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Abstract: - In this paper, the robust trajectory tracking control problem for a dynamical model of a mobile robot
with three omnidirectional wheels is considered. The motion of the robot is carried out by means of three
independent electric motors. Based on the Lyapunov vector function method, a new discrete controller is
presented which takes into account the presence of sliding friction forces and parametric variations. The
estimations of the region of initial deviations and the unknown part of the inertia matrix are obtained.
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1 Introduction

Mobile robots with omnidirectional wheels have an
advantage over the mobile robots with differential
drive wheels. This is a high maneuverability of a
mobile robot which is ensured by the design features
of the wheels, on which the rollers are fixed with the
axes of rotation lying in the plane of the wheels.
Due to the presence of omni-wheels, it is possible to
move the robot in any direction without a prior turn.
In [1-4] the kinematic and dynamic models
describing the motions of a robot with omni-wheels
were constructed as well as the stabilization
problem of stationary motions was considered. In
[5, 6] the control problems for kinematic models of
robots were considered. The robust controller
applied to dynamic models should ensure that the
robot follows a given trajectory and the closed-loop
system of the error dynamics is asymptotically
stable in the context of incomplete information
about the mass-inertial parameters of the system and
the action of sliding friction forces along the surface
of the wheels. In [7, 8] a nonlinear model of a four-
wheeled mobile robot was constructed taking into
account the action of dry and viscous friction forces,
and a predictive model controller was proposed. In
[9] in order to solve the trajectory tracking control
problem of a four-wheeled robot, a controller was
obtained for a dynamic model taking into account a
sliding friction based on the method of calculated
torque also called the feedback linearization
method. Such a controller contains the torques of all
forces acting on the system, the term which is the
product of the system’s inertia matrix and program
acceleration, and the PD controller, which makes it
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possible to obtain a linear asymptotically stable
stationary error dynamic system. Note that the use
of this method also requires the complete
information on the parameters of the dynamic model
of the system.

The topical issues are the development of
methods and algorithms for controlling mobile
robots with omni-wheels based on dynamic models
with unknown mass-inertial characteristics, taking
into account the existing sliding friction forces.
These methods and algorithms should be robust, i.e.
they have to provide a solution to the control
problem for a whole class of dynamic robot models
whose parameters satisfy the specified conditions.
In [10] an adaptive control law was constructed
based on the backstepping design procedure using
the Lyapunov scalar function which solves the
trajectory tracking control problem of the three-
wheeled mobile robot with unknown mass-inertial
parameters under the acting of sliding friction
forces. Note that the relay controller obtained in
[10] has a complicated structure and requires the on-
line calculations of the estimates of unknown
parameters.

In this paper, a discrete controller is constructed
that ensures the stabilization of the non-stationary
program motion of a mobile robot with three omni-
wheels under the condition that the sliding friction
forces act and the platform mass is inaccurately
known. Based on the comparison method with the
Lyapunov vector function, constraints on the system
parameters and the estimation of the region of initial
deviations are obtained. The results of numerical
simulation confirming the theoretical calculations
are presented.
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2 Problem Formulation

Consider a model of a robot with three omni-
wheels, moving on a horizontal surface under the
action of the moments developed by three DC
motors installed in the axles of the wheels (Fig. 1).
Independent control of the rotation of each of the
three wheels leads to the fact that inevitably there is
a sliding friction along the surface of the movement
of the wheels, which must be taken into account
when building a dynamic model of the robot. When
the omni-wheel moves the sliding friction arises
both in the direction along the wheel surface and
perpendicular to it due to the slipping of the rollers.
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Fig. 1: The model of an omni-wheeled mobile
robot

Equations (1) with inaccurately known mass-
inertial parameters can be written in the following
form:

2n .
(m+ Am)@# hg&" (Mg E“F )= cosyu, —sinyu,

(m+ Am)de- hfe- (M, e %nup )& sinyu, +cosyu, @)

(1 + Al 2=,

where u=(u,u,,u,)’ is the vector of control
torques; m, |, and m, are the known components
of the mass-inertial parameters of the system,

2n*J 2n 2n%k,k
m=—3 L +m,, h:HHT +—R2F§a3
2n%J 4n*J
= R2°,I= R2°L2+IZ

m, is the mass of the robot; 1, is the momentum of
inertia of the robot relative to the vertical axis
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passing through the center of mass; R is the wheel
radius; L is the distance from the center of mass of
the robot to the center of the wheel; n is the gear
ratio; J, is the total momentum of inertia of the
actuator, gearbox, and wheel relative to the rotor

axis of the electric motor; R, is the resistance in the
motor circuit; k, is the motor torque constant; k, is
the constant of electromotive force; p, is the

coefficient of sliding friction arising in the direction
of the plane of the wheel; n. is the coefficient of

2

sliding friction arising in the direction perpendicular
to the wheel plane due to the rotation of the rollers;
Am and Al are the unknown components of the
mass of the platform and its momentum of inertia,
respectively satisfying the inequalities: | Am [< Am,,
|Al |< Al,, where Am; <m, Al,<1.

Let there exist three functions
&y (1), My (1), w,(t) bounded and twice continuously

differentiable for all t>0, and let the positive

ConStantS é:nax > n:nax > ‘V:nax’ éiax 4 ni’lax 4 and Wiax
the following

exist such that for all t>0
inequalities hold:

&) <E s GOSN [ E D IS
&ty 1<, RO, [ &1 ISy,

Consider the formulation of the trajectory

tracking control problem. Let the reference
trajectory be given by
E=5o(0, n=n, (1), v =y, (1) 3)

We introduce the errors:
X :i_&o(t): X, :\V_\Vo(t) (4)

The problem consists in both the finding the
feedback controller

U, =, (X, Xy, X, X %, X&)
u, =U2(t,Xl,X2,X3,)&,)8;,)5;L)
u; :u3(t=X1:X2’X3’)&3)85’)&)

and the indicating the constraints on the system
parameters and trajectories under which the
relations are satisfied

lim X (1) =0, i=1,2,3,
Xl (tO )9 X2 (tO )’ X3 (tO )

X, =n—n,(1),

)

if the initial values and
&(t,), &(t,)), %&(t,) belong to some
neighborhood of the

X1:X2:X3:)&:)§L:)&:0~

given

Zero point
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3 Problem Solution

To solve the trajectory tracking control problem, we
consider the following controller with a relay
function:

Uy (£, X, %X, , X5, 36 %) =

=—0, sign(vx; +p, X4 cos(y, (1) + X;) —
=0, 8ign(vx, + 1, ) sin(y, () + X;)
uz(t>X1’X2’X39)§Q)8f‘) =

=0, sign(vx, + p, ) sin (v, (1) + X, ) -
=0, sign(vx, + 1, %) COS(\VO O +X )

Us (t, X, ) = -0, sign(vX; + 1, X&)

(7

where v>0, ;>0 (i=1,2), 6;>0 (j=1,2,3) are
some positive reals.

Theorem 1. Let some positive reals 3, >0, §,>0,
v>1 ;>0 (i=12), 6;>0 (j=1,2,3) exist such
that the following inequalities hold:
(Vlvlz(m + Amo) - h“l“z +v | V“z(m * Amo) - h“1“2 | +
+myp, [(1+ v)2 o, +u,(1+ v)\ylnaX 1+
+2np,p, (1+v)ue /R)S, + Mlzmd (I+ V)ninax62 +
+H12H2 ((m + AmO )érznax + hé:nax +
+(md\l[}nax + znl’lF / R)ninax - G1) S _81 < 0
(8)
(v, (M+Am,) —hpp, +v|vp, (M Am) —hpp, [+
+myp [(1+ v)’ 0, +p,(1+ V)Wlnax I+
+2npp, (T+vue /R)S, + lemd 1+ V)ainax82 +
+u12}"’2 ((m + AmO )niax + hninax +

HMy Wl + 20 /R)EL —0,)<—¢, <0

)

(v(I +Al) —2ahp, + v|v(l £Al,)—2ahy, )3, +
+l’l§((| +AI0)\V[2nax +2a2h\|’}nax _63) S _83 <0

(10)

Then, the controller (7) solves the trajectory
tracking control problem of the system (2), i.e. the
closed-loop system is asymptotically stable, if the
set of the initial errors

%,(0),%,(0),%,(0),40),%(0),%(0) ~ (11)

satisfies the following inequalities:
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max{| vX (0) + W&(O) L] vX, (0) + ”1)&(0) l,
1 %.(0) ]| %, (0) [} <9,

max {| vX, (0) + 1, &(0) .| X,(0) [} <8,

(12)

Proof. Let introduce the variables:
Z,=vX + 1% 7, =vX, + &, 7, =vX, + 1,X% (13)
Then, the system (2) can be written as follows:

v 1 Y 1
W=——x +—2, &=——X,+—1,
1 1

1y 1
)%’z_lx3+iz3
122 22
2
2$L=—V—+ hv « 4V
KL, m+Am m+Am
x[—lx3+uiz3+w2{j(t)Jx2—
2 2
_2nvp,
(m+Am)R *
S wmyvk® (v h )
w(m+Am) g, m+Am )
m, v 1
- ——X,+—Z; + (1) |Z, +
m+Am( H23 p,23 \6{1()]2
2npe _
(m+Am)R
My (1) o, .
- Z,— signz, — t)—
w,(M+Am) > m+Am gz~
ph
- t)—
m+Amég()
m+Am
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&z_ My v (_l)% +iz3 +\66(t))x1 +

m+Am{ p, o,
V2 hv
+——F X 4| ——+ X, —
(m+Am)R w, m+Am
_mmvE®

uz(m+Am)

M (—lx3 +Lz3 +\6{,(t)j Z,—

m+Am{ p, )

2nvp,

. 2npg
(m+Am)R

+ —- Z, +
K, Mm+Am

W6,
————signz, — t—
A S8 B ()

L 1 (m (O = 2np /R) él(t)

m-+Am
v’ 2a hv v 2a’h
&= - X, +| —— zZ,-
0 T+Al W, L+Al (14)

h
- qu 3| sign z, — p, @& (t) —Za—”z%( t)

1

pm&O
H,(M+ Am)

A O+

Choose the Lyapunov vector function
Candidate V :V(X17X23X3azla22723) b VZ(VUVZ)T
such as follows

V= max{] % L%, 2,1 2,1} )

Vz =max{| X, |,| Zy |}

The right-hand time derivative of the Lyapunov
vector function candidate (15) satisfies the
following inequalities:
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ngSmax{l_VV,, (v, (M + Am) —

B sy (M+Am)
—hpp, +vive, (M+Am)—hpp, |+
My [+ VPV, 4, (LY, 1+
21+ V)N, puy / RV, +im, 1+ v)mk V) +

+m+A ((m+Am)e’;

+(md\Vmax + 2nl"LF / R)nmax

+hé!

max max

_Gl)’

_— m+Am)—h +
(T Am) ((viy( )—hup,

+v| v, (M+Am) —hpp, [+
FM [+ V)V, + i, (L V)W, T+
+2(1+V)np~1“2“|: IRV, +P-1 My 1+ V)&V )+

max

+

((m+Amn;,, +
m+ Am

+hnmax + (md\V1nax + 2n“F / R)alnax _02)}

{l—vvz’ 1
H, oy (I+Al
—2L2hu2 +v]|v(l +A|)_2L2h“2 DV, +

V% < max

(v(l +Al)—

+—E 4 any?, +28hy, -0,
| + Al

Consider the behavior of the Lyapunov vector
function along the solution of system (14),
satisfying the initial condition (12), which, given the
notation (13), has the form:

max{| z,(0)[,[ z,(0) .| x, (0) [,| ,(0) [} < &,

(16)
max {| 2;(0) |,| x;(0) [} < 6,

If inequalities (8) - (10) are fulfilled, then we

obtain the estimate:

W< max{l_vvl, _81 , 52 }
K ik, (M+AM) -y, (M + Amg )

“%Smax{l_vvv A }
H, Ty (h+Al)

(17

From the inequalities (17) it follows that there is
a time moment t*>0 such that for all t>t* the
following inequalities hold

g1V
n

(18)
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From inequalities (18), we obtain an
exponentially stable comparison system
1-v I-v
W=—-u, &=—ou,
1y H,
Then, wusing the comparison theorem on
asymptotic stability [11, 12], we obtain that

V,—>0,V, >0 as t—>+oo. Using (15), we obtain

that the errors (4) asymptotically tend to zero, i.e.
X, =0, X, >0, X, >0 as t — +oo . In other words,
the controller (7) solves the trajectory tracking
control problem of the system (2) if the set of initial
deviations (11) satisfies the condition (12). This
completes the proof.

Remark 1. In order to apply Theorem 1 to solve the
trajectory tracking control problem of the mobile
robot one has to verify the algebraic conditions (8) -
(10) which do not require the calculations of the
eigenvalues of the matrices that sufficiently reduces
the computation time. In addition, the conditions (8)
- (10) have a robust nature, since they allow the
trajectory tracking for a large class of mobile robots
whose parameters satisfy the given conditions.

4 Numerical Simulation

The controller (7) was applied in the numerical
simulation of the motion of the robot with the
parameters [9]:

m=20kg, I, =0,301kg xm*, R=0,08m
L=0,2125m, n=14, p, =0,38, p. =0,21
R, =1,110m, k, =36,4 mNxm/A, k, =0,0363Bxs
J, =70,7x107"kg x m*

The unknown parts of the mass-inertia
parameters are bounded by the following values:

Am=5kg, Al =0,1kgxm?
The reference trajectory is chosen as
&, (1) =rsin(wt) m, n,(t) =—rcos(wt) m

26
v, () =@t +y, rad (26)

where
r=0,5m, ®=0,8 rad/s
@ =x/6 rad/s, y, =0 rad
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Note that equations (26) correspond to the
uniform motion of the center of mass of the robot
along a given circle with a uniform rotation of the
platform around this center.

Using the conditions of Theorem 1, the following
control parameters are chosen

p,=3,5s,u,=2s,v=1

6,=30N,0,=30Nxm,0, =5N

The initial errors are chosen as follows

9, =1m, 6, =1rad .

Figure 2 shows the graphs of the reference
trajectory of the center of mass of the robot as well
as the actual one.

/’£6= —
Fora N
NA -0.2 0 02 \% /0.6 3
\ -0.2
\\\ﬁgj//f

~—06]

Fig. 2: The model of an omni-wheeled mobile
robot

From Fig. 2 one can see that the center of mass
of the robot asymptotically approaches to the
reference trajectory (26).

5 Conclusion

The paper addresses the trajectory tracking control
problem of a dynamic model of mobile robot with
three omni-wheels controlled by three independent
electric motors. Using the Lyapunov vector function
method we have obtained the relay robust feedback
tracking controller that provides a solution to the
problem under the action of sliding friction forces
and with incompletely known mass-inertial
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parameters of the robot. The advantage of the
obtained controller is the simplicity of its practical
implementation in comparison with adaptive control
laws.
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