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Abstract: Riccati equation method is used to establish oscillatory and non oscillatory criteria for solutions of second
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1 Introduction

Let q(t)a T(t)v f(t)a Qj(t)v Tj(t)a aj(t)> ﬁj(ﬂ? J=
= 1,n, be real valued continuous functions on
[to; +00). In the sequel we will assume, that the func-
tions «j(t), [;(t), j = 1,n are bounded below. De-

note: Ty = min{ty, 1glgn{t1§£) a;(t), tgltf;) Bi(t)}}.
Let p(t) be a positive function on [Tj; +00). Consider
the equation

(p()¢' (1) +a()¢' () +r()d(t)+f (t)+

+_la; ()¢ (a (1) +7;(H)e(8;(2))] = 0, (1.1)

i=1

t > tg. Study the question of oscillation and non
oscillation of solutions of the differential functional
equations, in particular of eq. (1.1), is an important
problem of qualitative theory of differential functional
equations, and many works are devoted to him (see [1]
and cited works in it, [2] - [11]).

In this work the Riccati equation method is used
to establish oscillatory and nonoscillatory criteria for
solutions of eq. (1,1) in terms of oscillation and
nonoscillation of eq.

(p()¢' (1) + a(t)' () + r(H)e(t) =0,

t > to. and (or) the functions r(t), f(t), g;(t),
'I"j(t), aj(t)v ﬁj(t)v j:17n~

(1.2)

2 Auxiliary propositions

Let a(t),b(t),c(t),a1(t),b1(t),c1(t) be real valued
continuous functions on [tg; +00).
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Consider the Riccati equations
Y (1) + a(t)y* (1) + b(t)y(t) + c(t) = 0;

Y (1) + a1ty (1) + bi(y(t) +er(t) =0, (2.2)
t > tp. and the differential inequalities

(2.1)

' (1) + a()n?(t) + b(t)n(t) +c(t) > 0;  (2.3)
1 (t) + a1 (t)n” (t) + ba (t)n(t) +
Yo >0,  (24)

t > to. Note, that every solution of eq. (2.1) ((2.2))
is a solution of ineq. (2.3) ( (2.4) ). Note also, that
for a(t) > 0 (ai(t) > 0), t > to, the real valued
solutions of the equation 1’ (t) + b(t)n(t) + ¢(t) = 0
(' (t) + b1 (t)n(t) + c1(t) = 0) are solutions of ineq.
(2.3) ((2.4)). Therefore for a(t) > 0 (ai(t) >
> 0), t > tg, ineq. (2.3) ( (2.4) ) has a solution,
satisfying any initial real value condition. In the se-
quel we will assume, that the solutions of considered
equations are real valued.

Theorem 2.1. Let y(t) be a solution of eq. (2.1)
on [t1;t2), and no(t), n1(t) be solutions of ineq. (2.3)
and (2.4) with no(t1) > yo(t1), ni(t1) > yo(t1) re-
spectively, and let a1(t) > 0, X\ —yo(t1)+

+ Jexp{ Flaa(@)ml€) + m(€) + bu(€))de

t1 t1

x[(a(r) — a1(1)y5(7) + (b(7) = ba(7))yo(7)+
+c(1) — e (7)]dT >0, t € [t1;t2),

forsome X € [yo(t1);m1(t1)]. Then eq. (2.2) has a so-
lution y1 (t) on [t1; ta) withyi(t1) > yo(t1), moreover
yi(t) = yo(t), t € [tr;ta).
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Proof see in [12].
Let tg < t; < to < +4o00. Denote: T'(t1;t2) =

= min{¢ f a;(t), inf
= min{ty, min { inf  o;(t), dnf 5;()}}
Ulti;to) =

= max{ty, max { sup «;(t), sup S;(t)}}.
1S5S0 teftyity) te[t1;ta)

We shall say, that ¢(t) is a solution of eq. (1.1) on
[t1;t2), if: ¢(t) is defined and continuously differen-
tiable on [T'(t1;t2); U(t1;t2)); p(t)¢'(t) is continu-
ously differentiable on [t1;t2); ¢(t) satisfies (1.1) on
[t1;t2). By a solution of eq. (1.1) we shall mean its
solution on [tg; +00).

Consider the equation

—|—7“j(7')exp{/ y(T;dTH =0, (25)
)

t >t (= tg), o = const # 0, the symbol
)dT) denotes integration by di-
A;(1) B;(t)
rection from ¢ to «;(t) (B;(t)). We shall say, that
y(t) is a (nonnegative, nonpositive) solution of eq.
(2.5) on [t1;t2), if: y(t) is defined and continuous on
[T'(t1;t2); U(t1;t2)); (is nonnegative, nonpositive on
[T'(t1;t2); U(t1;t2))) and satisfies (2.5) on [t1; t2).
Let ¢(t) be a solution of eq. (1.1) on [t1;¢2), and
let ¢o(t) # 0, t € [T(t1;t2); U(t1;t2)). Itis easy to

show, that
p(t)¢o(t)
yo(t) = ———=, (2.6
)= )
t € [T(t1;t2); U(t1;t2)), is a solution of eq. (2.5)
on [t1;ta), where 1 = ¢o(t1). Consider the Riccati
equation

/ Ly q(t)
t)+ ——y°(t) + —=y)+r() =0, 2.7
V(O + o)+ Lue) e =0, @)
t > 1.
Lemma 2.1. Let eq. (2.5) has a (non-

negative, nonpositive) solution on |[ti;t2), and let
() = 0, (g;(t) <0) ¢;(t) =0, r;(t) 20, j=
= 1.n, % >0, t € [t1;ta). Then eq. (2.7) has a
solution on [t1;t2).
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Proof. Let y((¢) be a (nonnegative, nonpositive)
solution of eq. (2.5) on [t1;t2). Note, that yo(t) is a
solution of the Riccati equation

t € [t1;t2), where 7(t) =r(t)+

+% exp{ —tf y];’((:))dr} +

It follows from conditions of the lemma, that

T(t) > r(t), te [ti;t2), (2.9)
Let y1(t) be a solution of eq. (2.7) with yi(¢t1) >
> yo(t1). Then by virtue of (2.8) and Theorem 2.1
from (2.9) it follows, that y; (¢) exists on [t1;?2). The
lemma is proved.

Lemma 2.2. Let yo(t) be a solution of eq. (2.7)
on [t1;t2), and let y1 (t) be a (nonnegative) solution of
eq. (2.5) on [ty;tz) with yr(t1) = yo(t1). Let (Q;(t) <

< 0), ¢(t) =0, r(t) <0, j =Tn, {8 <
<0, te[T(t1;t2);U(t1;t2)). Then

ni(t) 2 yo(t), tetita), (2.10),
moreover, if y1(t1) > yo(t1), then

yi(t) >yo(t),  t € [tr;ta), (2.11),

Proof. Note, that y; (¢) is a solution of the Riccati
equation

+f( exp{
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From conditions of the lemma it follows, that

F(t) <r(t), tE€ [t t). (2.13)

By virtue of Theorem 2.1 and (2.12) from here fol-
lows (2.10). Let y1(¢1) > yo(t1), and let yo(t) be the
solution of eq. (2.7) with yo(t1) = y1(t1) > yo(t1).
Then (see [13]) yo(t) exists on [t;;t2) and

go(t) > y()(t), te [tl;tz).
By virtue of Theorem 2.1 and (2.12) from (2.13) it

follows, that y1(t) > yo(t), t € [t1;t2). From here
and from (2.14) follows (2.11). The lemma is proved.

(2.14)

3 Oscillatory and nonoscillatory cri-
teria

Definition 3.1. A solution of eq. (1.1) is said to be
oscillatory, if it has arbitrary large zeroes. Otherwise
it is said to be nonoscillatory.

Definition 3.2. A solution of eq. (1.1) is said to
be suboscillatory, if its derivative has arbitrary large
zeroes.

Definition 3.3. Eq. (1.1) is said to be oscillatory,
if its all solutions are oscillatory.

Theorem 3.1. Let eq. (1.2) is oscillatory, and let
ri(t) 2 0, t 2, lim a;(t) = lim §;(t) =
= 400, j = 1,n. Then the following assertions are
valid:

Liff(t) 2 0(<0), ¢(t) =0 (<0), j =
= 1,n, t > to, then every solution ¢(t) of eq. (1.1) is
or else suboscillatory or else there exists ty > to such,

that sign ¢(t) = —signd/(t) # 0 (sign¢(t) =

= sign ¢'(t) #0), t >ty
ILiff(t) =0, ¢j(t) =0, j=1,n, theneq. (1.1)is
oscillatory.

Proof. Let us prove I. Let the solution ¢(t) of eq.
(1.1) is not suboscillatory. Then ¢(t) # 0, ¢'(t) #
# 0, t>t1,forsomet; > ty. We must show, that

¢'(t)

<0 (>0), t>t. (3.1
o) )
Suppose, that it is not so. Then
¢'(1)
>0 (<0), t>t. 3.2
o 70 <0 (32)
Since tllgloo a;(t) = tllgloo a;(t) = oo, then

T(t2; +00) > 11
of (2.6) y1(t) =
on [ta;+00).

for some ty > t;.
p(t)¢'(t)
o(t)
By virtue of Lemma 2.1 from here,

Then by virtue
is a solution of eq. (2.5)
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from (3.2) and from conditions of the theorem it fol-
lows, that eq. (2.7) has a solution yo(t) on [t2; +00).

Then ¢o(t) = exp{ volr

(1.2) on [te; +00), Wthh is continuable (as a solu-
tion of eq. (1.2)) on [tgp; +00) and which does not
vanish on [tg;+00). Therefore, (1.2) is not oscil-
latory, which contradicts condition of the theorem.
The obtained contradiction proves (3.1). The asser-
tion I is proved. Let us prove II. Suppose (1.1) is
not oscillatory. Then there exists a solution ¢(t) of
eq. (1.1) such, that ¢(t) # 0, t > t; for some
t1 > to. Since tE-IPoo a;(t) = tlg-noo a;(t) = +oo,
then T'(tg; +00) > t1 for some to > t1. Therefore

by virtue of (2.6) y(t) = p(t )Eﬁ)(t) is a solution of eq.

(2.5) on [t2; +00). To complete the proof of II should
be repeat the arguments of the last part of the proof of
L. The theorem is proved.

Example 3.1. Consider the equation

1)+ 3 anB)d(au(t)) =,
k=1

dT} is a solution of eq.

(3.3)

t > to, where ax(t) (k = 1,m) are continuous
+oo
functions on [0; +00), [
0
real valued), ax(t) > 0, & = 2,;m, q1(t) = t,
gk (t) = In®*(1 + ) + cos(M\gt) +
+sin?(vpt)e! t, Mg, vg, p are some real con-
stants, s > 0, kK = 2,m. For this equation the
conditions of the theorems 8 and 9 of work [1] (see
[1], pp. 733, 734), imposed on gx(t), k = 2,m,
are not fulfilled, and the condition of nonnegativity,
imposed on aq(t), may not be satisfied. Therefore
the last ones are not applicable to eq. (3.3). Apply-
ing Theorem 3.1 to (3.3) we see, that eq. (3.3) is
oscillatory.
Denote:

t t
harléit) = [exp{ [ ids}r(rar, 6.t = o
I3 T

Lettg < t1 < ...
quence, and let

Ii(t) = /eXp{t/ [228 - p(loqu, (tk

ty k

a(r)dr = +oo (ay(t) is

< tp, < ... be a infinite large se-

0] dc fx

xr(T)dr, t€ [ti;tiy1), E=0,1,2,....

Theorem 3.2. Let the following conditions are
satisfied:

1) Ik‘( ) S O) te [tkatk-‘rl)v k= 071525 )
2) a](t)gtu ﬁ](t)gtu ]:17 ) t2t07
3 FH <0 (>0), () <0, j=T,n, t>t
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Then the following assertions are valid:

rif

31) ;(1) =0, j=T.n,

then every solution ¢(t) of eq. (1.1) with ¢(t) >
> 0 (< 0), t € [To;to], gb/(to) >0 (S 0) is a
nondecreasing (nonincreasing) function on [to; +00),
moreover if ¢'(tg) > 0 (< 0), then ¢'(t) > 0 (<
< 0), t >ty

I if

32) QJ(t) <0, J :1777 t > to,

then for every solution ¢(t) of eq. (1.1) with ¢(t) >
> 0(< 0), ¢'(t) = 0(< 0),¢t €
€ [To;to], ¢'(to) > 0 (< 0) the inequality
¢ (t)> 0 (<0), t>tg, takes place.

Proof. From the conditions 1) it follows, that eq.
(2.7) has nonnegative solution y(t) on [to; +00), sat-
isfying the initial condition yo(to) = 0 (see [14], p.
26, Theorem 4.1). Let us prove I*. Let ¢(¢) be a
solution of eq. (1.1) with ¢(t) > 0 (< 0), t €
€ [To; to], ¢'(to) >0 (< 0). Let us show, that

¢(t) >0 (<0),

t> to. (3.4)

Suppose, that it is not so. Then there exists t; > g
such, that

¢(t) > 0(< 0), t e [to;tl), ¢(t1) =0.

By virtue of (2.6) from the conditions 2) it follows,

that s (1) = 20200

[to;t1) with u = ¢(to), moreover y1(to) > yo(to).
By virtue of Lemma 2.2 from here and from the con-
ditions 3), 3;) it follows, that y1(t) > wyo(t), t €
€ [to; t1). Taking into account (3.5) from here we con-
clude: ¢'(t) > 0 (< 0), ¢ € [to;t1). Therefore,
¢(t1) > ¢(t0) >0 (¢(t1) < ¢(t0) < 0), which con-
tradicts (3.5). The obtained contradiction proves (3.4).
By virtue of (2.6) from (3.4) it follows, that y;(¢) is a
solution of eq. (2.5) on [to; +00) with u = ¢ (o). By
virtue of Lemma 2.2 from here and from the condi-
tions 3), 31) it follows, that

(3.5)

ia a solution of eq. (2.5) on

for y1(to) > yo(to), and

for wy1(to) > yo(to). From (3.4) and (3.6) it follows,
that ¢(t) is a nondecreasing (nonincreasing) function
on [tp; +00), and from (3.4) and (3.7) it follows in-
equality ¢'(¢t) > 0 (< 0), t > to. The assertion I* is
proved. Let us prove IT*. Let ¢() be a solution of eq.
(1.1) with ¢(t) > 0 (< 0), ¢'(t) >0 (<0), t €
€ [Tosto], ¢'(to) >0 (< 0). Then by virtue of (2.6)
p()¢' (1)

from the conditions 2) it follows, that y; (t) = 10
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is a solution of eq (2.5) on [t1; t2) with . = ¢(tg) for
some t; € (to; +0c]. Let us show, that

Y1 (t) 2 Oa

Suppose, that it is not so. Then by virtue of initial
value conditions, imposed on ¢(t), we have

t e [To;tl). (38)

yi(t) >0,  te[Tota), (3.9)
for some to € (to;t1) and
Y1 (t) <0, t e [tz; t3), (310)

for some t3 € (t2;t1). Let y(t) be the solution
of eq. (2.1) with y(to) = wi1(to) > wo(to) = 0.
Then (see above) y(t) exists on [tg; +00) and y(t) >
> 0, t > tg. By virtue of Lemma 2.2 from the con-
ditions 3), 32) and from (3.9) it follows, that y; (¢) >
> y(t) > 0, t € [to;ta]. Therefore, y1(t) > 0, t €
€ [to;ta + ), for some € > 0, which contradicts
(3.10). The obtained contradiction proves (3.8). To
complete the proof of II* (repeating the arguments of
the proof of I*) on the basis of Lemma 2.2 and con-
ditions 3) and 32) one should show, that y; (¢) is a so-
lution of eq. (2.5) on [tp; +00) and y1(t) > Yo(t) >
> 0, t > tg. The proof of the theorem is complete.
Example 3.2. Letin eq. (3.3) a1 (t) =

—sint, te€ [2nm; (2n+ 1)7),
n=0,1,,2,..;

—Asint, t€[(2n+ 1)m; (2n + 2)7],
n=01,2,..,

21 T
1= fep{- 1o 0:0d far(r)dr <0.0> 0
0 0

(it is evident, that for A = 0 we have: I < 0 and [ con-
tinuously depends on ), therefore there exists A > 0
such, that I < 0); g1(t) = ¢, ar(t) <0, gx(t) =
=t—wg, k=2m, t>0, 0 <wy < ... < wp.
It is not difficult to see, that for such ay(t) and g ()
the condition of Theorem 7 of the work [1] (see [1],
p. 732) is not fulfilled. Therefore, for such conditions
Theorem 7 is not applicable to eq. (3.3). Applying
Theorem 3.2 to (3.3) one can readily verify (putting
ty = 2k, k = 0,1,2,... and taking into account,
that Ik(t) < Ik(27r) =1<0, te [tk;tk+1), k=
=0,1,2,...), that for mentioned restrictions every so-
lution ¢(t) of eq. (3.3) with ¢(t) > 0 (< 0), ¢ €
€ [~wm;0], ¢'(0) > 0 (< 0) is nondecreasing
(nonincreasing) function on [0; +-00) (therefore ¢(t)
is nonoscillatory), moreover if ¢'(0) > 0 (< 0), then
¢ (t)>0 (<0), t>0.

Theorem 3.3. Let the conditions 2), 3), 31) of
Theorem 3.2 are satisfied, and let the solution ¢(t) of
eq. (1.1) satisfies the initial conditions
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a) p(t) >0 (<0), te[To;te], ¢'(to) >0 (<0),
and the condition )

#(to) exp{ e ds}
to
2p(to)é(to)

b) p(t)r(t) [

Then

[p(t)] > {¢2(t0) + 2¢(to) ¢ (to) x

t t 1/2
X/eXp{_/%ds}]j;}’

(3.11)
=
(2)) = 6(t0) (o) exp - / 14}/
[ (#(t0) + 20(t0)6 (t0)
<Jool- [ Bui)" 20 e

Proof. In eq. (2.7) we make a change y(t) =
¢

= exp{ —f gg‘;gds}z(a(t)), t > to, where a(t) =
to

t ¢
= t{ exp{—t{ gggds} %. We come to the equation

Z(a(t)) + 22 (a(t)+

+p(t)r(t) exp{2/tzgds} =0, >t

It is evident, that this equation is equivalent to the fol-
lowing Riccati equation

0

2 () + 2%(t)+

B(t)
+p(5(t))r(5(t))exp{2 / ngs}—o, (3.13)

t € [0; a(+00)), where 3(t) is the inverse function of
a(t) (since o/ (t) > 0, t > to, then ((t) exists). De-

AT — _ B(to)
note: N = 30

2(t0)é' (lo)" Consider the Riccati equation

1

Z(t) + 2°(t) + NSy

=0, t>0.
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One can readily check, that zp(t) = m is a so-
lution of this equation on [0; +00). Let z1(t) be the
solution of eq. (3.13) with 21(0) = zy(0) = 3. By
virtue of Theorem 2.1 it follows from here and from
conditions a), b), that z1(t) exists on [0;a(+00)),
moreover

a(t) > 2(t),  te0a(+o0)).  (3.14)

¢
Then y;(t) = exp{ -/ ggzgds}zl(a(t)), is a solu-
to

tion of eq. (2.7) on [tg; +00). It follows from (3.14),
that

yi(t) = alt) + N’ t>1o (3.15)

Let us show, that
o(t) #0, t>to. (3.16)
Suppose, that it is not so. Then from a) it follows, that
o(t) #0, tE [to;t1), o(t1) =0, (3.17)

for some t; > tg. By virtue of (2.6) from here and

from 2) and a) it follows, that y2(t) = %ﬁ;@) is a so-
lution of eq. (2.5) on [to;¢1). Since y2(to) = yi(to),
then by virtue of Lemma 2.2 from (3.15) and con-
ditions 3), 3;) it follows, that y2(t) > wyi(t) >
> 20D g ¢ e [ty t4]. So, sign (t)

)

2(a(t)+N) -
= sign¢'(t) # 0, t € [to;t1]. Therefore |p(t1)| >
> |¢(to)] # 0, which contradicts (3.17). The ob-
tained contradiction proves (3.16). By virtue of (2.6)
from a) and (3.16) it follows, that y2(t) is a solution of
eq. (2.5) on [tg; +00). By virtue of Lemma 2.2 from
here, from conditions 2), 3) and from (3.12) it follows,
that

p(t)a’(t)

2alt) + N) (3.18)

ya(t) > >0, t > to.

t
Therefore, |p(t)] > |q§(t0)|exp{ fﬁf{gds} >
to

> |6(t0)| exp{; 1n(1+}va(t))}, £ > to. From here
follows (3.11), and by virtue of (2.6) from (3.11),
(3.16) and (3.18) follows (3.12). The theorem is
proved.

By analogy can be proved

Theorem 3.4. Let the conditions 2), 3), 32) of
Theorem 3.2 are satisfied, and let the solution ¢(t) of
eq. (1.1) satisfies the initial value conditions

¢(t> >0 << O)a ¢,<t) >0 (S 0)7 te [T0§t0]7
¢ (to) >0 (<0)

and the condition b) of Theorem 3.3. Then for ¢(t) the
inequalities (3.11) and (3.12) hold.
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4 Conclusion

The use of comparison and global solvability criteria
for scalar Riccati equations ([12], [14]) allowed us to
obtain new oscillatory and non oscillatory criteria for
second order linear differential - functional equations.
The approach used in this work allowed us to much
weaken the restrictions on the deviations of the argu-
ment of solution of the equations, presented in for-
mulations of propositions of work [1]. A new result
of this work is estimations of nonoscillatory solutions
and their derivative of differential - functional equa-
tions.
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