikZAl’ & = l(l)Al - ikld),
&y = l(UAz - ikz(p, &3 = l(UA3 - ik3(p,

where are:

Yi
A= —— Y
4 wz_kIZ_kzz_k32a

@ = (k1A; + kyA; + k3A3)/w.
The solution is written in the variables B, E, j as
B=VxA, E=-2A-Vo,
where A satisfies the wave equation:
(-v)a-1.
and @ satisfies the Lorentz condition:

Spt1v-Aa=0.
at

Solution of the wave equation may be done using
for example the Green lagging function. The
Lorentz condition can be also reduced to the wave
equation computing the divergence of the vector E:

vE= —2p. v = (2 _p2
divE= —SV-A-V-Vo = (2 - 72)0o.

Thus, for @ we get also the wave equation:
9 2 —
Ga-7)e=r

Where p = divE is the charge density satisfying the
continuity equation

a ,

which is assumed to be a known function.

7 Conclusion
Derivation of the Doppler Effect from the modified
Maxwell equations with total derivatives by time
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was considered and analyzed in this paper. It was
shown that the modified Maxwell equations contain
a description of the Doppler Effect in the form of
O.E. Akimov [2]. The Doppler Effect takes place
when waves of any nature (not only
electromagnetic) propagate in a homogeneous and
isotropic continuous medium. The problem raised
the new attention of scientists during the last time,
e.g. [4].

Researchers in the field and the students
including the application of the Computerized
Educational Platform (CompEdu) [5-7] may use the
presented materials by the spreading of the
electromagnetic waves and analysis of the Maxwell
equations. It can also be useful for studying the
Doppler  effect of electromagnetic  wave
propagation.
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