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Abstract: - For solving the problem which typical Iterated Function System(IFS for short) attractor is very 

"regular",we attempt to use bilinear transformation IFS through geometric approach, and use it to generate a 

kinds of fractal set: box fractal set. The result shows that bilinear transformation IFS can generate attractors 

with a higher degree of flexibility、reality, and a higher modeling capability. It's important to research 

nonlinear interactive fractal modeling algorithm.  
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1 Introduction 
The books fractal geometry of nature[1] by 

Mandelbrot and Fractal everywhere [2] by Barnsley, 

and a great deal of later work show that the 

mathematical language of fractal geometry is well-

suited for describing natural phenomena.In 

molecular biology field,[3-8] have used fractal 

theory to research nucleus,DNA sequences and 

complete genomes,characterisation of structure of 

macromolecules like carbohydrate and so on.Michel 

L. Lapidus etc. Gained pointwise tube formulas for 

fractal sprays by “tubular zeta function”[9],and used 

it to generate some tilings.To generate fractal 

attractor fast,Tomasz Martyn presented a novel 

approach for realistic real-time rendering scenes 

consisting of many affine IFS fractals[10]; 

M.R.Browna presented a highly efficient algorithm 

for the generation of random fractal aggregates[11]. 

fractal interpolation was studied in [12-14].  

     Iterated Function System(shorted as IFS) is an 

important topic in fractal, and has become a 

powerful tool for generating attractors. Especially it 

is useful for image compression and natural scene 

simulation.Typical IFS consists of contractive 

transformations which are often linear 

transformations.Linear transformation only can map 

line to line, parallelogram to another 

parallelogram,so typical IFS attractor is not natural 

and inflexible.For solving this problem, Eduard 

groller and CHEN Lian studied nonlinear IFS 

respectively[15-17], LIU Shu-qun et al. studied IFS 

based on polynomial transformation, and generated 

fractal attractors[18], LUO yan et al. improved L-

system and used Bezier curve to simulated bamboo 

trunk bending by gravity[19];ZHOU wen-li studied 

plant modeling based on B-spline curve[20]; their 

results are all natural and elaborate.  

In this paper, we studied a kinds of fractal sets based 

on bilinear transformation iterated function system. 

The experimental result shows that,this method not 

only can solve the difficulty of getting IFS code ,but 

also can generate much more realistic and natural 

fractal sets. 

 

 

2 Iterated Function System Theory [21] 
If ),( dX is a metric space, then ))(),(( dhXH is the 

Hausdorff metric space. 

Theorem1: Suppose that : X X  is a continuous 

mapping in ),( dX space,then : ( ) ( )H X H X  . 

Theorem2: Suppose that : X X  is a contractive 

mapping in ),( dX space, with contractive factor 
)10(  ss , then : ( ) ( )H X H X  ,  

( ) { ( ) : }, ( )B x x B B H X      

is a contractive mapping with contractive factor s in 
))(),(( dhXH . 

Theorem3: Suppose ),( dX is a metric space, 

{ : 1, 2, 3, , }n n n   is a collection of contractive 

mapping in ))(),(( dhXH , the contractive factor of 

n  is ns , define mapping W : 

1 2

1

( ) ( ) ( ) ( ) ( ), ( )
N

N n

n

W B B B B B B H X   


     

then )()(: XHXHW  and W is a contractive mapping 

with contractive factor  

},,3,2,1:max{ Nnss n  . 
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 Definition 1: ),( dX  denotes a complete metric 

space with metric d . Let : , 1, 2, ,n X X n N   , 

be a collection of continuous functions. The pair 

{ , , 1, 2, , }nX n N   is called an iterated function 

system(IFS).If,in addition, there exists a constant 

10  s , such that  

1
max d( ( ), ( )) ( , )n n

n N
x y s d x y 

 
   

then { , , 1, 2, , }nX n N   is called a hyperbolic 

iterated function system.The constant s  is referred 

to as the contractivity of the 

IFS{ , , 1, 2, , }nX n N  . 

     Associated with the collection of functions 
NnXXn ,,2,1,:  is a set-valued mapping 

W from the hyperspace )(XH of nonempty compact 

subsets of ),( dX into itself. More precisely ,  

1

( ) ( ), ( )
N

n

n

W B B B H X


   . 

     There exists a natural metric on )(XH , called the 

Hausdorff metric, which completes )(XH . 

  Theorem 4: When { , , 1, 2, , }nX n N  is a 

hyperbolic IFS with contractivity s , it is well-known 

that n is a contraction on the complete metric 

space ))(),(( dhXH with the same contractivity s : 
)(,),,())(),(( XHCBCBhsCWBWh   

then there exists a unique set )(XHA called the 

attractor of the hyperbolic IFS, such that 

),(lim BWA n

n 
  and AAW )( . 

 

 

3 IFS Based on Bilinear Transform-

ation 
 

3.1 Bilinear Transformation 
Bilinear transformation is 

 3210 )1()1()1)(1( ppppp            (1) 

It can map parallelogram to arbitrary quadrilateral 

[22]. 

If  0 ,equation(1) is )( 030 pppp  ;           (2) 

If 0 ,equation(1) is )( 010 pppp  .             (3) 

  Equations (2) and (3) are all linear 

transformation.Of course, linear transformation is 

the special case of bilinear transformation. 

 

3.2 IFS Based on Bilinear Transformation 

Definition  2.In },,2,1,,{IFS niX i  ,  

if ),3,2,1( nii  is bilinear transformation, then 

this IFS is called IFS based on Bilinear 

transformation, denoted as  

},,2,1,,{BIFS niX i  . 

    This paper did not discuss the convergence of 

BIFS.That is if exist attractor or not, and what 

conditions must satisfy, BIFS exists an attractor, 

will be discussed in next work.  

 

3.3 Interactive Designing of  Bilinear 

Transformation 
We use four-point transformation represent bilinear 

transformation, which can map standard square to 

arbitrary quadrilateral ,shown in Fig.1,of course, 

" TBRL ,,, "are the corresponding four borders of the 

standard square. 

 

 

 

 

 

Fig.1   Bilinear  Transformation   

Written LRW  , BTH  ,so point ),( yx location 

proportion are   

    
W

L



 ,              
H

B



 , 

Corresponding fix-proportion points in border side 

are 

)( 010 pppa   ，     )( 323 pppb   , 

)( 030 pppc   ，     )( 121 pppd   . 

Line ab equation is  

)( x

xx

yy

y ax
ab

ab
ay 




 ,noted as BAxy  , 

Line cd equation is )( x

xx

yy

y cx
cd

cd
cy 




 ,noted as 

DCxy  . 

From 








DCxy

BAxy
, get 




































AC

ADBC
AC

DB

y

x
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We must use division to get X ,so we first get a ,b or 
c , d points,and then determine X according to ratio. 

So (for example first getting a ,b ):  

)]()([)()( 010323010 pppppppppabaX  

   )()()( 321003010 ppppppppp    

   3210 )1()1()1)(1( pppp    

  So     

3210

))(())(())(())((
p

HW

BR
p

HW

BL
p

HW

TL
p

HW

TR
X
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   If 1,1  TRBL ,above equation is bilinear 

transformation,substitute ),( yx for ),(  , 

substitute ),( ''' yxX  for X , above equation is  






















3210

3210
'

'

)1)(1()1)(1()1)(1()1)(1(

)1)(1()1)(1()1)(1()1)(1(

4

1

yyxyyxyyxyyx

xyxxyxxyxxyx

y

x

. 

 

 

4 Generating Box Fractal Sets 

Examples 
4.1 33 Box Fractal Sets 
We chose four point coordinates 

( 1, 1), (1, 1), (1,1), ( 1,1)    are the four vertexes of 

standard square , i.e. ]1,1[]1,1[  is the first set. 

According to section 3, we realized above algorithm, 

and then generated a lot of fractal sets.  

  In BIFS1, 5,,2,1, ii are all linear 

transformations, so the fractal set is very regular and 

rigid self-similar.BIFS2 is composed of 4 bilinear 

transformations (in 4 corner) and 1 linear 

transformation(in center).BIFS3 is composed of 4 

linear transformations (in 4 corner) and 1 bilinear 

transformation(in center).BIFS4 is composed of 5 

bilinear transformations. These BIFSs are in table 1 

and Their attractors are shown in Fig. 2. 

                      

                 attr1                                           attr2                                                         attr3                                                  attr4 

 Fig. 2  33 box fractal sets    

      Table 1 33  BIFSs transformations 

BIFS1 

i       transformations 

 BIFS2 

i   transformations 

1   1 2 1 2
3 3 3 3

,x x y y          1  1 2 1 2
3 3 3 3

,x xy y y       

2   1 2 1 2
3 3 3 3

,x x y y      2  1 2 1 2
3 3 3 3

,x xy y y       

3   1 2 1 2
3 3 3 3

,x x y y      3  1 2 1 2
3 3 3 3

,x xy y y       

4   1 2 1 2
3 3 3 3

,x x y y      4  1 2 1 2
3 3 3 3

,x xy y y        

5   1 1
3 3

,x x y y    5  1 1
3 3

,x x y y    

BIFS3 

i   transformations 

 BIFS4 

i   transformations 

1  1 2 1 2
3 3 3 3

,x x y y      1  1 2 1 2
3 3 3 3

,x xy y y       

2  1 2 1 2
3 3 3 3

,x x y y      2  1 2 1 2
3 3 3 3

,x xy y y        

3  1 2 1 2
3 3 3 3

,x x y y      3  1 2 1 2
3 3 3 3

,x xy y y        

4  1 2 1 2
3 3 3 3

,x x y y      4  1 2 1 2
3 3 3 3

,x xy y y       

5  1 1
3 3

,x xy y y     5  1 1
3 3

,x xy y y         
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4.2 44  Box Fractal Sets 
In table 2,there are 8 BIFSs and their fractal sets are 

shown in Fig.3. These BIFS transformations are 

shown in table 2 and the bilinear transformations 

denoted by the red boxes in every fractal set are 

shown in Fig.3.   

     The attr5 is generated by BIFS5 which composed 

of 8 linear transformations,so it is very regular and 

rigid self-similarity; the attr6、attr7、attr8、attr9、
attr10 and attr11 are generated by BIFS which 

composed of1、 2、3 or 4 bilinear transformations, 

so they are flexible and natural;the attr12 is 

generated by BIFS12 which composed of 8 bilinear 

transformations, the set is much more  flexible and 

natural. 

 

                          

                      attr5                                               attr6                                                  attr7                                               attr8    

                                                   

                      attr9                                            attr10                                              attr11                                              attr12 

  Fig. 3  44 box fractal sets 

 
 Table 2 44  BIFSs transformations 

BIFS5 

i  
 transformations 

BIFS6 

i  
 transformations 

1  
3 31 1

4 4 4 4
,x x y y      1  

3 31 1
4 4 4 4

,x x y y      
2  

3 31 1
4 4 4 4

,x x y y    
 2  

3 31 1
4 4 4 4

,x x y y    
 

3  
3 31 1

4 4 4 4
,x x y y    

 3  
3 31 1

4 4 4 4
,x x y y    

 
4  

3 31 1
4 4 4 4

,x x y y      4  
3 31 1

4 4 4 4
,x x y y      

5  
1 1 1 1
4 4 4 4

,x x y y     
 5  

1 1 1 1
4 4 4 4

,x x y y     
 

6  
1 1 1 1
4 4 4 4

,x x y y     
 6  

1 1 1 1
4 4 4 4

,x x y y     
 

7  
1 1 1 1
4 4 4 4

,x x y y       7  
1 1 1 1
4 4 4 4

,x x y y      ，  
8  

1 1 1 1
4 4 4 4

,x x y y     
   8   

1 1 1 1
4 4 4 4

,x xy y y     
    

BIFS7 

i   transformations 

BIFS8 

i  
 transformations 

1  
3 31 1

4 4 4 4
,x x y y      1  

3 31 1
4 4 4 4

,x x y y      
2  

3 31 1
4 4 4 4

,x x y y    
 2  

3 31 1
4 4 4 4

,x x y y    
 

3  
3 31 1

4 4 4 4
,x x y y    

 3  
3 31 1

4 4 4 4
,x x y y    

 
4  

3 31 1
4 4 4 4

,x x y y    
        4  

3 31 1
4 4 4 4

,x x y y    
 

5  
1 1 1 1
4 4 4 4

,x x y y     
 5  

1 1 1 1
4 4 4 4

,x x y y     
 

6  
1 1 1 1
4 4 4 4

,x xy y y     
 6  

1 1 1 1
4 4 4 4

,x x y y     
 

7  
1 1 1 1
4 4 4 4

,x x y y     
 7  

1 1 1 1
4 4 4 4

,x xy y y     
 

8  
1 1 1 1
4 4 4 4

,x xy y y     
 8  

1 1 1 1
4 4 4 4

,x xy y y     
 

BIFS9 i   transformations BIFS10 i   transformations 
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1  
3 31 1

4 4 4 4
,x x y y      1  

3 31 1
4 4 4 4

,x x y y      
2  

3 31 1
4 4 4 4

,x x y y      2  
3 31 1

4 4 4 4
,x x y y      

3  
3 31 1

4 4 4 4
,x x y y      3  

3 31 1
4 4 4 4

,x x y y      
4  

3 31 1
4 4 4 4

,x x y y             4  
3 31 1

4 4 4 4
,x x y y      

5  
1 1 1 1
4 4 4 4

,x x y y       5   
1 1 1 1
4 4 4 4

,x xy y y        
6  

1 1 1 1
4 4 4 4

,x xy y y       6   
1 1 1 1
4 4 4 4

,x xy y y       
7  

1 1 1 1
4 4 4 4

,x xy y y       7   
1 1 1 1
4 4 4 4

,x xy y y       
8  

1 1 1 1
4 4 4 4

,x xy y y       8   
1 1 1 1
4 4 4 4

,x xy y y       

BIFS11 

i  
 transformations 

BIFS12 

i  
 transformations 

1  
3 31 1

4 4 4 4
,x xy y y       1   

3 31 1
4 4 4 4

,x xy y y       
2  

3 31 1
4 4 4 4

,x xy y y       2   
3 31 1

4 4 4 4
,x xy y y       

3  
3 31 1

4 4 4 4
,x xy y y       3   

3 31 1
4 4 4 4

,x xy y y         
4  

3 31 1
4 4 4 4

,x xy y y       4   
3 31 1

4 4 4 4
,x xy y y       

5  
1 1 1 1
4 4 4 4

,x x y y       5   
1 1 1 1
4 4 4 4

,x xy y y       
6  

1 1 1 1
4 4 4 4

,x x y y       6   
1 1 1 1
4 4 4 4

,x xy y y       
7  

1 1 1 1
4 4 4 4

,x x y y       7   
1 1 1 1
4 4 4 4

,x xy y y       
8  

1 1 1 1
4 4 4 4

,x x y y         8   
1 1 1 1
4 4 4 4

,x xy y y          
 

 

5 The Fractal Dimension of Box 

Fractal Sets 
Fractal dimension can describe the complex of 

fractal set. The fractal dimension has been employed 

as a useful parameter in the diagnosis of retinal 

disease[24], of course, it can also be applied to plant 

identification[25,26], phonem classification and 

domain of words[27,28]. There exists many fractal 

dimension definition[29],but Hausdorff dimension 

(denoted as dimH ) and Box dimension(denoted as 

dimB )are often used.  

Theorem 5[21,23]: Let { , , 1, 2, , }nX n N  be an 

IFS on nR with contraction constants },,,{ 21 Nsss   

respectively. 

     The IFS is said to satisfy the Open Set 

Condition,provided there is bounded non-empty 

open set O in nR which satisfies the following 

conditions.For each OOn i )(,  and for all  

Nji 1 ,  )()( OO ji  . 

     If A is the attractor of the IFS,that is 
N

n

n AA
1

)(


  ,  

then dAA BH  dimdim ,where d is given by 1
1




N

n

d

ns . 

Moreover, for this value of d ,  )(0 )( AH d ,where 
)()( XH d  is the Hausdorff measured  of X . 

  We used Theorem 5,in Fig.2 ,the dimension d of 

attr1 is computed by  1)
3

1
(

5

1


n

d
, 

So 46498.1
3log

5log
d . 

     We also used Theorem 5 to compute the 

dimension for attr12 which is generated by 8 

bilinear transformations, the dimension d is 

computed by  

1)
4

1
(

8

1


n

d
,So 5.1

4log

8log
d . 

     Although we can compute the dimension of BIFS 

fractal attractors, we do not know it is right or 

wrong.Next,we will study the dimension of BIFS 

fractal attractors.   

 

 

 

 

 

 

 

 

 

 

6 Conclusions and Next Work 

    Compared BIFS with affine map and L-

system,affine map can map one line to another line, 

parallelogram to another parallelogram, so IFS 

which consists of affine maps, its attractor is not 

natural and inflexible,bilinear transformations 

attractor is very natural and flexible;L-system is 

very useful for bifurcation structure,especially it has 

absolute advantage to simulate plant. But L-system 

which depends on formal language and 

characteristic string rewriting,lacks of visual effect, 
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and is not easy to realize.BIFS is composed of 

transformations, so it can be represented by 

geometry graph,and easy to realize. 

    This paper presented the IFS based on bilinear 

transformation,and generated a kind of fractal set: 

box fractal set,it can solve the problem that typical 

IFS attractor is inflexible and not natural.The result 

shows that this algorithm can generate more 

natural,realistic and complicated fractal 

graph.Bilinear transformation is extended by affine 

map,so all typical IFS can be represented by bilinear 

transformation IFS.  

    Next,we will study fractal morphing and 

recursive IFS by using this algorithm;will use B-

spline and bicubic transformation to make more 

powerful modeling by IFS;will study the fractal 

dimension of the attractor of the BIFS . 
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