International Journal of Signal Processing
Ahmed S. Abutaleb http://iaras.org/iaras/journals/ijsp

3D ISAR Imaging from Single View Using Bessel Function Expansion
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Abstract: We study the case of a moving target that is observed from a ground radar station. The target has
relatively slow yaw angle and slow rotation angle. The coordinates of each reflector is studied and estimated
from only one viewing ground station and for relatively short period of one second. The compensated range
and the Doppler shift were interpreted as phase modulated (PM) signals. Bessel function expansion was used
to find, for each reflector, an estimate for the unknowns: (1) yaw frequency, (2) rotation frequency, (3) x
coordinate, (4) y coordinate, and (5) z coordinate. Only range data is used for the estimation. The unique
Bessel functions parameters are guaranteed using the location of the peak of the spectrum of the signal. The
cross range or Doppler data could be used to verify and adjust the estimated values. The approach was applied
to simulated 3D inverse synthetic aperture radar (ISAR) imaging.

Keywords: ISAR, Bessel Functions Expansion, Phase Modulation, Radar Echo, Doppler Shift.

Received: May 26, 2025. Revised: August 9, 2025. Accepted: September 21, 2025. Published: April 15, 2026.

1 Introduction Subsequent  processing extracts the third-
Inverse synthetic aperture radar (ISAR) is an dimensional inforrpation. The common techpique
effective tool to image moving targets in all for 3D reconstruction from image sequences is the
weather conditions. Conventional two-dimensional factorization method [3]. For 3D lmaging, one
(2D) ISAR imaging methods can obtain a high needs a sequence of preprocessing steps prior to
range resolution by compressing the wide-band reconstruction. These steps include the extraction
signal. Pulse compression schemes based on of th? .echo of each reflector and trajectory
conventional Fourier techniques are efficient and assoclation. . )

robust; however, they often suffer from relatively In this report we estimate the single reflector
poor resolution [1]. The relative motion of a target coordinates, including height, and both the yaw
generates Doppler shift that is used, along with the and. rotation gngles Of the whole target. This is
range data, to generate 3-D ISAR. The relative achieved within a relatively srna!l time aroupd one
motion of the target to the radar can generally be second. We use Bessel function expansion to
decomposed into two parts: translation and overcome the prob!em Qf small observation angles
rotation [2]. Achieving high-resolution ISAR angi small observathn time. For each reflector, the
imaging requires precise compensation. height (or z coordinate) is computed from thp
Techniques for 3D geometry reconstruction based compensated range. The compensated' range 1s
on ISAR images can be divided into two groups, considered as phase modulated PM signal. We
ISAR image 3D geometry reconstruction and tgke th_e cosine of t.hls PM signal. The resu}tant
single-sensor-based 3D geometry reconstruction signal is expanded in terms of Bessel functions.
[3. 4]. The focus of this paper is the single-sensor This expansion is acting as frfequency ampllﬁ'er ie.
or single view. the low frequency smusqd is transformed into a
Conventional  single-sensor 3D  geometry high . frequency. sinus01d.‘ The. applied . Bess§1
reconstruction necessitates prolonged observation function expansion for thls'cosme PM signal is
and uses the relative kinematics between target used to extract all the coordinates, the yaw angle,
and radar to acquire an ISAR image sequence. and the rotation angle. Thus, only the range

compensated signal is needed. We could also use
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the phase of the Doppler shift signal to assist in the
estimation of the reflector coordinates. Again
applying the Bessel function approximation to the
cosine of the phase, we are able to estimate the all
the coordinates and the angles. Thus, all
coordinates of the reflector are estimated. We
repeat this process for all the reflectors. In the
simulation, we add noise to show the robustness of
the proposed method.

This report is divided as follows: Section 2 is
problem formulation and the presentation of the
motion equations of the target. In Section 3 we
present the proposed approach based on Bessel
function expansion of the cosine of the phase.
Section 4 presents simulations, results, and
conclusions. We have an appendix that describes
Bessel functions and their properties.

2.Problem Formulation:
The target is composed of point scatterers. The
ISAR received signal is a superposition of each
return from the individual scatterers. In figure 1,
we show a schematic of the incident signal and the
target.
The target return from the kth pulse is written as
[5]:
Sp(t,k)=> aSt—kT—7,) (1)

I

Where T is the pulse width, @, is the amplitude
and 7; is the time delay
reflected waves from

different:parts of} target
]
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Fig.1, A schematic of incident radar signal and the
radar echo [5].

corresponding to the range of the ith scatterer. The
time delay could be expressed as:

_2Ri(H)
5= —C 2
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Where R, (t)is the range to the ith scatterer, and C

is the speed of light. Taking the Fourier transform
of the reflected time domain signal, we get:

- 2ﬂf(kT+2R(tj
c

S.(f.k)= S(f)Zae

3)
Where S(f)is the Fourier transform of the

transmitted signal.

When the object has both translational and
rotational motion, the range of the ith scatterer can
be expressed as [1, 2]

Ri(t) =R, +Vvpt+ast’/2
+ X; sina(t) sin k() + y; cos a(t) sin x(t)
+ Z; cos k(1)
(4)
Where R| is the distance between the radar and the

center of the target, Vyis the speed of the target,

dg is the acceleration of the target, a(t)=0t is

speed or rotational (yaw)
k(t) is the roll angle or roll

the angular
displacement,
displacement, (Xi > Yis Zi) is the coordinates of the

ith scattering point on the target.
In the case that we deal with only 2D echo, the
reflected signal becomes:

—j2nf (kT+2R0j
S.(f,k)=S(f)e c
, 2D echo
—J—f VRHath /24X sing(t)+y; cosa(t))
Z a,e
&)
For the ith scatterer, define the phase angle as:

470R; (1)
$(t) = ——.C=

4z | Ro+vpt+agt?/2
= f| +X; cosa(t)sink(t)
+Y; sina(t)sinx(t)+2z; cosx(t)

(6)
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Fig. 2, Geometry of the reflections from one
reflector. In the figure, f is the radar frequency and
C is the speed of light. [1].

Ot = (1) , and Ot = a(t) in the figure
Compensating for the range, velocity, and
acceleration, we obtain the reduced phase angle:

4 | (x; sin®t)sin O

fo; (1) = < |V (sin®tcosdt)|,C = A
+2; cos®t
(7)
Applying the identity

sin Asin B = %(COS(A— B)—cos(A+ B)) we get:

X.
fo(t) = 41 E'(cos(@—@)t—cos(dﬂ@)t)

. A | +Yi (sin®t cosOt )+z; cos Dt )
which could be approximated as:

Xi . r

—| 1=sin((®+O)t+—

3 oo D))

() 4r
o A 1y (sindt )z,

)

arz | 5 1asin z
- ﬁ{ 2 [1+sm( (CD+®)'[+2)J‘

A +yi (SinCI)t)-l—Zi

In summary, it is assumed that the target rotation
outside of the plane between the radar and the
target is small, and the standard range alignment
has been applied to the data so that the coarse
translation motion has been removed. In Section 3,
and using Bessel series expansion, we show that
equation (8) will be enough and used to find all the

reflector parameters; x, y, z, ® , and O .
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2.1 Some Approximations and the

Estimation of z, and y.® :

An approximate formula for o, (D of equation (7)

expansion:

]@
(10)

Collecting terms as power of “t”, we get for the
compensated range:

series

0°t?

is obtained wusing Taylor

4z x-®®t2+y-(1—
fo®~—| '
+7,

4
fo () = 77[ [zi+(inD)t+xiCD®t2](11)

Using the least square estimation method, this
equation could be used to find an estimate for z,

and y;®. The coefficient of “t*” is relatively

small to be detected. The least square method, if
not given good initial estimates, will yield poor
estimates. This will be clear in the results Section.
Even if we have good initial estimates, equation
(11) is not enough to find all the parameters of the
reflectors. Thus, we need different views of the
target to get the desired parameters. We also need
the Doppler shift equation to find the unknowns.

2.2 The Doppler shift equation:

The Doppler shift fDi ) , which is the derivative
of the phase of equation (6), is defined as:

' dg, (t)
o =77 —at (2
ie.
1
iji(t)
= Xi[sina(t)d’((t) cosrc(t)+sin7c(t)da(t)cosa(t)J

_|._

y [cosa(t)d’;(tt) cosx(t)—sinx(t)% sina(t))

-z at sin x (1)
(13)
Where 4 is the wavelength of the carrier

frequency, k(1) = @t and a(t) = Ot

For each reflector we have five unknowns; the x,
y, z coordinates and the yaw and rotation angles.
The yaw and rotation angles, however, are
common for all the reflectors. Thus, we need at
least five independent measurements to find the
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estimates of the unknowns. For constant values of

© , the rotational (yaw) velocity and constant
® , we get the Doppler shift, f[')i , as:

~

N

2
=X (sin a(t)® cos k(1) + sin k(1)® cos a(t))
+V, (cos a(t)D cos x(t) — sin x(t)O sin a(t))
—Z;®sin k(1)
Which is approximated as:

% fl =V, @ +(2x,0 — 2, )0t

14)
' 30, (

-y, O(—+—)t

VP +— )
2.3 Least squares Method for the
Estimation of z,and y,® the reflector

coordinates:
The conventional methods use the compensated

range equation (10) to find an estimate forz;.

Using least squares estimation we use

4r [ . ]
fDi (t) ~ 7 yI (Sln(D'[)+Zi to find an

estimate for z; and y,®.

If the observation time is relatively long (several
cycles and several seconds), one could obtain an

estimate for both y; and @ . Unfortunately, and in

many realistic situations, we do not have this
luxury. Another point is that the accuracy of the
estimates depends, on a large extent, on the
additive noise level.

The Doppler shift equation (13) is made of three
independent equations of the powers of “t”. They

2 2

are: @, (2xO—z,®)D, and yi®(%+ 3? ).

The coefficient of quadratic term of t* s
relatively small to render it of any value. Thus,
effectively we only have two independent
equations; the constant coefficient and the
coefficient of ‘t°. We mneed another two
independent equations to find a unique estimate
for the unknowns. In conventional methods, these
are obtained through multiple views of the target.

3. The Proposed Solution:

As we have seen in Section 2, a unique solution
for the reflector coordinates is unattainable. One
must have several views and/or several reflectors
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to get the desired estimates. Instead, we propose to
use Bessel functions expansion to get other
independent equations. This will enable us to find,
from a single view, a unique solution for all the
unknowns.

3.1 The estimation of y;, z;, and @
that we signal

Lsin(w,t) + ¥ where ﬂ:%yi , W, =D,

(3

Assume observe the

4
and ¥ = 77[ Z,. For small values of W_<<I, we

could not separate the amplitude from the
frequency. Through the method of the sum of least
squares, we could find an estimate for the product

3 2 T 472-
PW,, = 27 and an estimate for ¥ = 7 Z;.

If we take the cosine of the signal, we obtain
u(t) =cos(fsin(w,t)+¥). If we take the
Fourier transform of the signal (using maximum
entropy method or others), we find the peak value
at the location |n. |f, = (2+ B — In(1+28)f, .
This is another independent equation in the
unknowns £ and W, . Thus, a unique estimate of
the unknowns is obtained. To improve the
estimates, we use Bessel function expansion with
the initial guesses obtained from least square.

We start by the explanation of phase modulation

(PM) and the use of Bessel functions to extract the
phase.

3.2 Bessel Functions Expansion and PM [6]:
As derived in the appendix, the cosine of the phase
(compensated range) is actually a phase modulated
signal. This signal could be expanded in terms of
the Bessel functions as (see the appendix):

G(t) = J,(B)
+ 2r_sz2n (B)cosezlanf, ) + ‘P)} (15)

Y

Where U(t)is the estimated signal, S is the

estimated index , 27f  is the estimated w,,, and

Jn(ﬂ):ii(ﬁJm is the Bessel

“ki(n+k)\ 2
function of order n.
By reducing the sum of squared error between the
observed, u(t), and the estimated U(t), we would

be able to find an estimate for # and an estimate
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for w,, . The initial guess for ﬁA’ and for 27f n are

used in the minimization process to get more
accurate estimates.

3.3 The estimation of x, and © :

As we did with the estimation of Y; and @ e
use the approximate compensated observations:

fo (1) — (yI (s1n<Dt)+Z )

4z Xi T
— | —| l-sin((P+0O)t+—

! [ifmorons)

_4n {x X; (@+0)t )} (16)

— | L =Lsin(®+O)t+=

Al2 2

where “A” over the symbol means its estimated

value. Using the method of least squares , we get

Xi
an estimate for X; and an estimate for 7~ (®+0)

. Taking the Fourier transform (or using maximum
entropy), the location of the peak of the spectrum

is obtained as (2+B-In(1+248)f,
4r X

=52t

This will yield an estimate for “@+®” and an
estimate for X;.

where

and f_ =(®+©)/(27)

These estimates represent
initial

guesses for the minimization using the method of
least squares as:

2

Jo(B)+
min 2. 2{%% (B)cos(27z(2nf, )t + ‘P)}

fn Bt n=1

—u(t)
(17)

47 (5 matez)

3.4 More than one modulated signal:

We could also estimate all the unknowns in one
minimization step. This is computationally
expensive. Here we use the estimated parameters

where u(t) = fDl (t) -

as initial guesses and proceed with the
minimization w.r.t all the unknowns. This is
explained next.
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The compensated echo is represented by the sum
of two sinusoids as:

4 Xi(l—sin((d>+®)t+”)J
+Y; (sin®t )+,

Using the Bessel function expansion we will be
able to get a series approximation as follows.

K
If ut)= c:osLZ,b’k sin(27f t +6, )+ ‘PJ ,K=2
k=1

(18)

4 X; 4
where B = ZA i

12’ ﬂzZTyiv
f,=—(DP+0), 24, =D, 6 =7/2, 6,=0,
X.
Y=(="+z
(5 +2)

then u(t) has the expansion:

u(t) = i i Uﬁ[\]k (,Bi)J

kg=—o0 k=—0

cos(i k,(27f,t+6,)+ ‘Pj

i=1

(19)

For K=2 we get:

=3 Z{HJ (ﬂ)}

Kk, =—c0 k; =—00

cos(i:kI A4 t+6,) ]
=3 383 (8]

Ky =—c0 kj=—o0
cos(k, (27t + 6, )+ k, (27f,t + 8, )+ )
(20)

After some manipulations (see the appendix) we

get:

) =23, 2.0, )]

cos((k, 2f, It +2|;;92 +¥)

433, (B 8)]

cos?(kll 214, + k:l217zf2)t +k,6, +k,0, +P)
+ 2Jo(ﬂz)§[~lzk] 73

cos((k, 27, )t +k,6, + P)

(21
+[30(8)3o(B,)]cos(¥)
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It is this equation we shall use to find more
accurate estimates for all the unknowns.

3.5 Summary of the Proposed Algorithm:

(D) Use the equation

4ﬂ[ . ]
fDl(t) ~ 7 yl (Slnq)'[)+2i to find an

estimate for Yy, ® ,and z,

(2) Use the location of the peak of the power
spectral density

|nm| f ~(@2+f—In(1+28))f, tofind another

independent equation for y, and @ and find their

estimates
(3) Use Bessel function expansion to improve the
estimates of Y;, z, and @

2

Jo(B)+
min 2{20 3o, (B)cos(27(2nf )t + ‘P)}
fn.BY t n=1
—u(t)
4 "
where UMD = T (- — (9, (sindt)+2,)

b

47 ar
= — .,27me:®’ d‘P:_ZI'
B P an )

(4) Repeat the above steps to find an estimate for
X; and ©

4. Simulation and Conclusions:

In this section we apply the proposed approach to
a simulated signal.
The compensated range is given as:

44 | (X sin®dt)sin Ot

fo; (D) = < |V (sin®tcosdt)|,C = A
+2; cos®t
Zi:1, Xi:5, yi=10’ ®:O.12, and

O =008 A=1

In Figure 1, we show noisy fdi
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Fig. 1, noisy fdi

_ 18
B2

16 {

14

124

0 20 40 60 80 100
time sample

Using least square estimation, the estimated values

T 4r .
are: TZi = 1244’ 7 yl® = 01054

In Figure 2, we show cos(fdi).

Fig. 2, cos(fdi)

cos(fdi)
°
°
s

—0.25 1

—=0.50 4

=0.75 4

—1.00

0 20 40 60 80 100
time sample

In Figure 3, we show J, (/) for different values

of n and for £ =40
Fig. 3, Bessel function
J(beta)
4,00E-01
2,00E-01
SHEREEGIR
-2,00E-01 o

n=Bessel function order

Here the maximum value of J, (40)occurs at

n=41, and the max value of J,,(40)=0.2
In Fig. 4, we show the Bessel function of order 40,
J,0(p), for different values of S
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Fig. 4, Bessel Function

104 —— J_40(beta)
0.8 4
0.6 1

0.4 1
0.2 4

[} 20 40 60 80 100
beta

In Fig. 5, we show the spectrum of the cos(fdi).
The peak is located at 1.8

Jn(beta)

Fig. 5, Power Spectral Density (PSD) Estimate using Welch's Method

10-1 4

1072 4

PSD (V”2/Hz)

10-5 4

0o 10 20 30 40 50
Frequency (Hz)

Since ut)=J,(8)+ ZVZUOJ 2 (B) cos(27r(2nfm )t + \P)J , We

need to find fand 2af  that minimizes the sum

of squared error between the observed signal and
the Bessel-function-expansion based signal. We do
this by the minimization of the sum of squared
error; Viz:

2

Jo(B)+
min 2 2 S rcosestont, )
[ X n=l
—u(t)

Subject to the constraints 0.8D <®<1.2d and
0.8y, <y, <1.29,

The
,@ =37.6, the estimated W, = ®=0.088, and

the estimated W = 2, =1.006. The true simulated

signal and the estimated signal (using Bessel
function expansion) are shown in Fig. 6. The true

values are z; =1.0 , y,=10.0 and ® =0.08.

minimization results in the estimated

The true signal is U(t) = COS(fDi(t)). The Bessel
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function expansion is used for the approximate

4 .
signal cos(;[yi (smq)t )+Zi ]J

Fig. 6, True and estimated data using Bessel function expansion

— true data
075 --- optimized data

) 20 40 60 80 100

4.1 Better Estimate for B :

4 [ ] ]
Since 1:Di () ~ a1 Yi (s1nCDt)+Zi then
4r
B = A Yi . The location of the peak of Fourier
f ~Q2+p-In(1+2p)f,.
Then we could always change the wavelength 4 to

4
obtain different values of B = 1 Yi and

transform is |I‘lmax

consequently different values of the peak of the
Fourier transform. This will give us a set of

equations in the unknowns Yi and fm . Using

regression, we get a new and more accurate

f

estimate for yi and 'm

We could also, simultaneously estimate the X,y

. . reflectors since
and z coordinates of the different

they have the same angles O and @ . This will
improve the accuracy of the estimates of the angles
as well as the estimates of the coordinates of the
reflectors. In this case, the cost function will be the
summation of the errors resulting from the
different Bessel expansion

4.2 Estimation of x,and @ :

We have already found an estimate for
4
B, :7ﬂyi, 274, =@ , and ¥ = z;, we need an

estimate for ﬂIZ%%, 27, =D+0O. We

could use adaptive noise canceling to remove,
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from fpi (1), the term Y; (sind)t) T Z,and retain

. T
—sm(<<1>+®)t+2)J. I this

Xi
only the term 2(

case, we apply Bessel function expansion to the

term 005(477[ {XE [— sin((d+O)t + %))D . The

adaptive noise canceling, however, will introduce
noise and reduce the accuracy of the estimates.

Instead we use the Bessel function expansion for

foi () - 4; (Yi (sincfbt)+2i )

4Z|:);(1—sin((<b+®)t+72[)j]

4; [(Xi sin @t )sin @t]

Q

the equation:

Q

where “A” over the symbol means its estimated
value.
Through least square estimation, we are able to

find an estimate for the product )A(i(:) =0.69 We
need another equation to find an estimate for X;

and an estimate for® _ It was noticed that, for

A

small @ <<'1 and for small observation time
around 1 second, Bessel function expansion uses
the approximation

fDi(t) - 4/;[ (9i (sintiDt)Jrii )
- ‘Z[Ci)xi sin Ot

4z F
The location of the peak of Fourier transform is
approximately (2+ f— 11’1(1 +2 ,B)) f.., where

f,=0©/27. This

independent equation.

Unfortunately the location of the peak is <<1 and
the spectrum analysis method (Fourier, Welch, ...)
could not find. Thus, we multiply the equation of

1.e.

will give the second

the compensated f5, () to obtain:
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scale{ foi (t)—4;(§/i (sindot }+2, )J
~ scaleéz[ (DXi sin Ot

4r
And the new # = scaIeT CI)Xi

Using the scaled version, with scale=10, the
spectral density is shown in Fig. 7
Fig. 7, Power Spectral Density (PSD) Estimate using Welch's Method

PSD (V"2/Hz)

0 10 20 30 40 50
Frequency (Hz)

The location of the peak is
Q2+p- ln(l + 2,8)) f.=1.0. This is the second

equation in the unknowns X;and ® . Using the

two equations, we get the estimates X; =5.2 and

©=0.14

4.3 An Improved Estimates for x;and © :

Using the Bessell function expansion for the

. . sum
scaled and compensated fdi, we minimize the

of squared errors w.r.t X;and ©@

u® - J,(8) -
i 2[”§°Jzn(ﬁ)cos(2n®t)} ’

2

B = scale 47” DX,

Subject to the constraints 0.80<®<1.20 and
0.8% <X, <1.2%,
Where

u() = scale{ f(t)— 47” (9, sin(dt) + 2, )} :

scale=10

The constraints ensures that we obtain a unique
solution.

The constrained minimization
improved estimates:

yielded the
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% =4.98 and @=0.13

The true noisy scaled and compensated data and
the Bessel function expansion estimate are shown
in Fig. 8

Fig. 8, True noisy data and estimated data using Bessel function expansion

0.5

0.0

4.4 The Effect of the Noise:

As expected, as the noise level increases the
accuracy of the estimates decreases. As long as we
are able to locate the peak of the power spectral
density, we have reasonable estimates.

4.5 Summary and Future Work:

It was assumed that the target is made of several
reflectors and we are able to separate each
reflector.

In this paper we were able to find estimates for all
the three coordinates of the reflector from only the
range data. There is no need to cross range data.
The Bessel function expansion of the compensated
range data acted as frequency amplifier. Thus, the
small frequency, related to the reflector
coordinates, was amplified and estimated. Future
work will use fractional Fourier transform to better
isolate the chirp signal included in the
compensated range.
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Appendix

In this appendix we state some of the properties of
Bessel functions J, (/).

Bessel Functions and Phase Modulation [6]:
The phase modulated signal could be expressed as
expansion of Bessel functions

cos(fsin(w,t +0) + p(t)) = J,(S)
+ 33, (B cos(n(w, 1+ 6) + p(1)

"'\-lll{w i -+ B] "'\-lllu., |]|r+ Bli"\-lllw |||ll

cos(w, H—(ZB sin(w;t+#,; )—i—rr = Z

The phase modulated signal, u(t), is deﬁned a; |
u(t) = A, cos(w,t + Fsin(w,t))

ie.  u(t)=Re{pelimmiei]

A.is the amplitude,
frequency, [ is the amplitude of the signal to be

aﬁ

where W,is the carrier

modulated, and Ww,_ is the frequency of the

modulated signal.
In order to get the signal of interest *“ £ sin(w,t)”

from the measured u(t), one could use
arcosu(t)/ A, —w,t which is impractical and

has many discontinuities. Instead we use Bessel
function expansion.

glfsimint i periodic and it can be expanded in the

Fourier series:

ejﬁsinwmt — C ejnwmt
7/ Wiy
Where C, = j elfsinvnte It gt — J ()
2” —7 [ Wiy
Thus, ejﬂsinWmI — ZJn(ﬂ)ejnWmt
N=—c0
where J (,6’) is the Bessel function,

o ﬂ n+2k
kOk'n+k ( j

For W, =0 and A, =1,
u(t) = Refe” ™}, w, =0 and A =1

ISSN: 2367-8984 23

@(1) could represent the noise

Recall that cos(—A) =cos(A)

J.. (IB) = (— l)n Jn(ﬂ), then:
cos(Bsin(w, t +0)+ ) =J, ()

+ 25“ J,. (B)cos(2n(w_t + 6) + )

n=1

and

h‘lll(w‘\,f‘\'B] ‘] +B\\ w‘l‘

E E BBy i, + 1y + o)

n==X h=-x

Expanding equation in terms of real and imaginary
parts we get:

cos(Bsin(w,1)) = 33, ()cos(w,)

N=—o0

For small values of w,, , we get:

cos(An,t) =~ 33, (B)

N=—oo

Thus u(t) = Re{p\:ejﬂsmwmtejwct }

—Re{ eJWtZC e‘”Wmt}
{ eJWtZJ (ﬁ)ejnwt}

N=—o0

z J ) (ﬂ)e j(Wc+nWm)t}

= Re{AC

= A 223, (B)cos((w, +nw, )t)

If the_ carrier frequency is zero and using
3.2(8)=(1)"3,(B). we get:

ut)y=J (ﬂ)+2{ J,, (B)cos(2z(2nf | )[)J w, =0

o ﬂ n+2k
Where J Z w ( )
n+

k=0
Estimation of £
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If we take the Fourier transform of

cos(f sin Wmt) , the peak of the Fourier

transform will be located at the peak of J, (/).

The magnitude of Jn(,B) becomes small for
|n| > |,B| . The maximum (peak) value of Jn(,B) is
attained at N =[n~ 2+ B+In(1+2p). The
value of Jn(ﬂ ) decreases rapidly after the

maximum value. Notice that the maximum value
of Jn(ﬂ) is not at the frequency f_ but at the
=2+ B -n(1+27).

This is another useful information. If we take the
Fourier transform of the signal, we find the peak
value at the location

M| fr # 2+ B — In(1+2p))f, and the peak
value = J,, (ﬂ) For |,B| >>10, this will give an

frequency 2n__ f

max ~m? nmax

estimate for 2 f_ /3.

u(t)=J,(8)+ zf_zw%n (B)cos(27(2nf,, )t)J

The Bessel functions are nearly 0 until the index (
) equals the order (2n). Then they have a bump

and tail off as a sort of damped sinusoid. Thus, the
u(t) could be approximated as:

u®) = 3o(B) +23,, _ (B)cos(2z(2n,,, T, )
Where J,, (f) is the maximum value of
J,.(f),n=12,..0

Thus, u(t) is a sum of cosines at frequencies 2nf
with amplitudes J,,(f),n=1,2, ....

Some Properties of the Bessel Function:

3..(B)=(1)3,(8)

3,00~ L

For large values of £, we have the approximation:

Jn(ﬂ)z\/%m(ﬂ— 2”4“7[}, p>>1

3(B)= (1) | (cos p+sin ), f>>1
B
(- /L(cosﬂ —sin B), f>>1
B

for small f

Q

320 (B)
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10,(8)="23,(6)=3,,(4). ¥5
As nincreases, [jm J.(8)=0 vz
__B
J,(B)= ) l+a, +a,+..]vB
___F ___F
‘T en+2) “ T aon+ 4™
___F ___F
% Tonr6) T Tsnre)

Discrete Hankel transform:

For f(t) a stationary or non stationary process we
have:

F,(u) =T f(0)J, (ubtdt , v>-1/2

f(t)= T F,(u)J, (ut)udu

Where J, (Ut)is the Bessel function.

o(w—u)

[ 3,03, utytdt =  Orthogonality:
0

In some situations we have a chirp or a linear-in-
time equations. We could use the Hankel
transform to separate the components.

Vi<
If f(t):{t =T

, then its Hankel transform is
given by

b

v+l

Hv[f(t)’p]zT_‘]vH(pt)
P

Also we use the linearity property:

H,[c, f(t)+c,g(t)]=c H,[f®);p]+c,H,[9(); 0]

The scaling property:
1
Hv[f(at);p]=—2F(3j
a a

Where H, [f(t); p] = F(p) = [tf (©)J, (pt)dt
0
Fourier-Bessel transform:

f(t)= iano(znt), 0<t<T

n=l1

Where A, is the nth zero of J(X)
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T - \—n - . .
2jtf 3, (A bt wherc.e I,(X)= (I) .Jn (IX)is a modified Bessel
7 function of the first kind

" TanDf gt — JO(X)+2i(i)an(X)c0s(n9)

313,003, (0) =, (x+Y)
V= J,(X)= Itcos(x sint)dt

33,003, (1) =3, (Y- %)

o Jo(X) = gjsm(x cosht)dt
ZJV(X)JH+V(X) :§n,0 4 0
V=—00 1 T
® J_(X)=—cos(xsint —nt)dt
ZVJV(X)JI'HV(X) :g(dn,l +5n,—l) ”( ) 7['(‘)‘ ( )
i ) 2.(x) 1%
ZVZJV(X)JFHV(X) :g(én -1 _5n 1)+XT(5n -2 +25n 0 +én 2§X ;J‘ Smtsm(xsmt nt)dt
V=—00 ’ ’ ’ ’ ’ 0
For large x
) - 2 T Nr
cos(XsmH):JO(X)+2nz:l:J2n(X)cos(2n0) Ja(X) = ;COS(X_Z_TJ
Differentiate twice w.r.t. #and setting & =7/2 0Jd . (X) 2\ . T Nnrx
. —— =~ — | sinfX———-—
we get: ox X D)
: 2 2
xsinx =2{02J,(2)-4°3,(2) +..} 1 (Zj_m ( ””j
o el . -—| = cos| X ————
sin(xsin @) =2, (X)sin((2n - 1)) ax? \ ax 4 2

n=l
Differentiate sin(xsin @) w.r.t. 8 we get:

cos(Xsin 9)()( oS 9) = 22 J,.,(x)(2n—1)cos((2n - l)da)erivative W.r.t. x:

n=1

Setting € = 0 we get: % =0.5[3, ,(x)= 3., (0]
X= ZZ(ZI‘] —1Jd,,(X)
n=1 For large x
Differentiate sin(Xsin @) twice w.r.t. € and put co (X (N —1)7[}
0=7/2 we get: Mz()j\/z 2
XCOSX:2{12‘]1(2)_32‘]3(Z)+"'} o ™ —cos(x_Z_WJ
» 2
cos(X) = 3,00 +2 (=1)" 3, (%) - r (-Dr.
n=l cos(X — Z) cos(— 5 )
sin() =+22(=1)"" 30,1 (9 -singx- Fysin- =D
n=l1 2 4
0 ~0.5,—
sin(¢— xsin@) = »_J, (X)sin(nO+¢) ) _ cos(x—Tycos(— D7
n=—c 4 2
gXeos? — Io(x)+2ZIn(x)cos(n0), +sin(X — %)s (- (n le)ﬂ)
n=1 L i

ISSN: 2367-8984 25 Volume 11, 2026



International Journal of Signal Processing

Ahmed S. Abutaleb http://iaras.org/iaras/journals/ijsp
cos(— (n— 1)72')
cos(X——) 2
(n+Dr
5 —cos(— 5 )
~0.5,[— .
X -
sin(- =7
+sin(x—=7) 2
sin(— (n+ 1)72')
L 2 i
cos((n — l)ﬂ)
cos(X——) r12 )
: ~cos(UFD7Ty
~0.5,—
X -
sin(1=D7
. T
+sin(X — Z) {
_sinMHD7y
0, (x) _ _
=-J,(x
x 1(X)
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