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Abstract: - In this paper, the product of two Rician random variables, the ratio of two Rician random variables, 

the ratio of Rician random variable and product of two Rician random variables, and the ratio of product of two 

Rician random variables and Rician random variable are considered. The expressions for the level crossing rate 

of product of two Rician random processes, ratio of two Rician random processes, ratio of Rician random 

process and product of two Rician random processes, and ratio of product of two Rician random processes and 

Rician random process are derived. We use those results for calculation the average fade duration of wireless 

communication system operating over Rician multipath fading channels. The influence of Rician factor K on 

the level crossing rate is analyzed and discussed.   
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1 Introduction 
The ratios and products of random variables have 

applications in performance analysis of wireless 

communication systems operating over multipath 

fading channels in the presence of cochannel 

interference subjected to short term fading. There 

are more published works in technical literature 

considering the first and the second order statistics 

of ratios and products of random variables and its 

application in calculation the outage probability, the 

bit error probability, channel capacity and average 

level crossing rate of wireless radio systems.  

In paper [1], the level crossing rate of wireless 

relay communication system with N sections 

operating over Rayleigh short term fading channel is 

analyzed. Product of N Rayleigh random variables is 

considered.  

The product of two Nakagami-m random 

variables is studied in [2], and the level crossing rate 

of relay system with two sections in the presence of 

Nakagami-m multipath fading is evaluated. The first 

order statistics of ratio of random variable and 

product of two random variables are considered in 

[3], and the ratio of product of two random variables 

and random variable is analyzed in [4]. 

In [5], probability density function (PDF) of ratio 

of product of two Rayleigh random variables and 

Rayleigh variable in closed form is derived. 

Resulting PDF can be used for analysis of wireless 

telecommunication systems located in urban and 

crowded environments. Under these conditions, 

signal used for information transfer is exposed to 

interference.  When fading is present, the shadowing 

effect is also present. The distributions of ratios of 

random variables are of interest in many areas of the 

sciences. In [6], the authors present the joint 

probability density function and PDF of maximum 

of ratios  and  for the cases R/r, where R and r are 

Rayleigh, Rician, Nakagami-m and Weibull 

distributed random variables. All random variables 

are correlated.  

Rician distribution can be used to describe signal 

envelope variation in line of sight multipath fading 

channels [7]. This distribution has parameter K 

which can be calculated as the ratio of dominant 

component power and scattering components 

powers. For parameter K is zero, Rician multipath 

fading channel becomes Rayleigh multipath fading 

channel, and for K goes to infinity, Rician fading 

channel becomes no fading channel. 

In this paper, the random variable is formed as 

product of two Rician random variables and denoted 

as Rice*Rice. This distribution can be used in 

performance analysis of wireless communication 

systems with two sections operating over Rician 

multipath fading channel. Under determined 

conditions, signal at the output of relay system with 
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two sections can be expressed as product of signals 

at sections. 

The random variable derived as ratio of two 

Rician random variables is marked as Rice/Rice and 

has application in performance analysis of wireless 

communication systems in the presence of Rician 

small scale fading and Rician cochannel 

interference. 

The random variable calculated as ratio of 

random variable and product of two random 

variables is tagged as Rice/Rice*Rice, and has 

implementation in analysis of properties of wireless 

communication systems disturbed by Rician 

multipath fading and cochannel interference 

originated from relay system with two sections. 

The random variable obtained as ratio of two 

Rician random variables and Rician random variable 

is denoted as Rice*Rice/Rice. It has application in 

performance analysis of wireless relay 

communication systems with two sections which 

operate over Rician multipath fading channel in the 

presence of Rician cochannel interference. 

 In this paper, the expressions for the level 

crossing rates for Rice*Rice random process, 

Rice/Rice random process, Rice/Rice*Rice random 

process and Rice*Rice/Rice random process are 

derived. The obtained results can be used for 

calculation of the level crossing rate of random 

process as Rayleigh*Rayleigh, Rayleigh/Rayleigh, 

Rayleigh/Rayleigh*Rayleigh random process and 

Rayleigh*Rayleigh/Rayleigh random process. Also, 

the expressions for the level crossing rate of 

Rayleigh*Rice random process, Rayleigh/Rice 

random process, Rayleigh/Rice*Rice random 

process and Rayleigh*Rayleigh/Rice random 

process can be evaluated. The obtained expressions 

for the level crossing rate are useful in calculating 

the average fade duration of wireless 

communication systems which operate in channel 

with Rice*Rice multipath fading. The level crossing 

rate is evaluated as average value of the first 

derivative of random process and average fade can 

be calculated as the ratio of the outage probability 

and level crossing rate. The obtained results can be 

used in performance analysis of wireless 

communication system working over Rician 

multipath fading channels. 

  

 

2 Level Crossing Rate of Ratio of Two 

Rician Random Variables 
The ratio of two Rician random variables is [8]:  

yzx
y

x
z  ,   (1) 

where x and y follow Rician distribution [6]: 
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After some mathematical manipulations this 

expression becomes: 
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Similarly, for variable y is valid: 
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The first derivative of z is: 

2

x xy
z

y y
 

 
 .   (4) 

The first derivative of Rician random process is 

Gaussian random process. The linear combination 

of Gaussian random variables follows Gaussian 

distribution. Thus, the first derivative of ratio of two 

Rician random variables has conditional Gaussian 

distribution with zero mean and variance: 

2
2 2 2

2 4

1
z x y

x

y y
                        (5) 

where  
2 2 2

1x mf   ,    2 2 2
2y mf   , 

and fm is maximal Dopler frequency. 

After substituting, the expression for variance 

becomes: 
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          (6) 

The joint probability density function of z and z   

is: 

       zyzpypzypydyzzp z

z

yxzz /
20




 



 



.   (7) 

The level crossing rate of z is: 
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Previous expression is level crossing rate of 

Rician/Riacian random process. 

 

 

3 Level Crossing Rate of Product of 

Two Rician Random Variables 
Product of two Rician random variables is: 

, ,
z

z x y x
y

         (9) 

The first derivative of z is:  

z xy xy      (10) 

Random variable z  has conditional Gaussian 

distribution. The main of z is zero. The variance of 
z is: 
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The joint probability density function of z, z  and 

y is: 
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The level crossing rate of z is: 
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Previous integral can be solved by using Laplace 

approximation theorem: 
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where x0 is solution of  0 0f x  . 

 

 

4 The Ratio of Rician Random 

Variable and Product of Two Rician 

Random Variables 

The ratio of Rician random variable and product of 

two Rician random variables is:  

, 0, 0, 0
x

w x y z
yz

         (14) 
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where x, y and z follow Rician distribution given by 

(2), (3) and (15): 
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The first derivative of w is: 

2 2

x x x
w y z

yz y z yz
  


   .   (16) 

Random variable w  follows conditional Gaussian 

distribution with zero main and variance: 
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After substituting, the variance of w  becomes: 

2 2
2 2 2 31 2

2 2 2 2
1 2 3

1

1 1 1
w m

w w
f

K K Ky z y z
 

  
       

  

(18) 

The level crossing rate of ratio of Rician random 

variable and product of two Rician random variables 

is:  
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Previously presented integral can be solved by 

using Laplace approximation formula for two fold 

integrals: 
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where x0  and y0 are solutions of equations: 
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5 The Ratio of Product of Two Rician 

Random Variables and Rician 

Random Variable 
The ratio of product of two Rician random variables 

and Rician random variable is: 

,
xy wz
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The first derivative of w is: 

2
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 .              (22) 

The random variable w  has conditional Gaussian 

distribution with zero main and variance: 
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The level crossing rate of w is: 
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Previously written integral can be solved by 

using Laplace approximation formula (20) for two 

fold integrals. 

 

 

6 Numerical Results 

In Fig. 1, the histogram of the ratio of two Rician 

random variables is shown. The abscissa of the 

histogram is the amplitude of Rician random 

process; the ordinate is the number of samples in the 

interval of abscissa. 

 

0 10 20 30 40 50 60 70
0

1000

2000

3000

4000

5000

6000

7000

8000

9000

x

P
D

F

 

 

N=10000

k=0.5

 
Fig. 1. Histogram of the ratio of two Rician random 

variables 

 

The outage probability for the ratio of two Rician 

random variables is presented in Fig. 2.  

The level crossing rate for the ratio of two Rician 

random variables is given in Fig. 3. 
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Fig.2. Outage probability for the ratio of two Rician 

random variables 
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 Fig.3. Level crossing rate for the ratio of two 

Rician random variables 

 

 

The histogram of the product of two Rician 

random variables is drawn in Fig. 4. The outage 

probability for the product of two Rician random 

variables is introduced in Fig. 5. The level crossing 

rate for this product of two Rician random variables 

is plotted in Fig. 6. 
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Fig. 4. Histogram of the product of two Rician 

random variables 
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Fig.5. Outage probability for the product of two 

Rician random variables 
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Fig.6. Level crossing rate for the product of two 

Rician random variables 

 

The histogram of the ratio of Rician random 

variable and product of two Rician random variables 

is presented in Fig. 7.  

 The outage probability for the ratio of Rician 

random variable and product of two Rician random 

variables is given in Fig. 8. 

The level crossing rate for this ratio of Rician 

random variable and product of two Rician random 

variables is shown in Fig. 9. 

 

 

0 10 20 30 40 50 60 70 80 90 100
0

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000

x

P
D

F

 

 

N=10000

k=0.5

 
 Fig.7. Histogram of the ratio of Rician random 

variable and product of two Rician random 

variables   
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 Fig.8. Outage probability for the ratio of Rician 

random variable and product of two Rician random 

variables 

D. Krstić et al.
International Journal of Mathematical and Computational Methods 

http://www.iaras.org/iaras/journals/ijmcm

ISSN: 2367-895X 84 Volume 1, 2016



0 2 4 6 8 10
0.0

0.2

0.4

0.6

0.8

1.0

 

 

 
L
C

R

x

 Fig.9. Level crossing rate of the ratio of Rician 

random variable and product of two Rician random 

variables  
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Fig.10. Histogram of the ratio of product of two 

Rician random variables and Rician random variable 
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Fig.11. Outage probability for the ratio of product 

of two Rician random variables and Rician random 

variable  
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Fig.12. Level crossing rate of the ratio of product 

of two Rician random variables and Rician random 

variable 

 

The histogram of the ratio of product of two 

Rician random variables and Rician random variable 

is presented in Fig. 10.  

 The outage probability for the ratio of product of 

two Rician random variables and Rician random 

variable is pointed out in Fig. 11. 

The level crossing rate for this ratio of Rician 

random variable and product of two Rician random 

variables is shown in Fig. 12. 

These results help designers of wireless 

telecommunications system to pick out the best 

parameters of the system in the presence of Rician 

fading. 

 

 

7 Conclusion 
In this paper, Rice*Rice random variable is defined 

and can be calculated as product of two Rician 

random variables. The ratio of two Rician random 

variables is denoted as Rice/Rice and random 

variable derived as the ratio of Rician random 

variables and product of two Rician random 

variables is marked as Rice/Rice*Rice. Random 

variable labeled as Rice* Rice/Rice can be 

calculated as product of two Rician random 

variables and Rician random variable. 

The formula for the level crossing rate of 

Rice*Rice random process, Rice/Rice random 

process, Rice*Rice/Rice random process and Rice 

/Rice* Rice random process are evaluated in this 

paper. The expressions for other distributions as 

Rayleigh*Rayleigh, Rayleigh/Rayleigh, Rayleigh* 

Rayleigh/Rayleigh and Rayleigh/Rayleigh*Rayleigh 
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can be calculated by using derived terms for level 

crossing rates. 

The formula for level crossing rate of Rice*Rice 

can be used for calculation the average fade duration 

of wireless relay system operating over Rician 

multipath fading channel. The expression for level 

crossing rate of Rice/Rice can be used for 

calculation the average fade duration of wireless 

communication system working over Rician short 

term fading channel in the presence of cochannel 

interference affected to Rician multipath fading. The 

expression derived for level crossing rate of 

Rice*Rice/Rice can be utilized in performance 

analysis of wireless relay communication system 

with two sections working over Rician multipath 

fading channel in the presence of Rician cochannel 

interference. Finally, formula for level crossing rate 

of Rice/Rice*Rice random process can be employed 

for calculation the average fade duration of 

communication system that runs over Rician 

multipath fading environment in the presence of 

cochannel interference originated from wireless 

relay system with two sections. 
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