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Abstract: In this paper, we derive some generalizations of certain Gronwall-Bihari with weakly singular kernels
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1 Introduction and preliminaries

It is well known that the Gronwall-Bellman inequal-
ity [1,8] and their generalizations can provide ex-
plicit bounds for solutions to differential and integral
equations as well as difference equations.Many au-
thors have researched various inequalities and inves-
tigated the boundedness, global existence, unique-
ness, stability, and continuous dependence on the ini-
tial value and parameters of solutions to differential
equations, integral equations see [2 — 5, 10]. How-
ever, we notice that the existing results in the liter-
ature are inadequate for researching the qualitative
and quantitative properties of solutions to some frac-
tional integral equations see [9 — 11, 13,17 — 18] .
Fractional calculus is the field of mathematical
analysis which deals with the investigation and appli-
cations of integrals and derivatives of arbitrary order
see [13]. However, in this branch of Mathematics we
are not looking at the usual integer order but at the
non-integer order integrals and derivatives. These

are called fractional derivatives and fractional inte-
grals. The first appearance of the concept of a frac-

tional derivative is found in a letter written to Guil-
laume de I’Hopital by Gottfried Wilhelm Leibniz in

1695. As far as the existence of such a theory is
concerned, the foundations of the subject were laid
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by Liouville in a paper from1832. The autodidact
Oliver Heaviside introduce the practical use of frac-
tional differential operators in electrical transmission
line analysis circa 1890. Many authors have estab-
lished a variety of inequalities for those fractional in-
tegral and derivative operators, some of which have
turned out to be useful in analyzing solutions of cer-
tain fractional integral and differential equations, for
example, we refer the reader to [9 — 10,17 — 18] and

the references therein. )
In [12], the authors proved the following results :

Theorem 1 Let k, A € R*. Also, let h and u be
nonnegative and locally integrable functions defined
on [0,X) with X < +oo. Further, let ¢(x) be a
nonnegative, non-decreasing, and continuous func-
tion on [0, X) which is bounded on [0, X), that is,
é(x) < M forall z € [0,X) and some M € Rt
. Suppose that the functions h, u, and ¢ satisfy the
following inequality:

(@) < ha)+hoo) | S ) u(p)dp, z € [0.X).

(1.1)
Then
u(r) < h(z) + 3207, T (n))
(1.2)
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Corollary 1 Let k, \ € R™ Also, let h and u be non-
negative and locally integrable functions defined on
[1,X) with X < +4o0. Further, let ¢(z) be a non-
negative, nondecreasing, and continuous function on
[0, X') which is bounded on [1, X) that is, ¢(z) < M
forall x € [1,X) and some M € R*. Suppose
that the functions h,u, and ¢ satisfy the following
inequality:

2-1
u(x) < h(z) + ko(z) 5 (ln ) u(p)%,
(z € [L, X))
(1.3)
Then
u(w) < ha) + 7, AT I (1n2) " ) %
(@€ [l,X)).

(1.4)

In this paper, we establish some new Gronwall-
type inequalities associated with Riemann-Liouville
k— and Hadamard k-fractional derivatives which
generalize some result given in [12] .We also present
some nonlinear integral inequalities with singular
kernels of Bihari type,we apply the results estab-
lished to research boundedness, uniqueness for the
solution to some certain integral equations.

Now, some important properties for the modified
Riemann-Liouville derivative and fractional integral
are listed as follows :

Definition 1 The Riemann-Liouville fractional inte-
gral of order o on the interval [0,x] is defined

by
(I*f) == F(la) /OI (x—7)* ' f()dr  (z>0),
. (1.5)

Ia)

/ s Lexp (—s)ds,
0

which is well defined for o > 0.

Definition 2 The  modified  Riemann-Liouville
derivative of order « is defined by

ey a /& (@ = O™ (F () = £(0))d¢, 0< a<1

(D:f) (z) = { (f(") (z)) (ax—m) :

n<a<n+1l, n>1
(1.6)
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The Hadamard fractional integral HDﬁz f of order
> 0 is defined by

s [ 20
(1.7)

The Hadamard fractional derivative HD’f,x f of or-
der p > 0 is defined by

Dt f = e (@

HDiL,;tf =

)" W) )
(x>1)

(1.8)

n=[+1; 2>0),

. Here and in the following, let C,R,RT, R, N,
and Z be the sets of complex numbers, real num-
bers,positive real numbers, nonnegative real num-
bers, positive- integers, and non-positive integer, re-
spectively.

Diaz and Pariguan [6] introduced k-gamma func-
tion I'y, defined by

(x> 1)

dr

T(z) = /OO e ldt [R(2)] > 0;k € RT)
° (1.9)
which has the following relationships:
Ti(z+ k) = 2Tk(2), Tk(k) =1 (1.10)
and
Tr(y) = k1T (%) . (1.11)

Also, k — beta function By, («v, (3) is defined by

1ol -1 21 .
o - HEE gL
ot (0, BeCN\KZg),

(1.12)
where kZ, denotes the set of k-multiples of the
elements in Z .

Among many generalizations of the Mittag-
Leffler function, one of them is recalled (see [15, 16])

[e.9] n

V4
Ex,ﬁzgw (A, BeC; R(N) >0),

(1.13)
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which is further generalized and called k-Mittag-
Leffler function as follows:

Ek,A,ﬂ:Zn om(/\ BGC 9‘{( )>0;k€R+).

Lemma 1 ([17]) Suppose 0 < o < 1, f is a contin-
uous function, then

D (I f(#) = f(b).

Lemma 2 ([7]) Suppose thata > 0,p > q > 0 and
p # 0, then

forany ¢ > 0.

Lemma 3 ([17]) Let o > 0,a(t),b(t), u(t) be con-
tinuous functions defined on t > 0.Then fort > 0,

Diu(t) < a(t) + b(t)u(t).

Implies

u(t) < u(0)exp {fo el (sF(l + a))é) ds}

+maf0 t—7)1a(r)
)ds} dr.

— [T0F b (sT (1 + )
T'(14+a)

Definition 3 ([S]) A function w : Ry — R is said

to belong to class §, if it satisfies the following con-

ditions

Q=

X exp

w(x) > 0,is non-decreasing and continuous for x > 0,

éw(a)) < w<§), fora>0.
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62

International Journal of Mathematical and Computational Methods

http://www.iaras.org/iaras/journals/ijmcm

2 Main Results

Theorem 2 Suppose that k,A € RT, h , u are
nonnegative locally integrable functions defined on
[0, X) with X < +oo. Further, let ¢(x)be a non-
negative, nondecreasing, and continuous function on
[0, X) which is bounded on [0, X), that is, ¢(z) <
M for all x € [0,X) and some M € RT. Suppose
that the functions h,u, and ¢ satisfy the following
inequality:

u(x) < hx Lut (p) dp,

2.1

z) Jo (@ —p

(w €10, X)).

where p # 0, p > q > 0, are constants. Then

3 =

{ko(@)re(M}"

ulz) < {Eu) e @ g E(p)dp}

T (nX)
z€0,X),
2.2)
where
= Pp—qa a = q a»
h(z) = h(z)+~ er zrd(z)¢(x) =~ » P(x)
(2.3)

Proof. Denote the right-hand side of (2.1) by z(x).
Then we have

u(z) < z%(x), (x €1]0,X)). 2.4
So it follows that
2(x) < h(z) + k() [ (v —p)* " 55 (p) dp,
(x €1]0,X)).
(2.5)

Using Lemma 2, we obtain that

) A, a=pr _
2(x) < h(@) + ko(2) [§ (¢ = p)F 1 (Lo P 2 (p) + 251

aq
eP | dp,

(2.6)

(z €10,X)) .

The inequality (2.6) can be rewritten as
~ ~ T A
z(x) < h(w)+k¢(m)/ (z—p)* ' z(p)dp (2.7)
0

where and h and k are defined as in (2.3).
Applying Theorem 1 to (2.7), we can get the de-
sired inequality (2.2). R
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Remark 1 If p = q = 1, then Theorem 2 reduces to
Theorem 1.

Theorem 3 Let k, \, p, q are defined as in Theorem
2. Also, let h and u be nonnegative and locally in-
tegrable functions defined on [1, X) with X < +oc.
Further, let ¢(x) be a nonnegative, nondecreasing,
and continuous function on [0, X ) which is bounded
on [1, X),that is, p(x) < M forall z € [1,X) and
some M € RT. Suppose that the functions h,u, and
¢ satisfy the following inequality:

-1
uP(z) < h(x) + ko(x f0< p) uq(p)%
(z € [1,X)).

(2.8)
Then
(@) < {ﬁ<z> TSP LU Sy (NP S %}Z
(@1, X)),
2.9)
where
I3 P=aq.¢ v (1)t de
h(z) = h(z) + Sler k() f; (m ;) do,
o(z) = 17 ()
(2.10)

Proof. Denote the right-hand side of (2.8) by z(x).
Then we have

u(x) < z% (z),

So it follows that

(z € [0, X)).

?rba

z(z) < h(z) + ko(x f0<1n)
(x €[0,X)).

Using Lemma 2, we obtain that

A a—p g
2(2) < h(z) + k(@) [§ (n2) BT [ 2e 2 2 (p) + 25e )d—;
(z €0,X)) .

The last inequality can be rewritten as

(o) < Ba) + K3(a) [ (@ =)t
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where h and ¢ are defined as in (2.10).
Applying Corollary 1 to the above inequality, we
can get the desired inequality (2.9). B

Remark 2 Ifp = q = 1, then Theorem 3 reduces to
Corollary 1.

Theorem 4 Suppose that 0 < o < 1 and u,¢,h
€ C(Ry,Ry). Furrther, let g : Ry — Ry is a dif-
ferentiable increasing function on |0, +oo| with con-
tinuous nonincreasing first derivative g'on )0, 400].

If

uP(z) < h(z) z) fo (@ —p) " g(ul (p))dp,
(x € [0, X))
2.11)
Then
u(z) < {h(z) z) Jo @=p)* " h(p)
X exp (— s lea) b ((SF (1+ a))E> ds) d,o}E,
T(1+a)
2.12)
foranyp #0,p > q > 0, where
- q_oe pP—gq 1
h = 2er h P 2.13
(2) g(p€ (2) P ) (2.13)
Oa) = T 0y (e hlz) + - ter)
Proof. Define a function v(z) by

) = e | @0 gt (o),
(2.14)
then
u(@) < (h(z) + d(z)o(z)7  (x € [0,X)).

(2.15)
By Lemma 2, we get for any € > 0,

q

u(t) < 1" (h(@) + ¢(x)v(x)) + 7 ; Oes,

’B\Q
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Applying Lemma 1 to (2.14) and using (2.16), we Where

have
. h(z) = arctan(gs%h(x) + B qé‘%)
Do(z) < g ((h(:c) n gb(:v)v(;v))5> @17 p p
q a=» p—q d(z) = qpip¢(x) N2
Dgv(z) < g(};5 v (h(z) + ¢(z)v(x)) + er) 1+ (gsTh(x) + %55)

(2.18)
Applying the mean value Theorem for the Corollary 3 Assume that the hypotheses of Theo-
function g, then for every z > y > 0 there exists rem 4 hold. If

€ ] y, z[such that )
uP(z) < h(z) + gy o(@) fo (@ = p)* log (1 +u (p)) dp

/7

9(x) = g(y) =g ()(z —y) < g (W) (= —v), (z € [o,X)).
then Then
a 17
DEvle) < (3" i) + Bt ue) < () + 9@ Jo (o =)™ 3o
— ;p q F(1+a
11 ) o, <00 (I (0T et as) )
The last inequality can be reformulated as where
~ ~ ~ q a-» p—q a
D%v(z) < h(x) + ¢(z)v(x), (2.19) h(z) = log(l+ 55 ? h(z) + » £r),
~ ~ a-p
where h and ¢ are defined as in (2.13). 5(35) _ le v ¢(a)
Using Lemma 3 to (2.19), we get 14 <36q;7ph(x) L ME%)
iy Jo (@ = p)* R (p)
X exp {— fr(plcfa) b ((s (1+a))« > ds} dp,
I'(l4+a)
(2.20)
Combining (2.20) and (2.15), we get (2.12). H Theorem S Suppose that 0 < o < 1 and u,¢,h

€ C(Ry,Ry). Furrther, let S € C (R%,Ry) be a

Corollary 2 Assume that the hypotheses of Theo- continuous function such that
rem 4 hold. If

uP (@) < h(z) + iy 6(2) [ (2 — p)* " arctan (u? (p)) dp 0<S(t,x)=S(t,y) < L(t,y)(x—y), x>y >0,
=0, X)), 221)
for t € [0, X),where L : R — Ry is a continuous
Then function. If
< A{h(z z—p)*th 1 v _
u() 1 oo { P ) M 0@ [ ) St ()
F(1+o¢)

ISSN: 2367-895X 64 Volume 5, 2020
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Then

u(x) < {h(@) + 61(2) sy Ji (= p)* " I ()

<o { = [T o0 (160 1+ a) ) s do.
(2.23)

I'(l4a)
where

hl(x)

Il
[95)
N
B
|
™
)
|
S]
=
8
~
+
i
I
ES)
(L}
ST
| N—

6, () .50 (x gg%h(m) +P q5%> o(x).

Proof. Let
) = 5 /0 (2 — p)* S(p,u? (p))dp

so we can get z(0) = 0. From (2.22), we have

u(z) < (h(@) + ¢()2(x))7 . (2.25)

By Lemma 2 we obtain for any € > 0,

ul(@) < e (h(x) + 9(w)a(2)) + FFe,
(2.26)
By Lemma 1, we have
D¢ z(x) = S(x,ul(x)). (2.27)

From Lemma 2 and using (2.21),(2.26), one has for

any € >0

From (2.27) and (2.28), we have

a—-p

q9—p aq
e P L z,%s P h(z)+p;qep>¢(z)z(a:)

9—p
+S |z, Le P h(z) + Prlep
= hi1(2) + ¢1(2)2(2),

where hi(x), ¢;(x) are defned as in (2.24).

ISSN: 2367-895X
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By Lemma 3, we get

2(z) < ) lh xp{ — [ TOF o ((sT(1+ ds b d
™) < 13 >/ (@ — o) 1<p>ep{ /r<‘1’+a) ((s (1+a)a ) 0.
(2.30)

Combining (2.30) and (2.25), we get (2.23). H

Theorem 6 Suppose that 0 < o < 1 and u,p,h
€ C (Ry,Ry).Furrther, let g : Ry — R, belongs
to class § (see Definition 3), and h(t) be nonde-
creasing function in [0, X) . If

u(x) < h(z) + iy 0(@) i (@ = ) g (up)) dp
(l’ € [0, X))
(2.31)
Then

u(z) < h(z) {Q;l [Q (2"71) + %(1 — ef"“”)Kn,mqﬁ"(Jc)]} ,
0<r< X1 <X,

3=

(2.32)
where

_ 1 _1 _
a—m,z>0,n—g+r—£+z+r,
m=2 50,0, ()= [V —d7

) T
z+r Vo gn(on

(2.33)
and

3

Kn’m = 2”71 {F(la) %;;m (1 - ﬁm)} 3
B=1-a= =,

and X1 > 0 is such that

(2.34)

Q2" 1) + 11— e ™)K, 0" (2)] € Dom (2,1),
S [0, X1]
(2.35)
Proof. The inequality (2.31) can be rewritten as

u(z) 1 1 “” o1

h(z) < +h(x)F(oz)¢(x)/0 (x—p)* " g(ulp))dp .
(2.36)

Since h(x) is nondecreasing function, we get

u(z) <
h(z)

1 z 1 a—1
@ [ et T e @]
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u(z)

Let z(z) = @)

Since g belongs to class §, one has

(o) < Vs 0@) [ (o= 0" ()] o

(2.37)
Obviously % + % = 1.Using the Hoder inequality
we obtain from (2.37)

2(2) € 1+ w5 o(@) [§ [(@ = P2 T ePePg (= (p)] dp

1 1
$(@) [J§ (@ = p) ™ emPdp| ™ [[§ e g (2 (p)™ dp| T
(2.38)

B)" < 2"~ (A" + B") holds for any
0 and

<1+ ey
Since (A +
A>0,B>
max

mi—Bm

/x(x—p)_ﬁmempdp< I'(1—pm),
0

1—p8m =
that

) 24 K@) [ (00 b

m > 0,we obtain from (2.38)

Let z* € [0, z| be a positive constant chosen, we get

(1) < 2 K" () /0 g™ (<(p)) dp.

(2.39)
where K, ,, is defined by (2.34). Let G(z) be
the right-hand side of the inequality (2.39). Then

International Journal of Mathematical and Computational Methods
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Integrating this inequality from 0O to x, we obtain

T

e "Pdp,

(2.40)
Letting x = z* in (2.40) and considering z* > 0 is
arbitary, after substituting «* with x, we get

0 (= (2)") < Q (27 V) 46" (") nm/o

xT

e "Pdp.
(2.41)

Q (2 (2)") < Q (2 16" (2) "’”/o

Then

2(x) < {in [Q (2" 1) + %(1 — enz)Kn,m¢"(:c)} }i

(2.42)
This completes the proof of Theorem 6.

3 Applications

In this section, we present some applications of the
inequalities (2.11) in Theorem 4 for studying the
boundedness and uniqueness of certain fractional in-
tegral equation with the Riemann Liouville (R-L)
fractional operator. Consider the following fractional
integral equation:

uP(x) = h(z) + I*(F(z,u(x))), (3.1)

z(x) < G (x) and this yields g" (z(x)) < ( )
n { ~L . where 0 < a<1,p>1land F € C(R x R,R),
g (Gn (x)) . From (2.39) , we obtain heC(RR).
G'(z) < Knmo"(z")e """ (z(m))’ Example 1 Assume that F(x,u(x)) satisfies
n(Gw (z)) n (Gn (z
(6 @) (6 @) Pl <o@g (), G2
e where g, ¢ are defined as in Theorem 4, and ¢(z)
d (6@ 4o is nondecreasing function in x > 0, then we have the
— / ~ < Kpme "o (27), following estimate for u(x)
dx 0 gn (O’ﬁ)
N )] < () + g 9(o) i o= )~ o)
d a
L0, (G (@) < Knme ™6™ ("), X exp (— ST G (57 (14 a))7) ds) dp}7,
dz T(1+a)
where ), is defined by (2.33) . B (3.3)
ISSN: 2367-895X 66 Volume 5, 2020
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where

~ 1 1= —1 1

i) = (e h(z)| +E=er) (34
~ 1 1-=p , 1 1-p —1 1
P(x) = {flppg(fl”p Ih(z)| + E==ev).

Proof. According to Definition 1, from (3.1)-(3.2),

we have
1 €T
D _ - _ ya—1
W) = o)+ s [ =) (F ol
3.5
[? ()] < |h(=)| + ﬁ / “(@ = ) [ (pyu(p))] dp,

(3.6)

[uf(2)] < |h(@)] + 57— /x(m = )" (p)g lulp)| dp,

L(@) Jo
taking into account that ¢ is nondecreasing func-
tion, we get

¢(x)

I(a)

Letting ¢ = 1, and applying Theorem 4, we get the
desired estimate in (3.3). W

uP(2)] < |h(z)[+ /Ox(rrf—p)"‘_lg(IU(p)l)dp-

Example 2 Assume that

|F(z,u) — F(z,u)| < ¢(x)g (Ju—ul),  (B7)
where g is defined as in Theorem 4 such that g(0) =
0 and ¢(x) is nondecreasing functions in x > 0.
Then equation (3.1) has a unique solution.

Proof.  Suppose u(z), u(x) are two solutions of
equation (3.1), then we have

1 xT
ua) = B+ o /0 (z — )™ F(p,u(p))dp.
1 T
w@) = A+ o /0 (x — p)*F(p,(p))dp.
Furthermore,
w(z)—T(z) = ﬁ / (e p)2 [F(pou(p)) — Flo,u(p))) dp,

ISSN: 2367-895X 67
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which implies

1

I'(«)

Taking into account that ¢ is nondecreasing func-
tion, we get

u(e) —u(z)| <

/ox(x_”)a_lﬂp)g (lu(p) — u(p)]) dp.

¢(x)

< I 7

/ “(@—p)* g (Julp) — (o)) dp.

(3.8)
Through a suitable application of Theorem 4
to (3.8) (with p = q = 1), we obtain that
|u(z) —u(x)| < 0, which implies uw(z) = u(z) .
|
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