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Abstract: In this paper, a decomposition method Tridiagonal Kernel Enhanced Multivariance Products Repre-
sentation (TKEMPR) is presented with numerical implementations. These method is based on bivariate square
integrable functions over the rectangular hyperprism. This research is also can be considered as the extension to
our works whose papers were given in the very recent international conferences. The contribution of this new
paper is to apply the method not only to the functions that are as the product of two given univariate functions,
but also to any bivariate analytical functions. A number of numerical examples are used to show the efficiency

of the method given in this paper.
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1 Introduction

Tridiagonal Kernel Enhanced Multivariance Products
Representation (TKEMPR) is based on the Enhanced
Multivariance Products Representation method. For
this reason, we will give the basic information of these
method here.

EMPR is an expansion for a given multivariate
function f (z1,...,xN) as
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where NV is the number of the independent variables.
Subindexed fs are called constant, univariate, bivari-
ate EMPR components and so on respectively [1-4].
;8 are univariate support functions.x;s, are indepen-
dent variables in some interval on the real line such
that
i=1,..,.N

z; € [a;,b;], (2)
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The main purpose of this method is to determine the
general structure of the EMPR components. In this
work, we focused on bivariate functions on the unit
interval [0, 1]. Therefore, we can rewrite the EMPR
expansion for a given bivariate function f (z,y) as

flay) = foul@)o(y) + fi(z)v(y) + f2(y)u(z)
+/1,2(z, y) 3)
where u and vs are the support functions. The weight

functions and support functions, used in this method,
are defined as the following form

/01 deu (z)* =1,
/01 dyv (y)* =1

For the determination of the components the van-
ishing conditions should be imposed as

/ da fi(x / dy faly

/dxflgxy —O/dyfmxy) () =0 (7

Wi (z) =1, “4)

Wa(y) =1, §))

(6)
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These equations allow us to get the EMPR compo-
nents uniquely as the following form

fo='/Oldx'/oldyf(x,y)U(ﬂf)v(y) ®)
1
fi () = /0 dyf @ y)v @) — foulz) ()

W= [ dof )@ - fk) A0

fiz(zy) = f(2,y) = fou(z)v(y)
- fi@)v(y) = fa(y)u(z) A

2 TKEMPR Decomposition Method

In the EMPR expansion, there are 2/ componenets
for a given N —variate function. Computation of them
are very expensive task. This issue urges us to truncate
EMPR expansion to low the multivairance and con-
vert the expansion to an approximation method. But,
in this work , we are going to choose another way to
low the multivariane by vanishing the bivariate EMPR
component, shown at the right side of the expansion
given in (3).

Let us begin by briefly analysing TKEMPR
method when applied to any bivariate square inte-
grable functions on the interval [0, 1] [5-28]. For this
reason, we need to start with constructing a recursion
formula by using EMPR method.

The EMPR expansion for the target function
f(z,y) can be rewritten as the following form

FO@y) = aru(@)vi(y) + Bruz(z)vi(y)

+yu(@)va(y) + f P (z,y) (12)

such that
FO(z,y) = f(a,y) (13)
ar=fo, B=IlAal, m=Irl, A
uy(z) = u(z), v1(y) = v(y) (15)
e ()
A T AT

The norm mentioned here is explicitly given below

Il = ([ 1 d:z:fl(x)2>1/2
Il = ( | 1 dyf2(y)2>1/2 (17)

ISSN: 2367-8984

International Journal of Signal Processing
http://iaras.org/iaras/journals/ijsp

At the begining, there are only two u;(x) and vy (y)
initial support functions. After using recursion, we
obtain another generated two x andy dependent us ()
and v2(y) support functions. The left generated sup-
port functions, u; (x) and ug(z) are mutually orthogo-
nal and have unit norms. Similary, the right generated
support functions, v1(y) and vo(y) are also mutually
orthogonal and have unit norms.

Now we can consider the following recursion
which matches (12) for the j step,

+Bj1uj2(2)vj11(y)
+Yj+1tj41(2)vj42(y)

+fU P (z,y), j=0,1,.. (18)

where ' A
F9(z,y) = fl(?Q)(x,y), (19)
a; = fy”, (20)
and
B = Hfl(J) o= Hf2(])‘y’ i=1,2,3,..
(21)

and generated support functions are defined as

(9)
uj1(x) = : vit1(y) = W (22)
2

I

This equality implies that f ) (x, y) tends to vanish
when j grows unboundedly up to infinity. This can
happen only when the u; functions and/or v; functions
form basis sets separately. If this happens then we can
arrive at the following ultimate decomposition

flz,y) = i ajuj(w)v;(y)
j=1

+ i Bijuj1(z)vi(y)

j=1
+ yui(@)via(y).  (23)
j=1

where the univariate u;(x) functions form an in-
finite orthonormal function set so do the v;(y) func-
tions separately. This equality can be rewritten in the
following concise form [20-28]

flz,y) =Ux)"Kr V(y) (24)
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Now, we obtain the concise matrix format like three
factor matrix product whose kernel is in tridiagonal
matrix form, symbolized with K .

3 Numerical Implementations

This section includes discussion convergences, com-
putational complexities of this procedure by present-
ing a number of numerical examples for given bivari-
ate functions.

As a first example, cos (z + y) is chosen which is
not multiplicative form.

Ko = 0.496751  0.227949
T 710227949 —0.041087
such that
U= _ L
7| —2.17922 4 3.69149cos(x) — 2.01667sin(x)
V= - L
| —2.17922 + 3.69149co0s(y) — 2.01667sin(y)

In this first kind of example for TKEMPR method, the
approximation is constructed by using 2x2 matrices.
In other words, recursion is used for two steps. When
we also do the norm analysis here, we get the norm
value as 0.000499992 in working precision 20. Red
surface belong to the exact function, blue one belong
to the approximated function.

1.0

Figure 1: cos(x + y), in the interval [0, 1], n = 2

0.496751  0.227949 0.
Kt =| 0227949 —-0.041087 0.012163
0. 0.0121633 —0.001016
such that
1
U=| —2.17922 + 3.69149cos(z) — 2.01667sin(zx)

—26.10199 + 23.74800cos(z) 4 13.31033sin(x)
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1
—2.17922 4 3.69149cos(y) — 2.01667sin(y)
—26.10199 + 23.74800co0s(y) + 13.31033sin(y)

V=

In the second kind of example, the approximation
is constructed by using 3z3 matrices. This means,
the recursion for vanishing the residual component in
the method is used for three steps. The norm value
is determined as 2, 90969.10~3! in working precision
20 [29-32].

~Fog
10

Figure 2: cos(x + y), in the interval [0, 1], n = 2

As a second example (e* +¢e¥)/(1+x+y) is
chosen. Similarly, we apply the method into 2x2 ma-
trix product form. But in comparsion with the pre-
vious example, this function has more computational
complexities which depend on its structure. So the de-
composed left and right support vectors will be non-
apparent when they are written. However, the kernel
matrix K can be written as the following form

Ko = 1.72098 0.03487
T 1 0.03487 0.00477

In the figure given below, it is shown the exact func-

tion and approximated function. The norm value is

determined as 0.0000378336.

~¥00
10

Figure 3: (e* + €¥)/(1 + = + y), in the interval [0, 1],
n=2
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4 Concluding Remarks

The TKEMPR method can be considered as the con-
cise matrix format like three factor matrix prod-
uct whose kernel is in tridiagonal matrix form as
U(z)TK1V(y). The results obtained here and in
previous works support that the methodcan easily in-
corporate into any bivariate functions to approximate
well. This is also can be expand to the multivari-
ate functions. It will be discussed in the next future
works. From the results shown in figures and error
analysis, we can see that increasing the dimension,
or namely increasing the recursion for vanishing the
residual component, reduces the error of the approx-
imation method. It is observed that there is no need
for us to enhance the recursion steps to great values.
However, there can be computational difficulties be-
cause of the target functions. We obtain approxima-
tion in sufficiently good quality through the method.
After constructing this method into a general algo-
rithm for all multivariate functions, the performance
of the TKEMPR method can be seen in more detail.

References:

[1] B. Tunga and M. Demiralp : The Influence of the
Support Functions on the Quality of Enhanced
Multivariance Product Representation Journal
of Mathematical Chemistry, Volume 48, Issue 3,
pp 827-840, 2010.

A. Okan, N.A. Baykara and M. Demiralp :
Weight Optimization in Enhanced Multivari-
ance Product Representation (EMPR) Method
Int. Conf. on Numer. Anal. and Appl. Math.,
AIP Conference Proceedings, Volume 1281, pp.
1935-1938,Rhodes, Greece, 2010.

M. A. Tunga : Multivariate Data Modelling
Through EMPR in Orthogonal Geometry In 13th
International Conference on Computational and
Mathematical Methods in Science and Engineer-
ing (CMMSE 2013), pages 13421349, 24-27
June, Almeria, Spain, 2013.

S. Tuna and B. Tunga : Node Optimization
Through Enhanced Multivariance Product Rep-
resentation (EMPR) In 13th International Con-
ference on Computational and Mathematical
Methods in Science and Engineering (CMMSE
2013), pages 13221330, Almeria, Spain, 24-27
June, 2013.

M. Demiralp and E. Demiralp : An Or-
thonormal Decomposition Method for Mul-
tidimensional Matrices in AIP Proceedings

ISSN: 2367-8984

105

[6]

[10]

[11]

International Journal of Signal Processing
http://iaras.org/iaras/journals/ijsp

for the International Conference of Numeri-
cal Analysis and Applied Mathematics (IC-
NAAM 2009), vol. 1168, Rethymno, Crete,
Greece, 18-22 September 2009, pp. 424427,
doi:http://dx.doi.org/10.1063/1.3241487, 2009.

M. Demiralp and E. Demiralp : Dimensional-
ity Reduction and Approximation via Space Ex-
tension and Multilinear Array Decomposition
in AIP Proceedings for the International Con-
ference of Computational Methods in Science
and Engineering (ICCMSE 2009), Mini Sym-
posium on Recent Developments in Numeri-
cal Schemes for Hilbert Space Related Issues
in Science and Engineering, Rhodes, Greece,
29 September-4 October 2009, pp. 837840,
doi:http://dx.doi.org/10.1063/1.4771824, 2009.

M. Demiralp and E. Demiralp : A New Straight-
forward Decomposition Method without Itera-
tion to Approximate Matrices via Dominant Ba-
sis Matrices in The International Conference on
Scientific Computing - WorldComp09 (CSC09),
Las Vegas, Nevada, USA, 13-16 July 2009, pp.
7983, 2009.

B. Tunga and M. Demiralp : An Iterative
Scheme for Enhanced Multivariance Product
Representation Method in Proceedings for the
1st IEEEAM Conference on Applied Computer
Science (ACS), Malta, pp. 247255, 2010.

M. Demiralp : New Generation HDMR Based
Multiway Array Decomposers: Enhanced Mul-
tivariance Products Representation (EMPR) in
Proceedings for the 1st IEEEAM Conference on
Applied Computer Science (ACS), ser. ISBN:
978-960-474-225-7, Malta, pp. 1616, keynote
Speech, 2010.

E. Demiralp and M. Demiralp : Reductive Mul-
tilinear Array Decomposition Based Support
Functions in Enhanced Multivariance Products
Representation (EMPR) in Proceedings for the
1st IEEEAM Conference on Applied Computer
Science (ACS), Malta, pp. 448454, 2010.

C. Gozikirmizi and M. Demiralp Nu-
merical Studies on the Use of Enhanced
Multivariance Product Representation as a
Multiway Array Decomposer in AIP Pro-
ceedings for the International Conference of
Numerical Analysis and Applied Mathemat-
ics (ICNAAM 2010), Symposium 112, Re-
cent Developments in Hilbert Space Tools
and Methodology for Scientific Computing,

Volume 1, 2016



[12]

[13]

[14]

[15]

[16]

[17]

[18]

A. Okan, M. Demiralp

vol. 1281, Rhodes, Greece, pp. 19221925,
doi:http://dx.doi.org/10.1063/1.3498300, 2010.

A. Okan, "Weight Optimization in Enhanced
Multivariance Product Representation” (in Turk-
ish), Marmara University, Mathematics Depart-
ment, Master Thesis, December 2011.

L. Divanyan and M. Demiralp : Weighted
Reductive Multilinear Array Decomposition
in AIP Proceedings for the 9th Interna-
tional Conference on Numerical Analysis
and Applied Mathematics (ICNAAM2011),
vol. 1389, Halkidiki, Greece, pp. 11561159,
doi:http://dx.doi.org/10.1063/1.3637820, 2011.

S. Tuna, N. A. Baykara, and M. Demiralp

Weighted Singular Value Decomposition for
Folded Matrices in Proceedings of the 2nd In-
ternational Conference on Applied Informatics
and Computing Theory (AICT11), IEEEAM,
ser. ISBN: 978-1-61804-034-3, N. Mastorakis,
M. Demiralp, and N. A. Baykara, Eds., Prague,
Czech Republic, pp. 7075, 2011.

M. Demiralp Decomposing Functions,
Arrays, Function Arrays in Lecture Talk
based on the symposium 48s preface, AIP
Proceedings for the 9th International Con-

ference on Numerical Analysis and Ap-
plied Mathematics (ICNAAM2011), vol.
1389, Halkidiki, Greece, pp. 11381138,

doi:http://dx.doi.org/10.1063/1.3637815, 2011.

M. Ayvaz and M. Demiralp : Towards a New
Multiway Array Decomposition Algorithm: El-
ementwise Multiway Array High Dimensional
Model Representation (EMAHDMR) in Pro-
ceedings of the 2nd International Conference
on Applied Informatics and Computing Theory
(AICT11), IEEEAM, ser. ISBN: 978-1-61804-
034-3, N. Mastorakis, M. Demiralp, and N.
A. Baykara, Eds., Prague, Czech Republic, pp.
7681, 2011.

E. K. Ozay : A New Multi-way Array Decompo-
sition via Enhanced Multivariance Product Rep-
resentation, AIP Proceedings for the 10th Inter-
national Conference of Numerical Analysis and
Applied Mathematics (ICNAAM), Kos, Greece,
pp. 2015-2018, Volume 1479, 2012.

E. K. Ozay and M. Demiralp : A New Multi-way
Array Decomposition, 2012 SIAM Conference
on Applied Linear Algebra, Valencia, Spain, pp.
78-78, 2012

ISSN: 2367-8984

106

[19]

[20]

[21]

[22]

[23]

[24]

[25]

International Journal of Signal Processing
http://iaras.org/iaras/journals/ijsp

A.Okan, N.A. Baykara and M. Demiralp, Pa-
rameter Optimization to Get Maximum Con-
stancy in Constant Mobius Transformational
High Dimensional Model Representation, Pro-
ceedings of the 12th WSEAS International Con-
ference on Systems Theory and Scientific Com-
putation, Istanbul, Turkiye, 21-23 August 2012.

E. K. Ozay and M. Demiralp : Tridiagonal
Matrix Enhanced Multivariance Products Rep-
resentation (TMEMPR) Studies: Decomposing
the Planarly Unfolded Three-way Arrays, Pro-
ceedings of the 14th International Conference
on Computational and Mathematical Methods
in Science and Engineering (CMMSE), Cadiz,
Spain, 2014.

A. Okan and M. Demiralp, Tridiagonal Ker-
nel Enhanced Multivariance Products Represen-
tation (TKEMPR) for Univariate Integral Op-
erator Kernels,The 2014 International Confer-
ence Mathematics and Computers in Sciences
and Industry (MCSI 2014), 2014 International
Conference,13-15 Sept., Varna, Bulgaria, pp.
195-200, doi: 10.1109/MCSI1.2014.26, print
ISBN: 978-1-4799-4744-7

A. Okan and M. Demiralp, Tridiagonal Ker-
nel Enhanced Multivariance Products Repre-
sentation (TKEMPR) for Outer Product Sums:
Arrowheading EMPR for Kernel (AEMPRK),
The 12th International Conference of Numerical
Analysis and Applied Mathematics (ICNAAM
2014), 22-28 September 2014, Rhodes, Greece.

E. Demiralp, and M. Demiralp, Tridiagonal Ma-
trix Enhanced Multivariance Products Repre-
sentation(TMEMPR) for Matrix Decomposition,
in Proceedings of 14th International Confer-
ence Computational and Mathematical Methods
in Science and Engineering, 2014, vol. 2, pp.
446455.

C. Goziikirmizi, and M. Demiralp, The Influence
of Initial Vector Selection on Tridiagonal Matrix
Enhanced Multivariance Products Representa-
tion (TMEMPR), in The Proceedings of Interna-
tional Conference on Mathematics and Comput-
ers in Science and Industry, 2014.

G. Ozdemir,Arrowheaded Enhanced Multivari-
ance Products Representations for Matrices in
Denumerably Infinite Matrices, stanbul Techni-
cal University, Informatics nstitute, Master The-
sis, December 2014.

Volume 1, 2016



[26]

[27]

[28]

A. Okan, M. Demiralp

G. Ozdemir and M. Demiralp, Arrowheaded En-
hanced Multivariance Products Representation
for Matrices (AEMPRM): Specifically Focusing
on Infinite Matrices and Converting Arrowhead-
edness to Tridiagonality, 11th International Con-
ference of Computational Methods in Sciences
and Engineering, ICCMSE 2015, 20-23 March
2015, Athens, Greece, doi: 10.1063/1.4938939

Z. Giindogar, M. Demiralp, Formulation of
Tridiagonal Folmat Enhanced Multivariance
Products Representation (TFEMPR), AIP Con-
ference Proceedings, Vol. 1702, 2015,

A. Okan and M. Demiralp, Arrowheading En-
hanced Multivariance Products Representation
for a Kernel (AEMPRK) in a Taylor Series Ex-
pansion, 11th International Conference of

ISSN: 2367-8984

107

[29]

[30]

[31]

[32]

International Journal of Signal Processing
http://iaras.org/iaras/journals/ijsp

Computational Methods in Sciences and En-
gineering, ICCMSE 2015, 20-23 March 2015,
Athens, Greece, doi: 10.1063/1.4912452

M. D. Buhmann and D. Mache : Advanced Prob-
lems in Constructive Approximation, Springer,
pages 209216 Germany, 2003.

A. T. Bharucha-Reid : Random Integral Equa-
tions, Academic Press Inc., Volume 96, New
York, 1973.

F.G. Tricomi : Integral Equations, Courier
Dover Publications, New York, 1985.

M. Masujima : Applied Mathematical Methods
in Theoritical Physics, John Wiley and Sons,
Germany, 2006.

Volume 1, 2016





