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Abstract: - Methodology of derivation and analysis of the Maxwell equations in total derivatives by time is 
considered. In continuation of the earlier published paper, this paper is devoted to the methodology of 
derivation of the Maxwell equations for the electromagnetic field - with total time derivatives - in contrast to 
the partial derivatives in the "classical" Maxwell equations. Analysis of the electromagnetic wave spreading is 
performed in detail and the parameters of the waves are derived and analyzed. It is shown that the modified 
Maxwell equations contain a description of the Doppler Effect, which takes place when the waves of any nature 
(not only electromagnetic) propagate in a homogeneous and isotropic continuous medium. Also some novel 
teaching methodologies are mentioned, where these ideas may be spread for the students to learn the Maxwell 
equations and to train in their analysis and comprehend the wave spreading phenomena.  

Key-Words: - Maxwell Equations, Total Derivatives, Electromagnetic Waves, Wavelength Reduction, 
Expansion, Green Lagging Function, Fresnel Equation, Doppler Effect 
 

1 Introduction 
The presented paper has been prepared in 
continuation of the [1], with the research and 
educational purposes. The equation of spherical 
wave was obtained from the wave equation, which 
is derived from the Maxwell equations as shown 
below: 
 

߱ଶ െ ଶ࢑ ൌ 0. 
 

Dividing this equation by ݇ଶ ് 0, we get: 
 

ቀఠ
௞

࢑

௞
ቁ
ଶ
ൌ 1. 

 
This is equation of the sphere of unit radius in 

the velocity space (square of the phase speed of the 
wave is equal to unity). The Akimov’s formula [2], 
for the speed of wave, the source of which is 
moving with a speed ࢜ is as follows: 
 

                         ቀ
ఠ

௞

࢑

௞
െ ቁ࢜

ଶ
ൌ 1.                    (1) 

 
Then from (1) yields: 
 

ቀఠ
௞

࢑

௞
ቁ
ଶ
െ 2 ቀ

ఠ

௞

࢜∙࢑

௞
ቁ ൅ ଶݒ ൌ 1, 

or  
 ߱ଶ െ ࢑2߱ ∙ ࢜ ൅ ݇ଶݒଶ ൌ ݇ଶ, 
 

 ߱ଶ െ ࢑2߱ ∙ ࢜ ൅ ሺ࢑ ∙ ሻଶ࢜ ൅ ሾ࢑ ൈ ሿଶ࢜ ൌ ݇ଶ, 
 

 ሺ߱ െ ࢑ ∙ ሻଶ࢜ ൅ ሾ࢑ ൈ ሿଶ࢜ െ ݇ଶ ൌ 0. 
 

From the last equation, the solution is as follows: 
 

 ߱ ൌ ࢑ ∙ ࢜ േ ඥ݇ଶ െ ሾ࢑ ൈ  ,ሿଶ࢜
 

 ߱ ൌ ݇ ∙ ݒ ∙ ߠݏ݋ܿ േ ݇ ∙ √1 െ ଶݒ ∙  ,ଶߠ݊݅ݏ
 

 
ఠ

௞
ൌ ݒ ∙ ߠݏ݋ܿ േ √1 െ ଶݒ ∙  ,ଶߠ݊݅ݏ

 
where are: ߠ – the angle between the vectors ࢑ and 
 ,࢜

ఠ

௞
 – the amplitude of phase speed of the wave. In 

this form, the last formula was given in [2]. 
In the right hand of (1) the unity is put just for 

simplicity. Actually, it is the following equation 
with the right part the speed of light: 
 

                 ቀ
ఠ

௞

࢑

௞
െ ቁ࢜

ଶ
ൌ ܿଶ.      (2) 
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In fact, the equation (2) is the law of cosines for the 
difference of the vectors. 

If the receiver is moving too, with a speed ࢝	, 
then according to the rule of vectors’ adding yields: 
 

ቀఠ
௞

࢑

௞
െ ࢜ ൅ ቁ࢝

ଶ
ൌ ܿଶ. 

 
Plus is chosen because if ࢜ ൌ  the receiver and) ࢝
transmitter move in the same direction), then the 
Doppler Effect is absent. 
 
 

2 Modification of Maxwell Equations 
Now the Maxwell equation array (see Appendix) is 
considered to reveal, which modification is needed 
to obtain of it the Akimov’s formula [2] (the speed 
of light is put ܿ ൌ 1 just for simplicity) as in (1). 
 
 
2.1 The Linear Equation Array for the 
Modified Maxwell Equations 
In case of linear differential equations with constant 
coefficients, it is easier to work with the equivalent 
their algebraic equations for the Fourier amplitudes. 
Thus, the linear equation array corresponding to the 
Maxwell equations in their modified, more general 
form (see Appendix) is as follows: 
 
s઺૚ ൅ ૛ઽ૜ܘ െ ૜ઽ૛ܘ ൌ ૙,  ݏ઺૛ ൅ ૜ઽ૚ܘ െ ૚ઽ૜ܘ ൌ ૙, 
 
઺૜ݏ  ൅ ૚ઽ૛ܘ െ ૛ઽ૚ܘ ൌ ૙,       
       
 െܙ૛઺૜ ൅ ૜઺૛ܙ ൅ ઽ૚ݏ ൌ ۷઻૚,                (3) 
 
 െܙ૜઺૚ ൅ ૚઺૜ܙ ൅ sઽ૛ ൌ ۷઻૛, 
 
 െܙ૚઺૛ ൅ ૛઺૚ܙ ൅ ઽ૜ݏ ൌ ۷઻૜, 
 
where: ݏ ൌ െ߱ ൅ ࢜ ∙  The determinant of this .࢑
system is: ሺ߱ െ ࢜ ∙ ሻଶ࢑ ∙ ሺሺ߱ െ ࢜ ∙ ሻଶ࢑ െ ࢖ ∙  ሻଶ, soࢗ
that there are two longitudinal (plane) waves and 
four «spherical» transversal waves. 

Then the coefficients ࢖ and ࢗ are selected such 
ones, which allow getting the expression 
 

 ሺ߱ െ ࢑ ∙ ሻଶ࢜ ൅ ሾ࢑ ൈ ሿଶ࢜ െ ݇ଶ 
 

from ሺ߱ െ ࢜ ∙ ሻଶ࢑ െ ࢖ ∙  Two cases are .ࢗ
available for this: 
 
࢖ ൌ ࢑ ൅ ሾ࢜ ൈ ࢗ ,ሿ࢑ ൌ ࢑ െ ሾ࢜ ൈ  ሿ, (a)࢑
  

Or 
 
࢖ ൌ ࢗ  ,࢑ ൌ ࢑ ൅ ࢜ൣ ൈ ሾ࢜ ൈ   ሿ൧.  (b)࢑

The choice (а) yields: 
 

ሺ߱ െ ࢜ ∙ ሻଶ࢑ െ ࢖ ∙ ࢗ ൌ ሺ߱ െ ࢜ ∙ ሻଶ࢑ െ
ሺ࢑ ൅ ሾ࢜ ൈ ሿሻ࢑ ∙ ሺ࢑ െ ሾ࢜ ൈ ሿሻ࢑ ൌ ሺ߱ െ ࢜ ∙ ሻଶ࢑ െ

݇ଶ ൅ ሾ࢜ ൈ 	.ሿଶ࢑
 
The choice (b) yields: 
 

ሺ߱ െ ࢜ ∙ ሻଶ࢑ െ ࢖ ∙ ࢗ
ൌ ሺ߱ െ ࢜ ∙ ሻଶ࢑ െ ݇ଶ

െ ൫࢑ ∙ ࢜ൣ ൈ ሾ࢜ ൈ ሿ൧൯࢑ ൌ 
ൌ ሺ߱ െ ࢜ ∙ ሻଶ࢑ െ ݇ଶ െ ሺሾ࢑ ൈ ሿ࢜ ∙ ሾ࢜ ൈ ሿሻ࢑ ൌ

ሺ߱ െ ࢜ ∙ ሻଶ࢑ െ ݇ଶ ൅ ሾ࢜ ൈ  .ሿଶ࢑
 
Here the vector ࢜ is constant.  
 
 
2.2 The Fourier Transform of the Equations 
Having a Fourier transform of the system of 
equations, one can restore its coordinate 
representation, and two options are possible: 
 

 
ௗ࡮

ௗ௧
൅ ሺࢺ ൅ ሾ࢜ ൈ ሿሻࢺ ൈ ࡱ ൌ 0,  

                          (a) 

 
ௗࡱ

ௗ௧
െ ሺࢺ െ ሾ࢜ ൈ ሿሻࢺ ൈ ࡮ ൅ ࢐ ൌ 0. 

 
or 

 
ௗ࡮

ௗ௧
൅ સ ൈ ࡱ ൌ 0 ,   

                            (b) 

 
ௗࡱ

ௗ௧
െ ൫ࢺ ൅ ࢜ൣ ൈ ሾ࢜ ൈ ሿ൧൯ࢺ ൈ ࡮ ൅ ࢐ ൌ 0. 

 
Here the conventional form of the total derivative by 
time was used: 
 

ௗ

ௗ௧
≡

డ

డ௧
൅ ሺ࢜ ∙ સሻ. 

 
 

3 Solution of the Equations 
 
 
3.1 The System in Case (b) 
 
3.1.1 Transformation of the Equations 
For the analysis of the equation array (b), the 
substitution is implemented, which turns the first 
equation into an identity: 
 

࡮ ൌ ሾࢺ ൈ ࡱ ,ሿ࡭ ൌ െ
ௗ࡭

ௗ௧
െ  .ߔࢺ
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The second equation of the system is transformed as  
 

െ
ௗ

ௗ௧
ቀௗ࡭
ௗ௧
ቁ െ

ௗ

ௗ௧
ߔࢺ െ ሺ1 െ ࢺଶሻൣݒ ൈ ሾࢺ ൈ ሿ൧࡭ െ

ሺ࢜ ∙ ࢜ሻൣࢺ ൈ ሾࢺ ൈ ሿ൧࡭ ൌ െ࢐, 
 

ௗమ࡭

ௗ௧మ
െ ሺࢺଶ െ ሾ࢜ ൈ ࡭ሿଶሻࢺ ൅ ൬ࢺ

ௗ

ௗ௧
ߔ ൅ ሺ1 െ ࢺଶሻሺݒ ∙

ሻ࡭ ൅ ሺ࢜ ∙ ࢜ሻሺࢺ ∙ ሻ൰࡭ ൌ  ,࢐

 
ௗమ࡭

ௗ௧మ
െ ሺࢺଶ െ ሾ࢜ ൈ ࡭ሿଶሻࢺ ൅ ൬ࢺ

ௗ

ௗ௧
ߔ ൅ ൫ࢺ௤ ∙ ൯൰࡭ ൌ

 ,࢐
 
where: ࢺ௤ ≡ ሺ1 െ ࢺଶሻݒ ൅ ࢜ሺ࢜ ∙  .ሻࢺ
 
3.1.2 the Lorentz’s Calibration 

The analogy of the Lorentz’s calibration gives  
 

 
ௗ

ௗ௧
ߔ ൅ ൫ࢺ௤ ∙ ൯࡭ ൌ 0, 

 
while the second equation results in 
 

 െ
ௗమ࡭

ௗ௧మ
൅ ሺࢺଶ െ ሾ࢜ ൈ ࡭ሿଶሻࢺ ൌ െ࢐. 

 
The equation 
 

൫ࢺ௤ ∙ ൯ࡱ ൌ  ߩ
 
transforms into 
 

െ
ௗ

ௗ௧
൫ࢺ௤ ∙ ൯࡭ െ ൫ࢺ௤ ∙ ߔ൯ࢺ ൌ  .ߩ

 
With the Lorentz’s calibration follows  
 

ௗ

ௗ௧

ௗ

ௗ௧
ߔ െ ൫ࢺ௤ ∙ ߔ൯ࢺ ൌ  ,ߩ

 

െ
ௗమ

ௗ௧మ
ߔ ൅ ሺࢺଶ െ ሾ࢜ ൈ ߔሿଶሻࢺ ൌ െߩ. 

 
 
3.2 Parameters of the Spreading 
Electromagnetic Waves 
 
3.2.1 The phase speeds of the waves 
The scalar ߔ and vector ࡭ potentials, in this 
mathematical model considered, satisfy the 
modified wave equation: 
  

ቀെ
ௗమ

ௗ௧మ
൅ ଶࢺ െ ሾ࢜ ൈ ሿଶቁࢺ ݂ ൌ െ݃.          (4) 

 

The waves described by the equation (4) have 
different phase speeds for their spreading (along the 
vector ࢜ and perpendicular to it): 

ሺ߱ െ ࢜ ∙ ሻଶ࢑ െ ݇ଶ ൅ ሾ࢜ ൈ ሿଶ࢑ ൌ 0, (5) 
 
where from 
 

 ߱ ൌ ࢑ ∙ ࢜ േ ඥ݇ଶ െ ሾ࢑ ൈ  ,ሿଶ࢜
 
 

ఠ

௞
ൌ ݒ ∙ ߠݏ݋ܿ േ √1 െ ଶݒ ∙  .ଶߠ݊݅ݏ

 
One could see analogy in (5) with a spreading of 

the waves in anisotropic medium, e.g. in the single-
axis crystal.  

In the anisotropic medium the group speed ࢂ ≡
డఠ

డ࢑
 does not coincide with the phase speed ≡

ఠ

௞

࢑

௞
 . 

The phase speed is the speed of the moving wave 
front (surface of constant phase), while the group 
speed is a characteristic of the energy transfer by the 
wave packet.  
 
 
3.2.2 Choosing the Coordinate System 

The vector of the group speed is  
 

ࢂ ൌ
డఠ

డ࢑
ൌ ࢜ േ

൫ଵି௩మ൯࢑ାሺ࢑∙࢜ሻ࢜

ඥ௞మିሾ࢑ൈ࢜ሿమ
.           (6) 

 
Let us choose the coordinate system so that the 
vector ࢜ would be directed by the axis z: ࢜ ൌ
ሾ0,0,  ሿ. Then from (6) followsݑ
 

߱ ൌ ݇ଷ ∙ ݑ േ ටሺ1 െ ଶሻ൫݇ଵݑ
ଶ ൅ ݇ଶ

ଶ൯ ൅ ݇ଷ
ଶ, 

 

						 ଵܸ ൌ
డఠ

డ௞భ
ൌ േ

൫ଵି௨మ൯௞భ

ටሺଵି௨మሻ൫௞భ
మା௞మ

మ൯ା௞య
మ
,           (7) 

 

ଶܸ ൌ
డఠ

డ௞૛
ൌ േ

൫ଵି௨మ൯௞మ

ටሺଵି௨మሻ൫௞భ
మା௞మ

మ൯ା௞య
మ
, 

      

ଷܸ ൌ
డఠ

డ௞૜
ൌ ݑ േ

௞య

ටሺଵି௨మሻ൫௞భ
మା௞మ

మ൯ା௞య
మ
. 

 
3.2.3 The Wave Fronts 
It is easily proved with (7) that  
 

              
૚ࢂ

૛ାࢂ૛
૛

ሺଵି௨మሻ
൅ ሺ ଷܸ െ ሻ૛ݑ ൌ ૚.    (8) 

          
The equation (8) represents the equation of: 
- One-axis ellipsoid by ݑଶ ൏ 1; 

Yevgen V. Chesnokov, Ivan V. Kazachkov
International Journal of Applied Physics 

http://www.iaras.org/iaras/journals/ijap

ISSN: 2367-9034 16 Volume 3, 2018



- Single-cavity hyperboloid by ݑଶ ൐ 1. 
The case ݑଶ ൌ 1 is degenerate (plane wave). 
 
 
3.3 The Fresnel Equation 
Rewriting the equation (5):  
 
 ሺ߱ െ ࢜ ∙ ሻଶ࢑ ൅ ሾ࢜ ൈ ሿଶ࢑ ൌ ݇ଶ 
 
through the conventional in the crystal optics vector 

࢔ ൌ ࢑ ߱ൗ  ([3], p. 307), and divide by ߱ ് 0: 
 
 ሺ1 െ ࢜ ∙ ሻଶ࢔ ൅ ሾ࢜ ൈ ሿଶ࢔ ൌ ݊ଶ.     (9) 
   
This equation (9) is called in optics the Fresnel 
equation and defines the surface of wave vectors - 
the optical indicatrix. It is written in the spherical 
coordinates as follows 
 

ቀ࢔ ∙ ࣂ࢙࢕ࢉ ൅
࢜

૚ି࢜૛
ቁ
૛
൅ ሺ࢔ ∙ ሻ૛ࣂ࢔࢏࢙ ൌ

૚

ሺ૚ି࢜૛ሻ૛
,  (10)   

 
where ࢜ ,࢔ are the amplitudes of the vectors ࢜ ,࢔ 
respectively. 

The equation (10) describes the sphere with the 

radius 
૚

૚ି࢜૛
, the center of which is shifted by 

࢜

૚ି࢜૛
 

along the vector ࢜. Thus, the vector ࢜ of relative 
motion determines the chosen direction as the 
optical axis of space. It defines the anisotropy of the 
space for the propagation of electromagnetic waves. 

The equation of the equal phases is as follows 
 

 ቀఠ
௞

࢑

௞
െ ቁ࢜

ଶ
ൌ 1, 

 
the sphere with a center shifted by the vector ࢜.  

The group speed surface is 
 

 
૚ࢂ

૛ାࢂ૛
૛

ሺଵି௨మሻ
൅ ሺ ଷܸ െ ሻ૛ݑ ൌ ૚, 

 
the surface of stretched along ࢜ rotation ellipsoid.  
 
 

4 The Green Lagging Function 
 
 
4.1 The Equation with Right Hand 
Solution of the equation with right hand side 
 

ቀെ
ௗమ

ௗ௧మ
൅ ଶࢺ െ ሾ࢜ ൈ ሿଶቁࢺ ݂ ൌ െ݃    (11) 

 
can be presented as the integral of right hand side 

with the Green function: 
 
݂ሺݐ, ,ݔ ,ݕ ሻݖ ൌ ݐሺܩᇱݖᇱ݀ݕᇱ݀ݔᇱ݀ݐ݀׬ െ ,ᇱݐ ݔ െ ,ᇱݔ ݕ െ

,ᇱݕ ݖ െ ᇱሻݖ ∙ ݃ሺݐᇱ, ,ᇱݔ ,ᇱݕ 	,ᇱሻݖ
 
where the Green function satisfies the equation (11): 
 

ቀ ௗ
మ

ௗ௧మ
െ ଶࢺ ൅ ሾ࢜ ൈ ሿଶቁࢺ ݐሺܩ െ ,ᇱݐ ݔ െ ,ᇱݔ ݕ െ ,ᇱݕ ݖ െ

ᇱሻݖ ൌ െߜሺݐ െ ,ᇱݐ ݔ െ ,ᇱݔ ݕ െ ,ᇱݕ ݖ െ 	.ᇱሻݖ
 

Using the presentation of the functions through 
their Fourier integral yields: 
 

,ݐሺܩ ሻ࢘ ൌ ׬
ௗయ࢑

ሺଶగሻయ
׬
ௗఠ

ଶగ

௘೔ሺషഘ೟శ࢘∙࢑ሻ

ሺఠି࢑∙࢜ሻమିሺଵି௩మሻ௞మିሺ࢑∙࢜ሻమ
. 

 
 
4.2 Integral by Frequency 
The integral by frequency 
 

,ݐሺ࢑ࡵ  ሻ࢘ ൌ ׬
ௗఠ

ଶగ

௘೔ሺషഘ೟శ࢘∙࢑ሻ

ሺఠି࢑∙࢜ሻమିሺଵି௩మሻ௞మିሺ࢑∙࢜ሻమ
 

 
is computed using the series expansion of the 
denominator of fraction by the factors  
 

ଵ

ሺఠି࢑∙࢜ሻమିሺଵି௩మሻ௞మିሺ࢑∙࢜ሻమ
ൌ

ଵ

ሺఠିఆషሻ∙ሺఠିఆశሻ
ൌ

ଵ

ሺఆశିఆషሻ
ቀ ଵ

ሺఠିఆశሻ
െ

ଵ

ሺఠିఆషሻ
ቁ,	

 
where are 
 

ିߗ  ≡ ࢜ ∙ ࢑ െ ඥሺ1 െ ଶሻ݇ଶݒ ൅ ሺ࢜ ∙  ,ሻଶ࢑
 

ାߗ  ≡ ࢜ ∙ ࢑ ൅ ඥሺ1 െ ଶሻ݇ଶݒ ൅ ሺ࢜ ∙  .ሻଶ࢑
 

The integral 
 

,ݐሺ࢑ࡵ ሻ࢘ ൌ
݁௜ሺ࢘∙࢑ሻ

ାߗሺߨ2 െ ሻିߗ
න݀߱ቆ

݁ି௜ఠ௧

ሺ߱ െ ାሻߗ
െ

݁ି௜ఠ௧

ሺ߱ െ ሻିߗ
ቇ 

 
is calculated by the theorem on the residues of the 
analytic function, the closure of the integration 
contour in the lower half-plane by ݐ ൐ 0: 
 

,ݐሺ࢑ࡵ ሻ࢘ ൌ
௘೔ሺ࢘∙࢑ሻ

ଶగሺఆశିఆషሻ
ሺ2݅ߨሻ൫݁ି௜ఆశ௧ െ ݁ି௜ఆష௧൯ ∙

߭ሺݐሻ, 
 

,ݐሺ࢑ࡵ ሻ࢘ ൌ

௘೔൫࢑∙ሺ࢘ష࢜೟ሻ൯

ඥሺଵି௩మሻ௞మାሺ࢑∙࢜ሻమ
·

ቌ௘
೔೟ට൫భషೡమ൯ೖమశሺ࢑∙࢜ሻమ

ି௘
ష೔೟ට൫భషೡమ൯ೖమశሺ࢑∙࢜ሻమ

ቍ

ଶ௜
∙
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߭ሺݐሻ, 
 

,ݐሺ࢑ࡵ ሻ࢘ ൌ
௘೔൫࢑∙ሺ࢘ష࢜೟ሻ൯

ඥሺଵି௩మሻ௞మାሺ࢑∙࢜ሻమ
݊݅ݏ· ቀݐඥሺ1 െ ଶሻ݇ଶݒ ൅ ሺ࢜ ∙ ሻଶቁ࢑ ∙

߭ሺݐሻ, 
 
where ߭ሺݐሻ ൌ ሼ0	ሺݐ ൏ 0ሻ|1	ሺ0 ൏  .ሻሽݐ
 
 
4.3 The Green Function 
The integral 
 

,ݐሺܩ ሻ࢘ ൌ න
݀ଷ࢑
ሺ2ߨሻଷ

݁௜൫࢑∙ሺ࢜ି࢘௧ሻ൯

ඥሺ1 െ ଶሻ݇ଶݒ ൅ ሺ࢜ ∙ ሻଶ࢑
· 

݊݅ݏ ቀݐඥሺ1 െ ଶሻ݇ଶݒ ൅ ሺ࢜ ∙ ሻଶቁ࢑ ∙ ߭ሺݐሻ 

 
is calculated by all space ࢑૜ in the special 
coordinate system with the vector ࢜ ൌ ሾ0,0,  :ሿݑ
 

,ݐሺܩ ሻ࢘ ൌ න
݀ଷ࢑
ሺ2ߨሻଷ

݁௜൫௞భ௫ା௞మ௬ା௞యሺ௭ି௨௧ሻ൯

ටሺ1 െ ଶሻ൫݇ଵݑ
ଶ ൅ ݇ଶ

ଶ൯ ൅ ݇ଷ
ଶ
· 

݊݅ݏ ቆݐටሺ1 െ ଶሻ൫݇ଵݑ
ଶ ൅ ݇ଶ

ଶ൯ ൅ ݇ଷ
ଶቇ ∙ ߭ሺݐሻ, 

 

,ݐሺܩ ሻ࢘ ൌ
1

ሺ1 െ ଶሻݑ
න

݀ଷࣄ
ሺ2ߨሻଷ

݁௜ሺ఑భ௤భା఑మ௤మା఑య௤యሻ

ඥߢଵଶ ൅ ଶଶߢ ൅ ଷଶߢ
· 

ଵଶߢඥݐቀ݊݅ݏ ൅ ଶଶߢ ൅ ଷଶቁߢ ∙ ߭ሺݐሻ, 
 

where are: 
ଵݍ ൌ

௫

√ଵି௨మ
ଶݍ , ൌ

௬

√ଵି௨మ
ଷݍ , ൌ ݖ െ  .ݐݑ

 
In the spherical coordinates: 

 

,ݐሺܩ ሻ࢘ ൌ
ଵ

ሺଶగሻమሺଵି௨మሻ
׬ ߢ݀ߢ ∙ ሻݐߢሺ݊݅ݏ ∙
ஶ
଴

׬ ௜఑ொ௦݁ݏ݀
ଵ
ିଵ ∙ ߭ሺݐሻ, 

 

,ݐሺܩ ሻ࢘ ൌ
ଶ

ሺଶగሻమሺଵି௨మሻொ
׬ ߢ݀ ∙ ሻݐߢሺ݊݅ݏ ∙ ሻܳߢሺ݊݅ݏ
ஶ
଴ ∙

߭ሺݐሻ, 
 

where 

ܳ ൌ ඥݍଵଶ ൅ ଶଶݍ ൅ ଷଶݍ ൌ ට௫మା௬మ

ଵି௨మ
൅ ሺݖ െ  .ሻଶݐݑ

 
The use of identities 
 

ሻݐߢሺ݊݅ݏ ∙ ሻܳߢሺ݊݅ݏ ൌ
ଵ

ଶ
ቀܿݏ݋൫ߢሺݐ െ ܳሻ൯ െ

ݐሺߢ൫ݏ݋ܿ ൅ ܳሻ൯ቁ, 

׬ ߢࢊ ∙ ሻߣߢሺݏ݋ܿ
ஶ
૙ ൌ  ,ሻߣሺࢾ࣊

gives  
 

,ݐሺܩ ሻ࢘ ൌ
ଵ

ସగሺଵି௨మሻோ
൫ࢾሺܳ െ ሻݐ െ ሺܳࢾ ൅ ሻ൯ݐ ∙ ߭ሺݐሻ. 

 
Here 

 ܳ ൌ ට௫మା௬మ

ଵି௨మ
൅ ሺݖ െ ሻଶݐݑ ൐ 0,  

 
therefore, ࢾሺܳ ൅ ሻݐ ൌ ૙ by ݐ ൐ 0 and can be 
omitted. Then ࢾሺܳ െ ሻݐ ് ૙ only for ݐ ൐ 0, 
therefore, ߭ሺݐሻ is not needed. Finally, 
  

,ݐሺܩ            ሻ࢘ ൌ
ሺொି௧ሻࢾ

ସగሺଵି௨మሻொ
.     (12) 

 
The Green function (12) can be presented also in 

the following form: 
 

,ݐሺܩ ሻ࢘ ൌ
૛ࢾሺொି௧ሻ

ସగሺଵି௨మሻሺொା௧ሻ
ൌ

൫ሺொା௧ሻሺொି௧ሻ൯ࢾ

ଶగሺଵି௨మሻ
ൌ

ቀ൫ଵି௨మ൯൫ொమି௧మ൯ቁࢾ

ଶగ
, 

 

,ݐሺܩ ሻ࢘ ൌ
ቀ௫మା௬మା൫ଵି௨మ൯൫ሺ௭ି௨௧ሻమି௧మ൯ቁࢾ

ଶగ
ൌ

൬௫మା௬మା௭૛ିቀ൫ଵି௨మ൯௧ା௨௭ቁࢾ
૛
൰

ଶగ
. 

 
Then, in the spherical coordinates 

xൌ ܴ ∙ sinθ ∙ cosφ, yൌ ܴ ∙ sinθ ∙ sinφ, zൌ ܴ ∙  ,sθ݋ܿ
 

,ݐሺܩ  ሻ࢘ ൌ
൬ோమିቀ൫ଵି௨మ൯௧ା௨∙ோ∙௖௢ୱ஘ቁࢾ

૛
൰

ଶగ
. 

 
The condition of zero argument for the ࢾ-function is 
the equation of cone of causality  
 

 ܴଶ ൌ ൫ሺ1 െ ݐଶሻݑ ൅ ݑ ∙ ܴ ∙ sθ൯݋ܿ
૛
. 

 
Thus, 

ࢂ                     ൌ
ோ

௧
ൌ െ

൫ଵି௨మ൯

ሺ௨∙௖௢ୱ஘േଵሻ
.                (13) 

 
 
4.4 The Graphs of Speed for Spreading the 

Wave Fronts Depending on Angle 
The graphs of function (13) of the speed of 
spreading for the wave front against the latitudinal 
angle θ are given in Fig. 1 for ݑ ൌ 0.618 and Fig. 2 
for ݑ ൌ 1.618, respectively: 
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4.4.1 Ellipse ሺ࢛ ൏ 1ሻ Dependence of Speed of 
Wave Front versus Latitudinal Angle ી  
 

 
Fig. 1 The ellipse ሺݑ ൏ 1ሻ dependence (13) of the 
speed of spreading for the wave front against the 

latitudinal angle θ  
 
4.4.2 Hyperbole ሺ࢛ ൐ 1ሻ dependence of Speed of 
Wave Front versus Latitudinal Angle ી  

 

 

Fig. 2 The hyperbole ሺݑ ൐ 1ሻ dependence (13) of 
the speed of spreading for the wave front against the 

latitudinal angle θ 
 
 

5 Equations in the Canonical Form  
 
 
5.1 Reduction of Equations to Canonical 

Form 
 
5.1.1 The Maxwell Equations in Local System 
In the local system with the vector ࢜ ൌ ሾ0,0,  ሿ theݑ
Maxwell equations are the following: 
 
ௗ஻భ
ௗ௧

൅ ߲ଶܧଷ െ ߲ଷܧଶ ൌ 0, 
ௗ஻మ
ௗ௧

൅ ߲ଷܧଵ െ ߲ଵܧଷ ൌ 0	, 
 

 
ௗ஻య
ௗ௧

൅ ߲ଵܧଶ െ ߲ଶܧଵ ൌ 0	,            

 

      
	ௗாభ
ௗ௧

െ ሺ1 െ ଷܤଶሻ߲ଶݑ ൅ ߲ଷܤଶ ൌ െ݆ଵ,     (14) 

 
ௗாమ
ௗ௧

െ ߲ଷܤଵ ൅ ሺ1 െ ଷܤଶሻ߲ଵݑ ൌ െ݆ଶ, 

 
ௗாయ
ௗ௧

െ ሺ1 െ ଶܤଶሻሺ߲ଵݑ െ ߲ଶܤଵሻ ൌ െ݆ଷ, 

 
where: 

ௗ

ௗ௧
≡

డ

డ௧
൅ ݑ

డ

డ௭
 . 

 
Transforming to the new independent variables: 

 
߲௫ ൌ √1 െ ߲௬			ଶ߲ଵ,ݑ ൌ √1 െ ߲௭			ଶ߲ଶ,ݑ ൌ ߲ଷ. 

 
yields (14) as follows  
 

ௗ஻భ
ௗ௧

൅ ߲௬ ቀ
ாయ

√ଵି௨మ
ቁ െ ௭߲ܧଶ ൌ 0, 

 

                 
ௗ஻మ
ௗ௧

൅ ௭߲ܧଵ െ ߲௫ ቀ
ாయ

√ଵି௨మ
ቁ ൌ 0	,        (15) 

 
ௗ

ௗ௧
൫√1 െ ଷ൯ܤଶݑ ൅ ߲௫ܧଶ െ ߲௬ܧଵ ൌ 0	, 

       

 
ௗாభ
ௗ௧

െ ߲௬൫√1 െ ଷ൯ܤଶݑ ൅ ௭߲ܤଶ ൌ െ݆ଵ, 

 

 
ௗாమ
ௗ௧

െ ௭߲ܤଵ ൅ ߲௫൫√1 െ ଷ൯ܤଶݑ ൌ െ݆ଶ, 

 

 
ௗ

ௗ௧
ቀ ாయ
√ଵି௨మ

ቁ െ ߲௫ܤଶ ൅ ߲௬ܤଵ ൌ െቀ
௝య

√ଵି௨మ
ቁ. 

 
5.1.2 The Conventional Maxwell Equations 
Now introduce the new variables: 
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ଵߚ  ൌ ଵߝ																,ଵܤ ൌ ଵߡ									,ଵܧ ൌ ݆ଵ, 
ଶߚ  ൌ ଶߝ																,ଶܤ ൌ ଶߡ									,ଶܧ ൌ ݆ଶ, 

ଷߚ  ൌ √1 െ ,ଷܤଶݑ ଷߝ	 ൌ
ாయ

√ଵି௨మ
, ଷߡ ൌ

௝య
√ଵି௨మ

. 

 
In these assignments the equations (15) look like the 
conventional Maxwell equations  
 
ௗఉభ
ௗ௧

൅ ߲௬ߝଷ െ ௭߲ߝଶ ൌ 0,  
ௗఉమ
ௗ௧

൅ ௭߲ߝଵ െ ߲௫ߝଷ ൌ 0	, 
 

                      
ௗఉయ
ௗ௧

൅ ߲௫ߝଶ െ ߲௬ߝଵ ൌ 0	,           

      

                  
ௗఌభ
ௗ௧
െ ߲௬ߚଷ ൅ ௭߲ߚଶ ൌ െߡଵ,             (16) 

 
ௗఌమ
ௗ௧
െ ௭߲ߚଵ ൅ ߲௫ߚଷ ൌ െߡଶ, 

 
ௗఌయ
ௗ௧
െ ߲௫ߚଶ ൅ ߲௬ߚଵ ൌ െߡଷ. 

 
Thus, for each value of speed ࢜, the local 

transformation of the coordinates exists, which leads 
to the “canonical” form of the equations: 
 

ௗࢼ

ௗ௧
൅ ࢺ ൈ ࢿ ൌ 0, 

ௗࢿ

ௗ௧
െ ࢺ ൈ ࢼ ൅ ࣃ ൌ 0, 

 
where all derivatives by time are total derivatives:  

 
ௗ

ௗ௧
≡

డ

డ௧
൅ ሺ࢜ ∙ સሻ. 
 

When ݑ ൐ 1, the local transformation of the 
coordinates requires the multiplier √ݑଶ െ 1 instead 
of √1 െ  .ଶݑ
 
 
5.2 Energy Conservation Law 
Normally in derivation of the law for conservation 
of energy-momentum the following is applied. The 
first Maxwell equation (see Appendix) is got in 
scalar product by vector ࡮, and the second one – by 
vector ࡱ. The resulted equations are added. It yields 
 

    
డ

డ௧
ቀா

మା஻మ

ଶ
ቁ ൅ સ ∙ ሾࡱ ൈ ሿ࡮ ൌ െ࢐ ∙  (17)             .ࡱ

 
Similar to (17), for the canonical form is got: 

 

        
ௗ

ௗ௧
ቀఌ

మାఉమ

ଶ
ቁ ൅ સ ∙ ሾࢿ ൈ ሿࢼ ൌ െࣃ ∙  (18)          .ࢿ

 
 

6 Appendix 
 

 
6.1 The Maxwell Equations 
The Maxwell equations have the form: 
 

࡮ࣔ

࢚ࣔ
൅ ࢺ ൈ ࡱ ൌ ૙,   

ࡱࣔ

࢚ࣔ
െ ࢺ ൈ ࡮ ൌ െ࢐. 

 
In the Cartesian coordinate system is: 
 

 
૚࢈ࣔ
࢚ࣔ
൅

૜ࢋࣔ
࢟ࣔ

െ
૛ࢋࣔ
ࢠࣔ

ൌ ૙, 

 

 
૛࢈ࣔ
࢚ࣔ
൅

૚ࢋࣔ
ࢠࣔ
െ

૜ࢋࣔ
࢞ࣔ

ൌ ૙, 

 

 
૜࢈ࣔ
࢚ࣔ
൅

૛ࢋࣔ
࢞ࣔ

െ
૚ࢋࣔ
࢟ࣔ

ൌ ૙, 

 

 
૚ࢋࣔ
࢚ࣔ
െ

૜࢈ࣔ
࢟ࣔ

൅
૛࢈ࣔ
ࢠࣔ

ൌ െ࢐૚, 

 

 
૛ࢋࣔ
࢚ࣔ
െ

૚࢈ࣔ
ࢠࣔ

൅
૜࢈ࣔ
࢞ࣔ

ൌ െ࢐૛, 

 

 
૜ࢋࣔ
࢚ࣔ
െ

૛࢈ࣔ
࢞ࣔ

൅
૚࢈ࣔ
࢟ࣔ

ൌ െ࢐૜. 

 
The linear system of the partial differential 

equations with constant coefficients can be solved 
using the Fourier transformation: 
 
࢏࢈ ൌ ࢏൫࢖࢞ࢋ࢏ࢼ ∙ ሺെ࣓ ∙ ࢚ ൅ ࢞૚࢑ ൅ ࢟૛࢑ ൅  ,ሻ൯ࢠ૜࢑

 
࢏ࢋ ൌ ࢏൫࢖࢞ࢋ࢏ࢿ ∙ ሺെ࣓ ∙ ࢚ ൅ ࢞૚࢑ ൅ ࢟૛࢑ ൅  ,ሻ൯ࢠ૜࢑

 
࢏࢐ ൌ ࢏൫࢖࢞ࢋ࢏ࢽ ∙ ሺെ࣓ ∙ ࢚ ൅ ࢞૚࢑ ൅ ࢟૛࢑ ൅  .ሻ൯ࢠ૜࢑

 
After substitution, omitting by exponential (non-

zero) results in the system of algebraic equations for 
the Fourier amplitudes of the fields ࢏ࢼ and ࢏ࢿ: 

 
െ߱ࢼ૚ െ ૛ࢿ૜࢑ ൅ ૜ࢿ૛࢑ ൌ ૙, 

 
െ߱ࢼ૛ ൅ ૚ࢿ૜࢑ െ ૜ࢿ૚࢑ ൌ ૙, 

 
െ߱ࢼ૜ െ ૚ࢿ૛࢑ ൅ ૛ࢿ૚࢑ ൌ ૙, 

 
൅࢑૜ࢼ૛ െ ૜ࢼ૛࢑ െ ૚ࢿ߱ ൌ  ,૚ࢽ࢏

 
െ࢑૜ࢼ૚ ൅ ૜ࢼ૚࢑ െ ૛ࢿ߱ ൌ  ,૛ࢽ࢏

 
൅࢑૛ࢼ૚ െ ૛ࢼ૚࢑ െ ૜ࢿ߱ ൌ  .૜ࢽ࢏

 
Now the system has «classic» view of the linear 

algebraic equations: ܯ෡ ∙ തݑ ൌ ഥݓ , where are: 
തݑ ൌ ሾߚଵ, ,ଶߚ ,ଷߚ ,ଵߝ ,ଶߝ തതതݓ	,ଷሿߝ ൌ ሾ0,0,0, ,૚ࢽ݅ ,૛ࢽ࢏  ૜ሿࢽ࢏
And the determinant of the matrix ܯ෡  is: 
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ሻܯሺݐ݁݀  ൌ 	߱ଶ ∙ ሺ߱ଶ െ  .ଶሻଶ࢑
6.2 Solution of the Equations 
Solution of the system is as follows: 
 

ଵߚ ൌ ݅݇ଶܣଷ െ ݅݇ଷܣଶ, ߚଶ ൌ ݅݇ଷܣଵ െ ݅݇ଵܣଷ, 
 

ଷߚ ൌ ݅݇ଵܣଶ െ ݅݇ଶܣଵ, ߝଵ ൌ ଵܣ߱݅ െ ݅݇ଵߔ, 
 

ଶߝ ൌ ଶܣ߱݅ െ ݅݇ଶߝ ,ߔଷ ൌ ଷܣ߱݅ െ ݅݇ଷߔ, 
 
where are: 

௜ܣ ൌ െ
ఊ೔

ఠమି௞భ
మି௞మ

మି௞య
మ, 

 
ߔ  ൌ ሺ݇ଵܣଵ ൅ ݇ଶܣଶ ൅ ݇ଷܣଷሻ ߱⁄ . 

 
The solution is written in the variables ࡱ,࡮,   as ࢐

 

࡮ ൌ સ ൈ ࡱ ,࡭ ൌ െ
ࣔ

࢚ࣔ
࡭ െ સ	ߔ, 

 
where ࡭ satisfies the wave equation: 
 

ቀ ࣔ
૛

૛࢚ࣔ
െ સ૛ቁ࡭ ൌ  ,࢐

 
and ߔ satisfies the Lorentz condition: 
 

ࣔ

࢚ࣔ
ߔ	 ൅ ࢺ ∙ ࡭ ൌ 0. 

 
Solution of the wave equation may be done using 

for example the Green lagging function. The 
Lorentz condition can be also reduced to the wave 
equation computing the divergence of the vector ࡱ: 
 

ࡱݒ݅݀ ൌ 	െ
ࣔ

࢚ࣔ
ࢺ ∙ ࡭ െ ࢺ ∙ ߔ	ࢺ ൌ ቀ ࣔ

૛

૛࢚ࣔ
െ  .ߔ૛ቁࢺ

 
Thus, for ߔ we get also the wave equation: 
 

ቀ ࣔ
૛

૛࢚ࣔ
െ ߔ૛ቁࢺ ൌ  ,ߩ

 
Where ߩ ൌ  is the charge density satisfying the ࡱݒ݅݀
continuity equation 
 

ࣔ

࢚ࣔ
ߩ ൅ ࢺ ∙ ࢐ ൌ 0, 

 
which is assumed to be a known function. 
 
 

7 Conclusion 
Derivation of the Doppler Effect from the modified 
Maxwell equations with total derivatives by time 

was considered and analyzed in this paper. It was 
shown that the modified Maxwell equations contain 
a description of the Doppler Effect in the form of 
O.E. Akimov [2]. The Doppler Effect takes place 
when waves of any nature (not only 
electromagnetic) propagate in a homogeneous and 
isotropic continuous medium. The problem raised 
the new attention of scientists during the last time, 
e.g. [4]. 

Researchers in the field and the students 
including the application of the Computerized 
Educational Platform (CompEdu) [5-7] may use the 
presented materials by the spreading of the 
electromagnetic waves and analysis of the Maxwell 
equations. It can also be useful for studying the 
Doppler effect of electromagnetic wave 
propagation. 

 
 
References: 
[1] Chesnokov Ye.V., Kazachkov I.V. Derivation 

of Doppler Effect from the modified Maxwell’s 
equations with total time derivatives // Int. 
Journal of Applied Physics, 2017, 2, 39-45. 

[2] Ether (Part 6). Doppler Effect (In Russian) 
https://youtu.be/x20e0R7y2es. 

[3] Novozhilov Yu.V., Yappa Yu.A. Electrodyna-
mics.- Moscow: Mir Publisher.- 1986.- 349 pp. 

[4] Bilbao L. Does the Velocity of Light Depend on 
the Source Movement? // Progress in Physics, 
2016, vol. 12, issue 4, P. 307-312. 

[5] Geraimchuk M.D., Kazachkov I.V., Fransson 
T.H./ Abstr. of Conf. Development and 
Implementation of the Modern Educational 
Methods and Tools Based on the Mobile and 
Notebook Computers.- Kyiv: NTUU “KPI”.- 
2007. 

[6] Fransson Т.H., Каzachkov І.V., Solomon М., 
Коnoval О.V. Collaboration of the Swedish-
ukrainian universities in the development and 
implementation of the interactive multimedia 
teaching-learning system// Scientific notes of the 
Nizhyn Gogol state university.- 2011.- №7.- P. 
199-206. 

[7] Fransson T.H., Hillion F.-X., Klein E. An 
international, electronic and interactive teaching 
and life-long learning platform for gas turbine 
technology in the 21st century/ ASME Turboexpo 
2000 May 8-11, Munich.- Germany.- Paper 
2000-GT-0581. 

 

Yevgen V. Chesnokov, Ivan V. Kazachkov
International Journal of Applied Physics 

http://www.iaras.org/iaras/journals/ijap

ISSN: 2367-9034 21 Volume 3, 2018




