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Abstract: - Orthogonal Time Frequency Space (OTFS) modulation has emerged as a promising waveform for
high-mobility wireless communications because it exploits the delay-Doppler domain to improve robustness over
time-varying multipath channels. Nevertheless, nonlinear distortion and multipath fading can degrade
orthogonality and lead to poor bit error rate (BER) performance. In this paper, a kernel recursive least squares
(KRLS)-based nonlinear equalizer is integrated with the overlap-save method (OSM) to mitigate channel
impairments in OTFS systems operating over the Extended Vehicular A (EVA) channel model. A modified
KRLS algorithm is also introduced to improve numerical stability and reliability. Simulation results show that
the proposed OTFS system using modified KRLS with OSM achieves better BER performance than kernel least
mean square (KLMS), kernel affine projection (KAP), and traditional KRLS equalizers, demonstrating its
effectiveness for high-mobility scenarios.
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1 Introduction

Orthogonal Time Frequency Space (OTFS)
modulation is one of promising techniques in 5G and
6G, because it is more robust to high Doppler spread,
phase noise and provides high diversity order [1,2,3].
OTFS loses orthogonality because of fading over
multipath fading channel, therefore it is coupled with
a suitable equalizer [4] to exploit the full channel
diversity over both time and frequency [5].

Several channel equalization methods were presented
for OTFS modulation for single user and multi users.
First, a Low-complexity minimum mean square error
(MMSE) and zero-forcing (ZF) equalizers for OTFS
signal detection were proposed in [6]. Their proposed
approach achieves exact MMSE and ZF solutions at
a much lower complexity compared to the matrix
inversion approach by recognizing a certain structure
in the effective delay-Doppler channel matrix in
OTFS modulation.

A time domain low complexity linear minimum
mean square error (MMSE) equalization and
successive interference cancellation (SIC) receiver
for LDPC (low density parity check) coded cyclic
prefix (CP)-OTFS were described in [7]. It was
presented that CP-OTFS has significantly large
tolerance to residual carrier frequency offset (CFO),
however it is not completely immune to it. Also, it
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was found that SIC can bring the performance close
to linear minimum mean square (LMMSE) with ideal
channel estimates.

In [8], a doubly iterative sparsified minimum mean
square error (DI-S-MMSE) turbo equalizer for OTFS
modulation was proposed, it iteratively exchanges
the extrinsic information between a soft-input-soft-
output (SISO) MMSE estimator and a SISO decoder.
This equalizer does not suffer from short loops, and
its performance is comparable to that of the near-
optimal symbol-wise maximum a posteriori (MAP)
algorithm, but it maintains a linear complexity.

In this work, the integration of a nonlinear time
domain equalizer-based kernel recursive least square
(KRLS) algorithm with the overlap-save method
(OSM) represents a significant advancement for
Orthogonal Time Frequency Space (OTFS)
modulation within the Extended Vehicular A (EVA)
channel model. The modified KRLS algorithm,
effectively offers more reliable performance
compared with Kernel least mean square (KLMS)
algorithm, Kernel affine projection (KAP) algorithm
and traditional KRLS algorithm. Also, it enhances
the bit error rate (BER) performance and ensures
more reliable performance for OTFS modulation.
The remainder of this paper is organized as follows:
section 2 is dedicated to the proposed OTFS
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modulation system, incorporating a Kernel Recursive
Least Squares (KRLS) equalizer and overlap-save
method (OSM). Section 3 describes a nonlinear
adaptive filtering, where Kernel least mean square
(KLMS) algorithm, Kernel affine projection (KAP)
algorithm, kernel recursive least (KRLS) algorithm
and modified kernel recursive least (KRLS) are
presented. The bit error rate performance for the
proposed OTFS modulation system is analysed
through simulations and is presented in section 4.
Finally, section 5 draws the conclusion. Notation:
scalars are represented as small italic letters, vectors
are represented as small bold letters, and matrices are
represented as capital bold letters.

2 Proposed OTFS Modulation System
Consider OTFS modulation system [6]. The
proposed OTFS modulation incorporating adaptive
equalizer (Kernel Recursive Least Squares (KRLS))
and overlap-save method (OSM) is shown in Fig, 1.
The information symbols x[k, [] are treated as points
onthe 2D N x M delay-Doppler grid, where M are
the sub-carriers, each of Af Hz bandwidth, and N are

the symbols of duration T = 1/Af' The bandwidth is
B = MAf.

These symbols are mapped to time-frequency plane
X[n,m] using inverse symplectic finite Fourier
transform (ISFFT), as in [6].

k1| sprre  [X[m] x(®)
—>{ transmit Heisenberg
windowing transform 1
Channel
h(t,v)
r(t)

Oin

Wigner :y(t) Adaptive [u(t) oout OSM

transform equalizer
Receive 2
windowing X[k, 1]
&SFFT

Fig. 1. Block diagram of the proposed OTFS
modulation System with OSM and KRLS
equalization.

nk ml

Xln,m] = & SN2 RS ik, e (n ). ()

X[n,m] is converted to a time domain x(t) for
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transmission using Heisenberg transform, as in [6].
x(t) = IN23 Im=o X [n,m] g(De/>™ O, (2)

Where the transmit pulse shape is denoted by g(1),
and | =t —nT. The x(t) signal is then transmitted
through the time varying wireless channel [6].

The received time domain signal r(t) enters overlap-
save method (OSM) block. In Fig. 2 the time domain
vector at point (oin) is divided into a sequence of B-
symbol blocks(B < Ng) with certain overlap of
length Ny [9]. Ng is the FFT size used to convert these
blocks to a frequency domain. The frequency domain
signal block is given below [10]:

B-Symbol Overlapped N
Oin blocks Blocks of o Ne | Ry
> (B <Np) > length Ny »| FFI
symbols
5 R; D;
RLS- J g J
oS 2 Np- B -Symbol

FDE > FFT —> blocks —» Oout

Fig. 2. Block diagram of the overlap-save method
(OSM).

Where H; ;(k) , S(k), and A;(k) are respectively the
channel gain, the signal component, and noise
component due to AWGN. Now, each frequency
component R;(k) is multiplied by the adaptive
recursive least square (RLS) frequency domain
equalizer (RLS-FDE) weight w; (k), is given by [10]:

.'Rj(k) = Zj Wj(k) Rj(k)- (4)

After RLS-FDE the central B-symbol block in the
equalized Nz- symbol block is picked up to suppress
the residual inter block interference (IBI) [9]. Next, the
equalized symbol blocks R;(k) are transformed into
time domain by using Nz —IFFT where the processed
data blocks are combined to form the time domain
signal D; at point (Oou). The time domain signal D; is
now entered the time domain kernel recursive least
square (KRLS) equalizer as u(t) signal.

The output of a nonlinear adaptive equalizer is given
by [11, 12]:

y(@®) = f(u®)). (5)
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In this work, y(t) is the equalized time domain signal
of Kernal adaptive equalizer used to reduce ISI. The
signal y(t) is transformed into a time-frequency signal
using matched filter (Wigner transform) [6], given by:

Y[n,m] = Heq[n, m] X[n,m] + V[n,m]. (6)

Where H,,4[n,m] is the equivalent response of the
channel, RLS-FDE and KRLS equalizers in frequency
domain.

Finally, the estimated signal is mapped back to the
delay-Doppler domain using symplectic finite Fourier
transform (SFFT), given by [6]:

nk ml

2k, ] = XNZE XML y[n,mle /"N w). (7)

3 Definition of a nonlinear adaptive

filter

Figure 3 shows the basic structure of a nonlinear
adaptive filter [11,12]. The input signal vector, u(i),
applied to the filter at time i , produces the actual
response y(i). This actual response is compared with
an externally supplied desired response d(i) to
produce the error signal e(i). This error signal is, in
turn, used to produce an adjustment to the filter
weights.

Fal

7
u(i ) Universal function y (i)

approximator f;
Vi

J Adaptive weight- eli s

control mechanism

d(i)

Fig. 3 Basic structure of a nonlinear adaptive filter
A nonlinear adaptive filter shown in Fig. 3 is built
that possesses the ability of modelling any

continuous input — output mapping y = f (u(i))
and obeys the following sequential learning rule [11]:

fi = fiiy + Gain(e(). 8)
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where f; denotes the estimate input-output mapping
at time i and Gain(i) is a function in general. The
current estimate consists of two additive parts,
namely, the previous estimate and a correction term
proportional to the prediction error on new data.
Kernal adaptive algorithms transform the input data
into a high - dimensional feature space via a
reproducing kernel such that the inner product
operation in the feature space can be computed
efficiently through the kernel evaluations [11, 12].
Then, appropriate linear methods are subsequently
applied on the transformed data. Because high-
dimensional feature space is linear, kernel adaptive
filters can be thought of as a generalization of linear
adaptive filters. Kernel least mean square (KLMS)
algorithm, Kernel affine projection (KAP) algorithm,
kernel recursive least (KRLS) algorithm and
modified kernel recursive least (KRLS) are presented
below.

3.1 Kernel Least Mean Square (KLMS) algorithm
KLMS allocates a new kernel unit for the new
training data with input w(i) as the center and n e (i)
as the coefficient. a(i) is the coefficient vector at
iteration i , a; (i) is its jth component, and C (©) is the
corresponding set of centers. At iteration i, given a
test input point u;, , the output of the system is [12]:

fugy = 1 Zj=1 € Dr(u(), ury). 9)

The step - size parameter is 7, and the Kernel function
k (u,u") used is the Gaussian kernel. The Gaussian
kernel is used to quantify similarity between a pair of
objectsu and u’ in U and the most important feature
is that it reaches its maximum of one only when u =
u’ and grows closer to zero as u and u’ become more
distant. The Gaussian kernel is given by [11,12]:

Kk (u,u') =exp (M) (10)

2hgp”
where hyp is the kernel bandwidth.

3.1.1 KLMS algorithm

Initialization: choose step - size parameter n and
kernel k , let: a; (1) = nd(1),C(1) = {u(1)},
fi=a; (1) k(ul),.)

while { u (i), d (i)} available

Compute the output:

fier@®) = 221 ;0 — 1) i (w(@®), u())
Compute the error: e (i) = d(i) — f;—;(u(i))
Store the new center: C(i) = {C(i — 1), u(i) }
Compute and store the coefficient: a; (i) = n e(i)

Volume 11, 2026



Maha George Zia

end while

If f; is denoted as the estimate of the input — output
nonlinear mapping at time i, then the following
sequential learning rule represents KLMS algorithm
in summery and is summarized by [11, 12]:

fi-r =nZjZie k (), ). (11)
fiea (@) = nTj25 g 1 (w(), u(@)). (12)
e (= dd) — fi-a(u®). (13)
fi = fi-r +me(@ x (u(@,.). (14)

3.2 Kernel Affine Projection (KAP) algorithm
Initialization: choose step - size parameter 7,
a;(1) =nd(1).

while { u (i), d (i)} available

Allocate a new unit: a;(i — 1) = 0.
fork=max(1, i—-K+1)toi

Evaluate outputs: y(i; k) = X527} a;(i — 1) Ky
Compute the error: e(i; k) = d(k) — y(i; k)
update the min( i, K ) most recent units:
a,(D)=a,(i—1)+ne(;k)

end for

if i > K then

keep the remaining:

fork =1toi—Kdo

() =a,(i—1)

end for

end if

end while

where k. ; = k(u(i), u(j)). If f; is considered as the

estimate of the input - output mapping at time i , then
the sequential learning rule for KAP is given by [12]:

fi = fier + 1 Ejeigsr (G D@, ). (15)

The updates needed for KAP at time i are [11]:

a;(i)) =ne(i) (16)
a;() =a;(i — 1) +neQ)),

where j=i—K+1,..,i—1 (17)
a)=aq(i—-1,=1,.,i—K (18)
C) ={CG{ - 1), u@} (19)

Atiteration i , given a test point input u;,, the system
output is computed as [12]:
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fury = Zj=1 a5 Or(u(), ugp). (20)
3.3Traditional KRLS and Modified KRLS
Algorithms

KRLS filter allocates a new kernel unit [12, 13, 14]
for the new training data with input w (i) as the center
and (b)) te (i) as the coefficient. a(i) is the
coefficient vector at iteration i , a;(i) is its jth
component, and C(i)is the corresponding set of
centers. e (i) is the prediction (estimated) error
between the desired signal d(i) and the prediction

fi-1(u(®):
e () =d@) — fi-1(u@®). (21)

At iteration i, with an input u , the output of the
system is [12, 13]:

fiw) = Tj-; a(®) ku(),w). (22)

The Kernel function x (u,u") used is the Gaussian
kernel.

The traditional KRLS algorithm and its modification
are listed below where the scalars are small italic
letters. Vectors and matrices are respectively small
and capital bold letters.

3.3.1 Algorithm 1 Traditional KRLS
Initialization:RR(1) = [A + x(u(1),u(1))]71,
a(1l) = RR(1)d(1). Choosing the regularization
parameter A.

If i > 1then

q()) = RR( — Dp()

b(D) = 2+ k@), w(®) —q@O"p@)

RR()
_ -1 |[RRE=DbE) +q(Dq@" —q@)
SN RS ]
e( =d@® —-pd"ali - 1)

S _ [ati—1) —q@b® e
a)) = [ (D) Le(i)
end if

3.3.2 Algorithm 2 Modified KRLS
Initialization: 1 > 0

RR(1) = [2+ (), u(1)]™, a(1) =
RR(1)d(1).

for i =2:nn

q() = RR( — Dp()

if b(i) = A+ k(u@@), u(@)) — q()Tp(i) then
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R()
_ o1 |[RRGE = Db +q@q@" —q()
O —q()! 1 ]
e(d) =d@) —p®"a(i - 1)

~ _ |ati=1) = q@b@) (@)
a(d) = b(i)"te(d) ]
if b(i) << A OR b(i) = 0 then
Discard u(i) and choose another data point
Choose (i + 1) = A+ xk(u(i + 1), u(i+ 1))
RR(i+1)=b({+1)1.
[RR(i)b(i +1D)+q@+Dqi+1)" —q(i+ 1)]

—q@i+1D? 1

e(i+1)=d@i+1)—pi+1DTa@)

. a(i)—q@i+ Db+ 1D te(i+1)
a(i+1) b(i + 1) e(i + 1)
end if
end if
end for

For both algorithms, if f; is considered as the estimate
of the input - output mapping at time i , then the
sequential learning rule for KRLS is given by [12]:

i-1

fi = foa + @7 k@, Y 2 (Ox@(),.)
=1
] 23)

The updates needed for KRLS at time i are [12, 13]:

a;(i) = r(@)~te(. (24)
a)=a;(i—1)—rD e z;i), j=

1,..,i—1 (25)
C() ={Cl—1),u@®} (26)

Table 1 lists complexity comparison of KLMS, KAP,
KRLS, and modified KRLS algorithms

Table 1 complexity comparison of KLMS, KAP,
KRLS, and modified KRLS algorithms

Algorithm Complexity | Memory
KLMS O(i) O(i)
KAP O(i+k?) O(i+k)
KRLS 0(i%) 0(i%)
Modified KRLS | O(i?) 0(i%)

Although the complexity of KRLS, and modified
KRLS are the same, the modified KRLS algorithm
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solves the problem of system singularity when b (i)
becomes too small (= 0), where the data point u(i)
will be discarded and choosing another data point.
Therefore, the modified KRLS algorithm offers a
more stable implementation without increasing the
overall computational order.

4. Results and Discussion

Fig. 4 shows the BER performance comparison of
OTFS modulation with OSM using KLMS, KAP,
KRLS and modified KRLS algorithms in Extended
Vehicular A model (EVA) model [15] with
maximum Doppler spread for each path generated
according to a maximum user equipment (UE) speed
of 120 km/h. The OTFS modulation grid with M =
16 sub-carriers, each of Af = 15 KHz bandwidth,
and N = 8 symbols. QPSK modulation is considered.
The complexity of the system is more increased due
to OSM by O (N log N) per block. The parameters
used in simulations are a=1.2, 7 = 0.05, k (u;,u;) =

exp (=0.1 |Ju; — w||*), and 2. = 1. Although KRLS

is more complex compared to KAP and KLMS
algorithms, its BER performance outperforms KAP
and KLMS, respectively.

10° OTFS with QPSK in EVA channel for N =8 and M =16

KLMS
G —B8—KAP
—O—KRLS

modified KRLS |

1} ; 1‘0 1‘5 2.0
SNR({dB)
Fig.4 BER performance of the OTFS system using
KLMS, KAP, KRLS, and modified KRLS equalizers
with OSM in the EVA channel model

Fig.5 illustrates the efficacy of OTFS in a high
mobility scenario, utilizing a Kernel Recursive Least
Squares (KRLS) equalizer. The comparison is made
between the performance with and without the
overlap-save method (OSM) in an Extended
Vehicular A (EVA) channel model [15]. The
simulation parameters are tailored to a high-speed
environment, with a Doppler spread calibrated for a
user equipment (UE) speed of 120 km/h. The OTFS
grid is defined as 16 sub-carriers and 8 symbols, each
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Af = 15 KHz, and employs Quadrature Phase Shift
Keying (QPSK) modulation. The kernel function «,
which is a measure of similarity between two points
in the feature space, is set to an exponential decay
function based on the Euclidean distance, and the
regularization parameter A is set to 1. The results
indicate a significant improvement in Bit Error Rate
(BER) when the KRLS equalizer is paired with the
OSM, attributing to the latter's ability to mitigate
Inter Block Interference (IBI), while the equalizer
effectively reduces Inter Symbol Interference (ISl),
leading to a more robust communication in high-
mobility environments.

OTFS with QPSK in EVA channel for N =8 and M =16

10°

—&— KRLS without OSM
—A— KRLS with 0SM

107 F

102

BER

107 F

107 F

10°

0 5 10 15 20
SNR(dB)

Fig.5 BER performance of the OTFS system using
the KRLS equalizer without and with OSM in the
EVA channel model.

With the same simulation parameters used in Fig.4,
the BER performance of the OTFS schemes with
overlap-save method for KRLS and modified KRLS
algorithms are illustrated in Fig.6. The results
indicate a better improvement in Bit Error Rate
(BER) when modified KRLS equalizer is used
because it solves the problems of system singularity
and instability compared to the traditional KRLS
equalizer.
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OTFS in EVA channel for N=8 and M=16

——8— KRLS

¢ +prupnsad KRLS

0 5 10 15 20
SNR(dB)

Fig.6. BER performance of the OTFS system using
traditional KRLS and modified KRLS equalizers
with OSM in the EVA channel model.

5. Conclusion

This paper investigated four nonlinear adaptive
equalizers for OTFS modulation: KLMS, KAP,
traditional KRLS, and modified KRLS. KLMS offers
the lowest complexity but the weakest BER
performance, whereas KAP provides improved
performance at moderate additional cost. KRLS and
modified KRLS achieve the best BER results,
although they are computationally more demanding.
The results demonstrate that combining a KRLS-
based nonlinear time-domain equalizer with the
overlap-save method is an effective approach for
OTFS reception in EVA channels. In particular, the
modified KRLS algorithm improves stability and
alleviates singularity-related limitations of the
traditional KRLS method, leading to better BER
performance. Overall, the proposed OTFS receiver
with modified KRLS and OSM provides a more
robust solution for high-mobility  wireless
environments.
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