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Abstract: In this paper, we introduce the space r?(AP), where

ri(AR) = {z = (24) € w: (wpAz;) € r(u,p) < 00} ;

where r9(u,p) has recently been studied by Neyaz and Hamid. We show its completeness property,
prove that the space r?(AZP) and I(p) are linearly isomorphic and compute their « -, 8- and 7-duals.
Furthermore construct the basis of 7%(u, p). In our last section we characterize some matrix class.
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1 Introduction

We denote the set of all sequences with complex
terms by w. It is a routine verification that w is a
linear space with respect to the co-ordinatewise
addition and scalar multiplication of sequencdes
which are defined, as usual, by

r+y=(zx) + (vx) = (T + Yr)

and

azr = a(z) = (axy),

respectively; where z = (z), ¥ = (yx) € w
and a € C. By sequence space we understand
a linear subspace of w i.e. the sequence space
is the set of scalar sequences(real or complex)
which is closed under co-ordinate wise adition
and scalar multiplication. Throughout the paper
N, R and C denotes the set of non-negative
integers, the set of real numbers and the set
of complex numbers, respectively. Let Iy, ¢
and cg, respectively, denotes the space of all
bounded sequences , the space of convergent
sequssNegsangoe sequences converging to zero.
Also, by Il , l(p), cs and bs we deonte the
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spaces of all absolutely , p-absolutely conver-
gent, convergent and bounded series, respectively.

Let X,Y be two sequence spaces and let
A = (apg) be an infinite matrix of real or
complex numbers a,x, where n,k € N. Then,
the matrix A defines the A-transformation from
X into Y, if for every sequence z = (z) € X the
sequence Az = {(Ax),}, the A-transform of z
exists and is in Y; where (Az), = > apgzi. For

simplicity in notation, here and in what follows,
the summation without limits runs from 0 to oo.
By A € (X :Y) we mean the characterizations
of matrices from X toY ie, A: X — Y. A
sequence r is said to be A-summable to [ if Ax
converges to [ which is called as the A-limit of x.

For a sequence space X, the matrix domain
X4 of an infinite matrix A is defined as

Xa={zx=(zx): Az € X}. (1)

The theory of matrix transformations is
a wide field in summability; it deals with the
characterisations of classes of matrix mappings
between sequence spaces by giving vstgegsarowmnd
sufficient conditions on the entries of the infinite
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matrices.

The classical summability theory deals with
a generalization of convergence of sequences and
series. One original idea was to assign a limit
to divergent sequences or series. Toeplitz [26]
was the first to study summability methods as a
class of transformations of complex sequences by
complex infinite matrices.

Let A = (ankr) be any matrix. Then a
sequence z is said to be summable to [, written
xpr — I, if and only if A,z = Y a,rxr exists for

k

each n and A,z — | (n — o). For example,
if T is the unit matrix, then xz; — (/) means
precisely that zp — [ (k — 00), in the ordinary
sense of convergence.

We denote by (A) the set of all sequences
which are summable A. The set (A) is called
summability field of the matrix A. Thus, if
Az = (ap(x)), then (A) = {z : Az € ¢}, where ¢
is the set of convergent sequences. For example,
(I)=c

A infinite matrix A = (a,k) is said to be
regular [15] if and only if the following conditions
(or Toplitz conditions) hold:

(e.9]
(i) lim l;)ank =1,

(i) T}Lr&ank =0, (k=0,1,2,...),

(ii)) > lank] <M, (M >0, n=0,1,2,..).

Let (gx) be a sequence of positive numbers
and let us write,@n, = >.1_oqx for n€ N. Then
the matrix R? = (r,) of the Riesz mean (R, ¢,)

is given by
%’“:, if 0 <k<n,
T'nk =
0 ifk>n

The Riesz mean (R, ¢,) is regular if and only
if @, — oo as n — oo ( see, Petersen [22, p.10 ] ).
Kizmaz [11] defined the difference sequence
spaces Z(A\) as follows
ISSN: 2367-895X
Z(A) ={x = (z1) ew: (Azg) € Z}
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where, Z € {ly,c,co} and Axy =z — Tp1q.

Basar and Altay[2] has studied the sequence
space as

b, = {a:: (k) Ew:2|xk—xk,1\p< oo},
k

where 1 < p < co. With the notation of (1), the
space bv, can be redefined as

bup = (Ip)a,1 <p < o0

where, A denotes the matrix A = (A,x) defined
as
(-1 k  ifn—-1<k<n,
Apg =
0 ifk<n—1ork>n.

The approach of constructing a new sequence
space by means of matrix domain of a particular
limitation mehtod has been studied by several

authors. They introduced the sequence spaces
(Io)y, and cn,(see, [27]), (Ip);, = Xp and
(loo) e, = Xoo(see, [21]), (loo) e = 7, ( Jre =0
and (co)pr = rh(see, [16]), (Ip)p = 7 (see, 1),
(co)pr = €g and (c)gr = eg(see, [2]), (p)Er =€,
and (loo)pr = €} (see 3), (CO)AT = ag and
car = ab(see, [4)), [co(up) s = ao(u p) and
elw.p)]ar = arwp)(see, 5], (1) = o and
(Iso) 4 = aly(sce, [6], (Co)c = 60, co, = C(see,
23], ¢ (A) = (CS)A and c* ( ) (see,

[20], g = Z(u,v, p)(see, [17), Neyaz and Hamid
r9(u,p) = {l(p)}ra(see, [24]); where Ny, Ci,R!
and E" denotes the Norland, Cesdro, Riesz
and Eular means, respectively, A" and C are
respectively defined in [17, 19], u = {co, ¢, 1} and
1<p<oo.

2. The Riesz Sequence space r?(AP) of non-
absolute type :

In this section, we define the Riesz sequence
space T9(AP) | and prove that the space r4(AP)
is a complete paranormed linear space and show
it is linearly isomorphic to the space I(p).

A linear Topological space X over the field of
real numbers R is said to be a paranormed space
if there is a subadditive function h : X — R such
that h(0) = 0, h(—z) = h(z) and svalanemBsipli-
cation is continuous, that is, |a, — a| — 0 and
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h(zy —2) — 0 imply h(anx, —az) — 0 for all os
in R and z’s in X , where 6 is a zero vector in the
linear space X. Assume here and after that (pg)
be a bounded sequence of strictly positive real
numbers with sup, pr, = Hand M = maxz{l, H}.
Then, the linear spaces I(p) and Il (p) were de-
fined by Maddox [11] (see also, [25, 28-29]) as fol-

lows :

I(p) = {z = (k) Z\fck\pk < oo}

and

loo(p) = {w = (wx) : suplag [ < oo}
which are complete spaces paranormed by
hi(z) = [CglzxlP]!

iff inf pg, > 0.

™M and ha(z) = supy |z |[PE/M

We shell assume throughout that p ' 4-{p, }
provided 1 < infpr< H < oo and we denote the

collection of all finite subsets of N by F', where
N={0,1,2,... }.

Following Basar and Altay [2], Basar, Altay
and Mursaleen [3], Choudhary and Mishra [7],
Hamid [8], Hamid and Neyaz[9], Mursaleen
[18], Mursaleen, Basar and Altay [19], Neyaz
and Hamid[24], we define the Reisz sequence
space T?(AP) as the set of all sequences such
that RY transform of it is in the space I(p), that is,

Pk
<oo}

Remark 2.0 : Incase Az = zj, (fixed) for all
k € N, the sequence spaces r9(AP) reduces to
r?(u,p), introduced by Neyaz and Hamid [24].
Also, if (ug) = e =(1,1,...) and Azy = zy, (fixed)
for all k € N, the sequence spaces r?(AF) reduces
to r4(p), introduced by Altay and Basar [1].
Further, for (u;) = e = (1,1,...), Azg = xp for
all k € N, and ¢, = 1 for all n € N, the sequence
spaces r4(AP) reduces to space of Arithmetic
means X, of nonabsolute type introduced and

studgsi:lzgelNgosxd Lee [21].

ri(AY)

e s

where, 0 < pr, < H < o0.

k

Z qu'Aa?j
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With the notation of (1) that

ri(A%) = {U(p) b ry-
Define the sequence y = (yx), which will be

used, by the RI-transform of a sequence = = (xy),
ie.,

1
Yp = @Z ukq; AT (2)

j=0
Now, we begin with the following theorem
which is essential in the text.

Theorem 2.1 : r9(AP) is a complete linear
metric space paranormed by ha, defined as

hate) [

with 0 < px < H < oo.

Pk
qrug

Z ur(g Qk

q]+1 zj+

Proof: The linearity of r4(AP) with respect
to the co-ordinatewise addition and scalar multi-
plication follows from from the inequalities which
are satisfied for z,x € r4(AP)( see [12], p.30] )

l%: &Z uk(g; — gj+1)(z; + 25) + 452 (o + 21)
J:
_ P11
< |2 QL Z k(g — gj1)z; + TG ET
Lk =0

1

k

1 «— U
Q- Z “an)y gt
(3)

and for any o € R (see, [14])

P < maz(1, o).

(4)

It is clear that, ha(0)=0 and ha(z) = ha(—2x)
for all z € r9(AP). Again the inequality (3) and
(4), yield the subadditivity of ha and

ha(az) < maz(l, |a|)ha(x).

Volume 1, 2016
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Let {z"} Dbe any sequence of points of the
space 79(AP) such that ha (2" —z) — 0 and (o)
is a sequence of scalars such that a,, — a. Then,
since the inequality,

ha(z™) < ha(z) + ha(z™ — x)

holds by subadditivity of ha ,{ha(z™)} is
bounded and we thus have

ha(apz™—ax) =

k
1
Q_Z = gj+1)(anx] — ax;j)

1
Pk:l i

< Jan — |3 ha(z™) + || ha(a" — )

2

which tends to zero as n — oo . That is to
say that the scalar multiplication is continuous.
Hence, h is paranorm on the space r¢(AP).

It remains to prove the completeness of the
space r4(AP). Let {2/} be any Cauchy sequence
in the space r%(AP) , where z¢ = {z},x%,...}.
Then , for a given € > 0 there exists a positive
integer ng(e) such that

ha(zt —al) < e (5)

for all 4,5 > ng(e). Using definition of ha and for
each fixed k € N that

(BRI, — (R1AZT)|

L
PkM
<€

for i,7 > mno(e), which leads us to the fact
that {(RIAz%), (RIAzY):,...} is a Cauchy
sequence of real numbers for every fixed
k € N. Since R is complete, it converges,say,
(RINZY), — ((R1AZ)y as i — oo. Using these
infinggNy2387a895X limits (RIAz)o, (RIAZ)1,. ..
we define the sequence {(RIAz)o, (R1AZ)1,...}.

< [Z ‘(RqAa:i)k NN
k

51 for k € N. Then,
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From (5) for each m € N and i,j > no(e),

" < halat -2l

<M, (6)

Take any 7,7 > no(€). First, let 7 — oo in (6)
and then m — oo , we obtain

ha(zt —z) <e.

Finally, taking e = 1 in (6) and letting ¢ > ng(1).
we have by Minkowski’s inequality for each
m € N that

[ |(R9) 7] 37

< ha(zt — z) + ha(z®) <1+ ha(a?)

which implies that = € 7r9(APD). Since
ha(z — 2%) < e for all i > ng(e), it follows
that 2 — x as i — 0o, hence we have shown that
r?(AP) is complete, hence the proof .

Note that one can easily see the absolute
property does not hold on the spaces r?(AP) |
that is ha(x) # ha(|z|) for atleast one sequence
in the space r?(AP) and this says that r?(AP) is
a sequence space of non-absolute type.

Theorem 2.2 : The Riesz sequence space
r?(AP) of non-absolute type is linearly isomor-
phic to the space I(p), where 0 < pp < H < c0.

Proof : To prove the theorem, we should show
the existence of a linear bijection between the
spaces T74(AP) and I(p) , where 0 < p, < H < o0.
With the notation of (3), define the transforma-
tion T from 74(AP) to l(p) by x — y = T'z. The
linearity of T is trivial. Further, it is obvious that
x = 0 whenever T'x = 0 and hence T is injective.

Let y € I(p) and define the sequence x = (xj
by

k-1 1 1

xk:nzo<__

_ _1Qk
> w t Quyr + up F -y,
dn gn+1 qk

Volume 1, 2016



Ab. H. Ganie

k-1
1 qrug
— D uk(qj — gj+1)Tj + 5k

Qr = Qr

ha(x) = [Z
k

hi(y) < oo,
where,

1, ifk=j,
Opj =
0, ifk#j

Thus, we have z € r9(AP). Consequently, T
is surjective and is paranorm preserving. Hence,
T is a linear bijection and this says us that the
spaces r?(AP) and I(p) are linearly isomorphic,
hence the proof.

3. Basis and a-, 8- and 7-duals of the space
ri(AD) :
In this section, we compute o , G- and ~- duals
of the space r?(AP) and finally we give the basis
for the space r1(APD).

For the sequence space X and Y, define the
set

S(X:Y)={z=(2x) : 2z = (z2x)e Y}. (7)

With the notation of (7), the a-, (- and -
duals of a sequence space X, which are respec-
tivelgsepssrdoby X and X? and are defined by

1
pk] i

52 also holds.
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X = 8(X : 1), XB = §(X : cs) and
X7 =5(X : bs).

If a sequence space X paranormed by h
contains a sequence (b,) with the property that
for every x € X there is a unique sequence of
scalars () such that

limh(z — ) arby) =0
k=0

then (b,) is called a Schauder basis (or briefly
basis ) for X. The series Y b which has the
sum z is then called the expansion of x with
respect to (by,) and written as x =) ayby.

First we first state some lemmas which are
needed in proving our theorems .

Lemma 3.1 [10, Theorem 5.10] :

(i) Let 1 < pr < H < oo. Then Ae (I(p) : 1)
if and only if there exists an integer B > 1 such
that

/

Py

sup Z Z ankal < 0.

KeF 1 lnek
(ii) Let 0 < pg < 1.Then A€ (I(p) : I1) if and only
if -

-1
sup sup ankB < 00.
KeF &k nEZK "

Lemma 3.2 [12, Theorem 1] :
(i) Let 1 < pr < H < 00.Then A€ (I(p) : lso) if
and only if there exists an integer B > 1 such that

supz |ankB_1|1";c < 0. (8)
"ok
ii) Let 0 < pr < 1 for every k € N . Then
A € (I(p) : lo) if and only if

sup |ank|P* < 0. (9)

n,k

Lemma 3.3 [12, Theorem 1 | : Let
0 < pp < H < oo for every kK € N. Then
A € (I(p) : ¢) if and only if (8) and (9) hold along
with

liTILn ank = B for ke N (10)

Volume 1, 2016



Ab. H. Ganie

Theorem 3.4 : Let Let 1 < pp, < H < o0
for every k € N. Define the sets Dq(u,p) and
Ds(u,p) as follows

p)=U{a=(w)€cw

B>1
sup <— — —> u tan Qg
KEF;‘,;( @ g1/ P
a—nullen Lk < o0}
dn

and

p) = U{a:(ak)Ecu

B>1
P
a 1 1 & _
S —k+<———> > ai | u'QrB
& dk 9  dk+1/ ;504
< 00}
Then,

(A" = Di(u, p)

and

[rq(Aﬁ)]ﬁ = Ds(u,p) N cs.

Proof : Let us take any a = (ax) € w .We
can easily derive with (2) that

n—1 1 1
an T = Z ——— )y aanykJr—uk QnYn

Ak Gk+1
where, C' = (c,1) is defined as
71 .
(qlk_ qk1+1)uk a’anv lfOSkgn_l
Cnk — %:LL,UJI;IQ”, lf k .
0, ifk>n

for dbmpksEsdgx Thus we observe by combining
(11) with (i) of Lemma 3.1 that az = (anz,) € 1

53 follows
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whenever x = (z,) € r9(AP) if and only if
Cy € l; whenever y € I(p). This gives the result
that [r1(A2)]* = Di (u,p).

Further, consider the equation,

n
> arwy
k=0

= Yhoo[(2+ (£ - 555) Tieerai) u Q] e

= (Dy)n

(12)
where, D = (d,y) is defined as
a n -1 .
(e g e)wen wosien
nk =

0, ifk>n

Thus we deduce from Lemma 3.3 with
(12) that ax = (apnxn) € c¢s whenever
x = (x,) € rYAP) if and only if Dy € ¢
whenever y € [(p). Therefore,

we derive fom (8) that

(2

< 00

) 5o

4%  dk+1/ ;55

(13)

and limd,,; exists and hence shows that that
n

[r9(AP))P = Dy(u,p) N cs.

As this, from Lemma 3.2 together with (12) that
ax = (agzg) € bs whenever z = (z,) € r9(AP) if
and only if Dy € lo whenever y = (yx) € l(p).
Therefore, we again obtain the condition (13)
which means that [r9(AP)]” = Da(u,p) N c¢s and
the proof of the theorem is complete.

Theorem 3.5 : Let Let 0 < pi < 1 for every
k € N. Define the sets D3(u,p) and Dy(u,p) as
Volume 1, 2016
Ds(u,p) ={a = (ar) € w:
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sup sup | Z — - L)uk anQr
KeF ke 9% k41
an _
+—u Qu] BTHPE < oo}
dn
and

Dy(u,p) ={a=(a) € w:

iy

n Pk

) >

i=k+

1 1

qk qk+1

ag

qk

sup
k

(

Then, [r?(AP)]*

1
ai) uy - Qr
1

< 00}

= D3(uap) and

P = [F(A] = Da(up) 0 cs.

Proof. This is obtained by proceeding as in
the proof of Theorem 2.7, above by using second
parts of Lemmas 3.1, 3.2 and 3.3 instead of the
first parts. So, we omit the details

Theorem 3.6 Define the sequence

b*®(g) = {bgﬁ) (q9)} of the elements of the
space r1(AP) for every fixed k € N by

W (q)
G —

1

fo<n<k-
dn+1

)Ulen"‘“lzl%a

0, ifn>k—1

Then, the sequence {b(*)(q)} is a basis for
the space r?(AP) and any =z € r¢(AP) has a
unique representation of

x—Z)\k

)68 (¢ (14)

where, A\i(¢) = (RIAz)y
0<py < H <.

for all k € N and

Proof :It is clear that b(*)(g) C r¢(A2), since

RIb®) (g) = k)

ISSN: 2367-895X
and 0 < pp < H < 0o, where el®) is the sequence

€l(p) forke N (15)
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whose only non-zero term is 1 in k** place for
each k € N.

Let x € r4(AP) be given.
negative integer m, we put

2™ = 3" X (@)p™(q)
k=0

Then, we obtain by applying RIA to (16) with

For every non-

(16)

(15) that
RINgM™ Zxk YRIAWK) (¢) = Z(Rq e
k=0
and
0, ifo<i<m
(e 27 -

‘ (R1Az);, ifi>m
where i,m € N. Given € > 0 , there exists
an integer myg such that

1
[e'¢) M €
(Z \(Rmxw) <3
) for all m > mg. Hence,
5l
o0 M
ha (a: — x[m}) = (Z \(RqAx)i\pk>

> I(R%w)ilp’“)

o0
<
j=

<t<e
2

for all m > mg, which proves that x € r4(AP) is

represented as (14).

Let us show the uniqueness of the represen-
tation for x € r9(AP) given by (13). Suppose, on
the contrary; that there exists a representation
x = Y ure(q)b*(q). Since the linear transforma-
tion T from r9(AP) to I(p) used invbhemélheorem
2.2 is continuous we have

54
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for n € N, which contradicts the fact that
(Riz), = Mn(q) for all n € N. Hence, the
representation (14) is unique. This completes the
proof.

4. Matrix Mappings on the Space r4(AP) :

In this section, we characterize the matrix
mappings from the space r4(AZF) to the space I

Theorem 4.1:(i) Let 1 < pr < H < oo for
every k € N. Then A € (r{(AD) : l) if and only
if there exists an integer B > 1 such that

C(B) =
ank 1 1 > & 1
su —_— - — Qnj
pz 4k <Qk Qr+1 i:;rl O
(17)

and {ank}ken € cs for each n € N.

(ii) Let 0 < p < 1 for every k € N. Then
A€ (ri(AP) : ly) if and only if

Pk
1

[aik—F(———) Z am] Uy 1Ok

gk gk Qk+1/ ;2 pa]

sup
n,k

(18)
and {ank}ren € cs for each n € N.

Proof : We only prove the part (i) and (ii)
may be proved in a similar fashion. So, let
A€ (ri(AP):ly) and 1 < pp < H < oo for
every k € N. Then Az exists for x € r4(AD)
and implies that {anx}ren € {r?(AP)}? for each
n € 196NHesweoaxcessity of (17) holds.
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Conversely, suppose that the necessities (17)
hold and x € r1(AP),
since {anptren € {r?(AP)} for every fixed
n € N, so the A-transform of z exists. Consider
the following equality obtained by wusing the

relation (11) that
m m
Ank 1 1 _
=> |+ (- - —> > | ug Quyk
=0 | 9k 4%  dk+1/ ;574

(19)
Taking into account the assumptions we derive
from (19) as m — oo that

> ankak
k

a k 1 e
_z Onk (———) S | 4 Quui
Ak 9  dk+1/ ;50

(20)
Now, by combining (20) and the inequality which
holds for any B > 0 and any complex numbers a, b

lab| < B <‘aB_1‘p, + |b\”>

with p~14p/~1 = 1( see [10]), one can easily see
+ that
Py

sup Zankfb“k

neN

Ank 1 1 > 1
Ssupz — +|——— Z Qni | Uy, Qx
neN 4k 4%  dk+1/ ;554

< B[C(B) + hf(y)] < oo

This shows that Az € I
This completes the proof.

whenever z € r9(AD).
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