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Abstract: - The research studies the Riemann Zeta Function (RZF) and the Riemann hypothesis (RH) with the
Harmonic Series by Euler’s identity and category theory. I attempt to simplify the RZF by a metric space with
geometric analysis. I further explore the nondiscrete mathematical relations of Euler’s identity and the basic
trigonometric functions in the analytic geometric space, and some morphisms are constructed. The study
demonstrated the viability of the three-dimensional coordinate construction with its topological relations to be
further explored and justified. The current form of the solutions corroborates with the nontrivial zero solutions,
and further tests on the RH will need a paradigm shift on the preliminary results.
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1 Introduction

There is a common scientific consensus that Godel’s
Incompleteness Theorems (GITs) falsify any
possible theory of everything in physics. It is
believed that for the descriptive and causally
deterministic theories in physics, the GITs imply
that they are consistent but incomplete, inconsistent
but complete, or inconsistent and incomplete [1].
ANDREKA, MADARASZ [2] proved, with first-
order logic, that the relativity theories can be
complete, i.e., determinable, but inconsistent. An
example that falsifies the Minkowski spacetime
prerequisite of the proof can be seen in the non-
perturbative solution with the mathematical method
element of integration [3]. Therefore, the case from
the unquestionable laws in contemporary physics
and astrophysics supports the corollary from Myers
and Hadi Madjid [4] that

“There is no logical ground to exclude any of
the uncountable set of potential explanations of
given evidence prior to additional evidence not
yet on hand.”

Or in the words of Stephen Hawking [5]:

“The theories we have so far, are ~both

inconsistent, and incomplete.”

ISSN: 2367-9034

52

2 Problem Formulation

For me, the problems of inconsistency and
incompleteness always come back to the numbers, -
1, 1, 0, and i. For example, between

X =Ynr-on (1
and
X' =Yro2n+1, ()

is it comparable for the two terms of infinity
between equation (1) and equation (2)? If not, we
only have two different patterns of infinity series,
and if yes, both commutative and noncommutative
operators may apply to the variations of infinity
series as if they were simple calculus and algebra.

There seems to be a common consensus though
in infinite series that the matter of discussions only
applies to the cases where n = 1, with one possible
reason that infinity does not have a unidirectional
property. Nonetheless, the logical premise paves an
interesting connection between the Harmonic Series
(HS) and Riemann-Zeta Function.
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2.1 The Harmonic Series in Euler’s Identity
It is notable that by the adaptation of commutative
and noncommutative operators on infinite series,
we’re only applying the abstract notion of static
representations to a dynamic one that assumes
consistency at the very least. It is not that consistent,
however, when I reformulate the HS by Euler’s
identity that

- 1 o n-1
HS=1+ E—,n€N=—ne‘"— E
n n
n=2 n=2

3).

Now to find the Riemann-Zeta zeros one only
needs to solve the equation

-1 1 . wn-1
Z—+—S,nEN,SEC= —ne”T—Z

n n 1
n=

4),
1.e.,
oS4 1
z —S,Tl € N,S eEC
n
n=1 -
) n—1
= —ne'® — Z
n
n=1
(%),
o ns +1 )
Z < ,NEN,s €C = —ne'™
n
n=1
(6),
1 .
Zg,n EN,seC= —n(e"™+1)
n=1
(7).

Equation (7) implies that there must be a one-to-
one correspondence between the summation set of
the Riemann-Zeta Function (RZF) and the infinite
set of the Euler’s identity, by the value of s € C. Or
in the other form set forth in equation (8), the axis of
the summation term, depending on the value of s,
ought to be self-complimentary to 0 for all Riemann
Zeros.

(o]
1 )
1+z—_,nEN,sEC = —e'?
ns-1
n=1

®).
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Essentially the Riemann Hypothesis (RH) asserts
that ¥ Vnxn?neN,p=s —% € imaginary
parts oscillate to zero, namely,

o

1
anns—l =

n=1

2min,n€ N,SEC,me Z

[the proof'is trivial] (9);
or if we dissect the topological space of

In(1571 4+ 2571 + 3571 ) to a metric set of
In15"1 +1n25"1 +1In 351 ... we obtain

In lim n!*™ = 2min,n € N,SeC,me Z
n—-oo
(10),

then,

lim n!'=% = 1 = {*M = ?™M7,
n—oo

neNSeCmezZ (11).

2.2 Traditional and Alternative Approaches
to Riemann Hypothesis
Traditional approaches to RH have been largely
constructivist and positivist (see [6-8] as some
examples diverse in methodological approaches but
uniformly takes the theoretical premise as given),
and some deconstructivist and postpositivist stances
can also be found in Alan Turing’s later works [8].
The skeptics from Turing can be interpreted as
fundamentally the skeptics on the foundations of
Calculus in general with integration and
differentiation, two of which are heavily involved in
the methodological approaches to the proof of the
RH. Or more specifically, it might be the doubt on
the consistency of the RZF.

Indeed, differential calculus with the undefined
tangent problems of §+ mm,m € Z does not

necessarily capture the essence of the critical stripe
of nontrivial zeros in question. Rather, in my
understanding, the tangent problem is the question
to the imaginary parts of the nontrivial zero
solutions other than the theoretical premise of a
hypothesis, as we derive equations (9) and (10) into:

2 w1
§1n Z ns-1 -

n=1

4
—s(i¥m)’mneNsecme z
(12),

and
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4 . 3
Aam —5(1\/ﬁ) TT,

neENSeCme’Z

Zln lim n!'=5 =
3n mn

(13).

Even though Rolle's theorem seems to apply if
the RH were true, equations (12) and (13) suggest it
is not that case, unless the value of s can make the
natural number line’s value cyclic to a sum of zero
to the infinite distance. Therefore, I infer that the
RZF is a non-continuous function.

2.2.1 The Question of Geometry

Even though it is not clear for the visual
representation of an i-metric unit circle in the
spherical form, the deviations of the infinite sum of
the RZF are injective if not bijective to the i-metric
sphere. Moreover, a contradiction or paradox can be
seen between equations (10) and (11) with the
special case of e, where

In lim n!'™% =In1 =Ini*" = 2min =0,

n—-oo

neN,SeCmeZ (14).
The contradiction or paradox arises from the natural
logarithm applied to equation (8) with the element
of 1 present. Therefore, by applying natural
logarithm to make an i-metric-based radius sphere,
an axial shift must have formed that is not in the
logical rules of calculus and algebra. Hereby, the
GITs seem to imply that the RZF is both
inconsistent in its number theoretical foundation and
incomplete in its geometrical morphology. From the
geometric representation, it looks that the metric
space of the perimeter of the sphere’s plane is net
zero, and so is its dimensional projection to the
spherical surface area.

2.2.2 The Origin of Negative Numbers

In my previous justification approach with discrete
number theory to the RH, I formed the corollary
that, “there is no natural extension to the dimension
of negative numbers, and its dimension originates
from the negative number -1.”[9] Thereby, the
dimensionality of the i-metric-radius sphere can be
considered as the dimensional extension in bridging
the numbers between 0 and -1 that mirror the ones
between 0 and 1. Therefore, the determination of the
value of s can also be considered as the
determination on the center of the i-metric-radius
sphere in the number lines.

The connotations of the nontrivial zeros in the RZF
with multiple solutions then imply that the axial
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shift for the i-metric-radius sphere consists of a set
of zeros from the real number lines to the complex
number lines, i.e., Ini*™ =0,m € Z, contrary to
the normative definitions that 0 is merely a real
number.

So, with Euler’s Trigonometric Identities that

eix_l_e—ix
cosx = 5
. elX_p—ix (15)’
sinx = -
20
we have
2m+1, 2m+1,
T e 2 —e 2z
tan (E + mn) = 2m+1, _2m+1,
i (e z T 4eT 2 ”T)
2m+1 2m+1
—e 2z +e z Ini4m
= 2m+1 = s M EZ
—2ie 2 —2ie 2
(16).

And the reciprocal tangent can also be derived

_l.n_2m+1
e 2

o 2m+1
n—lsan

=0meZz

2m+1
= cos

2m+1

I
cot(E+mn)=iie 2

(17

or in the tangent form

. T 1
lnltan(§+mn) = m+§
271;+1

— MmEZ
i

I e
tan(i +mm) =

(18).

If we assume the indications of equations (16) and
(18) are true, it is then derived that

2m+1
In j4m R
2m+l — mE€EZ

—2ie 2 '

Ini*m = —-2e2™1=0,meZ (19).
With equations (17) and (19), it becomes that
2m+1

i=e 2z +)e*™ ' mez (20),

which implies that the value of i projected on the
real number line can be both discrete and divergent.
This is in accordance to the possible geometry of the
i-metric-radius sphere question.

Volume 10, 2025



Yang I. Cao

Another contradiction or paradox arises from
equation (17) by another solution also exists

2m+1

o 2m+1 cot T 0
—im =In =ln-,meZ

2 i

2m+1 0
e 2 =—?,mEZ (21).
By equations (20) and (21), we get
2m+1

i=e 2 +(2)e*™ =——zz meZ

e 2
3
e2mtl 4 (2)e¥™2 = —0mez
(22),

which are equivalent to equation (19).

From the tangent analyses, it is inferred that the
center of the i-metric-radius sphere originates from
the zero point of the complex number lines.

2.2.3 Paradoxes in the Numerical Values

It is seen that the application of logarithms on the
trigonometric numbers created the new paradoxes in
discrete real number lines with the set of undefined
negative numbers’ logarithm values in section 2.2.2.
From the body of analyses from the above section,
however, equations (20) and (22) is similar in form

to the surface area of a cone in complex
morphologies
In-1=in
1
= nez(%"?) 4 (2)7‘[9%"’% X e%m"'%
m 1 m 1 1
=mez2tale22(1+ (2)e™2)],me Z
(23),
and
1
re2(m+3) + (Z)nem% x g2mtl
=—0=—-Ini*"",meZ
(24).

Therefore, to match the projection of the i-radius
sphere volumes’ points of values on the real number
line requires the solutions for the complex number
representations of m’s apparent value on the integer
number line.

2.3 Current Applications of the RH and
RZF
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Roger Penrose has applied the concept of the
extended space from the RH and RZF for the
mathematical basis of Conformal Cyclic Cosmology
(CCC). Daly [10] solutions on active galactic nuclei
and galactic black holes also found that a
dimensionless efficiency factor correlational to the
dimensionless mass accretion rate can be a constant

with the solutions 4 =~ % anda = % Both tendencies
seem to imply that the RZF with RH may lead to
new spatial morphism in astrophysical and
cosmological research. The research seeks to
expand the conceptual possibilities of the
topological and metric spaces derived by the RZF,
whereby [ found that the real part of % in the
nontrivial zero solutions to the RZF is a dimensional
description of the dimensional parity between Os
and -1s, hence the —% value of the real part was
proposed for the RH [9].

3 Problem Solution

From the geometric analyses in section 2.2.2, some
metric relations between the imaginary i-radius
sphere and the real number coordinate have been
derived:

In i4™

e?mtl. _ ~ 0,m € Z [from equation (19)]
(25)
T _ 2m+1
cot(§+mn)—1:i\/5 »imeZ
[from equation (17)] (26)

T
1ncot(§+mn): 2~ In0,meZ

[from equation (21)] (27)

with the identity morphism

In lim n!*=5: 2min - 1,

n—-oo
n € N,S € C,m € Z [from propositional logic in
equation (14) to predicate logic with the
projective plane [11]] (28).

The morphisms are in accordance with my
previous lemma that

the convergence of the whole numbers line gives
I’s dimensional property equal to 1 + (o0 — 1)
withm € W Am > 0A lim = = 1. If and only

m—oom
if the dimension of m sequentially increases, 0
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and 1 on the whole number line belong in the
same dimension of 1 [9, 12].

The origin of the i-metric-radius sphere’s
center’s dimensionality is then established from the
O-centered 1-mirrored metric space, together
forming a zero morphism illustrated as a derivative
work from Gunther and Wereon on Wikipedia in fig.
1.

ImA . o
il e =cosg+ising
coS ¢
sin @
® I |Re
>

Fig. 1 Euler's formula illustrated in the complex
plane.

The three-dimensional plane for the i-metric-
radius sphere’s center coordinate can then be
derived from Euler’s identity that

e =cosx +isinx
—secx =1+ itanx

e'™ —secx

tanx = =i+isecx

i
e™ =secx +itanx = —1
im =In(secx +itanx) =In—-1  (29).
The coordinate is illustrated in fig. 2 as a
derivative work from fig. 1.
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Fig. 2 The three-dimensional coordinate extended
from the real number line for the geometry of the i-
metric-radius sphere.

3D Alignment of Axes with Origin at (0, 0, 0)

—— Unit Circle

X €e"=(-1,0,0)

X In(e®)=(0,0,0)

== Critical Line: Re(s) = 0.5
Conjectured Line: Re(s) = - 0.5

= |maginary Axis /

—= In(e""™) Axis

Fig. 2A An enhanced version of the visualization of
Fig. 2 generated by ChatGTP.

Combined with fig. 2, equation (11), and the
identity morphism equation (28), it is seen that the
trivial zeros for RZF are the recurrent mapping of
In e2™™ to the value of 0 from the Z axis, namely,
the negative even integer values of s in the RZF.
Therefore, the nontrivial zeros belong to another
zero-morphism group in the same zero-morphism
category, which does not yield even power to the
basic element (identity) of e™™. The clue can be seen
with the metric space transformation from equation
(9) to equation (10), which created another zero
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point when we take s = 1, hence the morphisms in
equations (26) and (27) for the Z axis, with a
possible closure solution for the simple pole of the
RZF.

To reconstruct from the metric space expanded
from equations (10) and (11) to the illustration in
fig. 2, [ use p to denote the pure imaginary part of
the nontrivial s solutions, and ( to denote the pure
real partof S,s =q+p,qE€ER,p €
imaginary numbers. Then

2(s) = E l: E n-(@+p) = E n-a+pi’
N
n=1n n=1 n

oo
=1

s€eC,n€N,q € R,p € imaginary numbers (30)

and by the term pi?, it is implied that the
imaginary part of S naturally belongs to the i-metric-

radius sphere with the radius ’ ’431% i. Therefore, the
RZF with the RH can be redefined as

3
0 ng(g\/%i) bid .
{(p,q) = Z—= eli™ 4+ 1,

nd

n=1
n € N,q € R,p € imaginary numbers (31).

The redefinition separates the metric space and
the topological space of the RZF coherent to the
above solutions with the Z axis in fig. 2. From
equation (23) and the morphism established in
equation (26), the tangent value morphism can be
defined with the i-metric-radius bases on the X-Z
plane

s
tan (E + mn) =
( . _Vi_ 1
e2'% _ 8 8Vi
112 . Vi 1
|:i(2)eTYI+5:| _em+2 - 7 2\/7
™tz _
1\1% B
J j[(u(z)em*i)] —e2m+1 ,meZ (32).
( —§ {when — 1}
1 {when 1}
1 5, 3i
l3i—5 “ntn {when — 2}
1 1,
L =+ é {when 2}

3i+3

The polymorphism exhibited by equation (32)
with the coefficient implies that the vertex to the Y
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axis of the cone with the base on the X-Z plane is
dynamic depending on the coefficient which does
not affect the mapping from the X axis with integer,
and equation (29) applies. The incomplete discrete
verification from equation (32) suggests the two
possible cones with different bases and varied slant
lengths may yield infinite identities of Vi, which are
algebraically metric to the number set of i (Y axis),
and injective to the Z axis, indicaing that they
belong to the Y-Z plane.

The topological space we need to construct from
the metric coordinate is then

qp]

(b=, o (33).

Even though the logarithm functions, geometric
analysis, and some other few methods may bridge
the non-algebraic transcendental numbers with the
real number equivalences in algebraic operations,
the eigenvalue and eigenvector solutions to bridge
the potential topological space with the metric space
established within the coordinate framework set in
this paper may require another theoretical
framework in pure mathematics, such as
structuralism and ring theory, for more detailed
analyses in order to define the differentiation of
classes in the metric space’s domain [13]. Then the
deduction and simplification of the vector parts of
the quaternions can more thoroughly evaluate the
values of the scalar parts, i.e., the real part of the
nontrivial zero solutions to the RZF. For example, if
it can be justified that

Ine* =Incosx + lnisinx
i

ix=lnicosxsinx=?+lncosxsinx
ix -5)i . 11
eT= e(x 2)l = cosxsinx € [—5,5] (34),

further analyses would have been made much
simpler

4 Conclusion
The research has demonstrated that by combining
the RZF with the HS can simplify the solution-
finding process of RH with Euler’s identity. It
further demonstrated that by expanding the i-metric
unit circle to an i-metric unit sphere is possible with
category theory for the {(s) morphisms to the value
of zero, with a third dimension (Z axis) by the
metric of Ine™,m € C.

By a nondiscrete mathematical approach, some
properties of the undefined trigonometrical
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functions are derived and mapped, which
corroborate with the trivial zero solutions to RZF
with the constructed three-dimensional coordinate
[14]. The topological space for the coordinate
regarding the RZF remains to be further explored.

A trigonometric hypothesis regarding the Euler’s
identity in the topological space devised is proposed
for further work in line with the train of thought.
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