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Abstract: A high resolution modified covariance method is applied to model an ultrasonic holographic imaging 
(detection) of volume objects. The results demonstrate the enhanced performance capability of the combination 
of modified covariance and holographic techniques.  The results are compared with the traditional, Fourier 
transform, method. The performance is investigated for different values of some parameters of the object under 
imaging process.  
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1. Introduction
The estimation of the number of harmonics, 

and their amplitudes and frequencies, from the data, 
is a problem frequently encountered in several 
signal processing applications, such as  in estimating 
the direction of arrival (DOA) of narrow-band 
source signals, radio and microwave 
communication, underwater acoustics, etc.  

The problem under consideration concerns 
information extraction from measurements using 
spatially synthetic aperture scanning of ultrasonic 
transmit/receive transducer.  

The classical (traditional) power spectral 
estimation methods, also known as non-parametric 
method, are based on Fourier transformation (FT) of 
the measured data. This method is computationally 
efficient, but it suffers from sidelobes, and limited 
resolution [1]. Resolution is a minimum separation 
between the parts of the object to be resolved. 
Therefore it is required to look for another method 
that has no or less sidelobes and better resolution. A 
modern, also known as parametric methods, 
contribute in solving the limited resolution. A 
modified covariance method is one of these. It is a 
high resolution and stable method, so it has been 
widely used in many applications [2, 3]. It generates 
frequency component estimates for a signal based 
on linear prediction modeling and minimization of 
the forward and backward errors in linear predictors. 

The interest in acoustic waves for detection 
and imaging stems from its properties as highly 
coherent waves [4]. The ability of ultrasound waves 
to penetrate many materials that are optically 
opaque makes them very important for detecting 

and imaging targets that cannot be imaged by light 
waves [4],[5].  

The object under consideration is either 
transmitting the ultrasonic acoustic) waves or 
illuminated by ultrasound waves, and the received 
(or reflected (backscattered)) waves are sampled and  
recorded. The recording of the signal includes its 
amplitude and phase. Holography was initiated as an 
interferometric technique for recording the 
amplitude and phase of a coherent wave, whether it 
is electromagnetic or acoustic wave. A recording of 
this interference pattern is called a hologram, a term 
coined by Dennis Gabor in 1948 [6]. Holography 
has received considerable attention since more than 
three decades. It has been applied in the fields of 
optical, acoustical, and microwave radiations [7], 
[8], [9],[10],[11]. The holographic soundfield 
imaging technique combines the ultrasonic wave 
with the holographic interferometry.  
            The holographic data are modeled as an 
autoregressive (AR) process where the prediction 
coefficients are calculated by the modified 
covariance method. The combination of high 
resolution and holographic techniques improves the 
performance of the problem [12]. The use of 
holography enables improvement of the signal-to-
noise ratio by coherently cumulating the acoustic 
field on the ultrasonic transducers when scanning 
the field [13].  The imaging process consists of two 
steps: the recording of the hologram and the image 
reconstruction of the object.  
      
2.   Principle of Holography  
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2.1  Field Analysis at Recording Aperture 
[7],[ 10],[14] 

For simplicity, the analysis is given for the 
plane object, and then in the second subsection (2.2 
subsection) a modification on the analysis is made 
to be suitable for the volume object. 

The object, under imaging (detection) 
process, is assumed to have a field distribution D(p). 
This distribution propagates to the recording axis X  
(called a hologram) where it produces the field 
distribution S(x), given by: 
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This is the paraxial approximation to the 
Huygens-Fresnel principles.  B  is a complex 
constant,  k  is a propagation constant(wave 
number),  Zo  is the distance between the object and 
recording(observation) planes, and  r  is the distance 
from a typical point on the object to a typical point 
on the recording axis  X .   r   is given as: 
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According to a paraxial approximation, where 
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In Fresnel region, r can be approximated by 
the first two terms of (4), hence 
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Substituting (5) into (1) yields 
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where B1 is a complex constant resulting from (1) 
and (5).  
 
 
2.2  The Field of a Volume Object at 
Recording Aperture 
 

      A volume object is an object that its parts are at 
different distances from the recording axis 
(hologram axis), so we have more than one value of 
Zo , each one belongs to corresponding part of the 
object. For simplicity we assume that the object 
consists of two parts, one of them is located at a 
distance Z1 from the recording plane and the other 
part is located at a distance Z2 from the recording 
plane. 
         The object, under imaging (detection) process, 
is assumed to have a field distribution D (p1) 
corresponding to  Z1 and D(p2) corresponding to Z2. 
Hence the field distribution S1(x) that corresponds to 
Z1 is given as  
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and the field distribution S2(x) that corresponds to 
Z2 is 
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where  
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and  
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Then the total field at the recording axis X  is  
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Following the same procedure as in subsection 2.1, 
the fields are  
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and  
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                                                       (10-b) 
and the total fields will be  
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2.3  Image Reconstruction  
 
            For simplicity, image reconstruction of a 
plane object is discussed, and then an extension to 
an image reconstruction of a volume object is given. 
An image can be extracted from the recorded 
hologram h(x) through its multiplication by the 

focusing phase factor )
2

exp(
2

oZ
jkx

−   and subsequent 

application of either Fourier transformation FT (a 
classical method) [17] or one of the modern high 
resolution spectral analysis, such as the modified 
covariance method.  
            For a volume object and as discussed above, 
the image reconstruction is performed by 
multiplying the hologram equation (Equ.11) with a 

phase factor )
2

exp(
2

iZ
jkx

− , i=1,2,…,M; where M is 

the number of object's parts that are located at 
different depths, and then applying either Fourier 
transformation FT (a classical method) [17] or one 
of the modern high resolution spectral analysis, such 
as the modified covariance method. So by choosing 
the value of  Zi  in the phase factor, an image will be 
focused at Zi from the hologram aperture. Hence, 
the holographic imaging system can produce 
different images at different planes along the depth 
of the volume object using only one hologram 
recording. 
  
3. Modified Covariance Method 

            The derivation of this  method can also be 
found in many references [15,16].The modified 
covariance method  for estimating the 
autoregressive parameters of order p  (AR(p)) can 
be viewed also as least-squares method , based on 
the minimization  of the forward and backward 
errors in linear predictors. The hologram S(x), or  
h(x) is sampled, and the distance between each two 
samples is Δx. The number of samples is N. The 
resultant hologram is then h(n); n=0,1,…..,N-1. To 
derive the estimator, let us consider the forward and 
backward linear prediction estimates of order p, 
given as 
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Where a(k)'s are the AR filter parameters. In either 
case the minimum prediction error power is just the 
white noise variance σ2. The modified covariance 
method estimates the AR parameters by minimizing 
the average of the estimated forward and backward 
prediction error powers, or 
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A least–square solution is used for minimization of 
(9). The result is [15, 16] 
 

( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ( )

( )
( )

( )

















−=









































∧

∧

∧

p,0
      

2,0
1,0

   

)(

   
)2(

)1(

 

pp,       p,2   p,1
                                  

p2,       2,2   2,1
p1,      1,2    1,1

hh

hh

hh

hhhhhh

hhhhhh

hhhhhh

c

c
c

pa

a

a

ccc

ccc
ccc













                                                               

(16)     

where  

( )

( ) ( ) ( ) ( )







+++−−

−
=

∑∑
−−

=

∗
−

=

∗ jnhinhjnhinh

pN
c

pN

n

N

pn

hh

1

0

1

      

)( 2
1ji,  

     

                                                               (17)     

Solving (16) will give the values of a(k), k=1,2,…p. 
Then the power spectral density can be estimated 
using the values of a(k), k=1,2,…p. 
The estimate of the white noise variance is  
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The power spectral density is: 
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            The advantages of the modified covariance 
method for estimating  the parameters of the AR 
model are: 1- it yields statistically stable spectral 
estimates with high frequency resolution [3,15], 2- 
the usual shifting of the peaks of an AR spectral 
estimate from the true frequency locations due to 
additive observation appears to be less pronounced 
for many of the other AR spectral estimators, and 3- 
spectral line splitting in which a single sinusoidal 
component gives rise to two distinct spectral peaks 
has never been observed [15]. 

4.   Simulation Results 

A test object consists of two points, two ultrasonic 
transmitting sources (transducers) of about 1cm 
width  used. The separation between the transducers 
is  3    cm. One of these transducers  is located at 
Zi=Z1=45 cm, while the other at Zi=Z2=30 cm. This 
means that the object depth is 15 cm. The other 
parameters were λ=0.8 cm and sampling interval is 
∆x=0.6 cm. The transmitted ultrasonic waves is 
impinging the receiving transducer. The receiving 
transducer scans the hologram aperture to record the 
received signal at uniformly spaced (Δx) positions. 
The total number of samples is N. The modified 
covariance method is used.   
          The results of modified covariance method is 
shown in figures 1 and 2.    Figure 1 shows an image 
obtained by focusing at distance 45cm from the 
hologram aperture. The higher peak corresponds to 
the source at  Zi=Z1=45cm,  while the lower peak 
corresponds to the defocused image of the source 
that is located at Zi=Z2= 30 cm from the hologram 
aperture. Figure 2 shows the inverse case. 
         We proposed that the acceptable range of the 
absolute difference between the focused and 
defocused peaks is approximately between 3dB and 
10dB. 
        Table 1 shows the  performance of 
modified covariance method for some parameters of 
the object.  
        It is worthwhile to mention that the 
resolution formula for the Fourier transform is given 
by: 

   
a
Zoλ

σ =                                     (20) 

where  a represents half of the aperture length, and 
is given as: 
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2
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The remaining parameters of Table1 are: 
d: depth (axial depth) of object’s parts.  
s: separation (lateral separation) of object’s 
     parts. 
 It is clear from the table that as the 
separation, s, decreases, the aperture length, 2a, 
should be increased. However, when s is decreased 
by 14%, the corresponding   increase in 2a is only 
10% as it is  clear from first and second rows of the 
table. Also, when the depth, d, is decreased  by 
25%, and the separation, s, by 14%, then this 
requires that the aperture length, 2a, to be increased 
only by 20% as it is clear from first and third rows 
of the table. 
 
5.  Conclusion 
  It is demonstrated that the modified covariance 
method can be used to image and detect  a volume  
object of deeply separated points, and to find the 
required parameter such as the amplitude and to 
decrease the effect of sidelobes. Modified 
covariance method outperforms the FT method.  
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Fig.1 Reconstructed image using modified 
covariance method. Focusing distance is Z1=45 cm 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 
 
Table 1  A comparison of the performance of 
modified covariance method  
 
 d (cm) s (cm) 2a (cm) 
1 20 3.5 5 
2 20 3 5.5 
3 15 3 6 
4 15 2.5 6 
5 10 2.5 6 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

Fig.2 Reconstructed image using modified 
covariance method. Focusing distance is Z2=30 cm. 
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